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Electron transfer in the presence of a laser field is explored for the prototype collision system He2+-Hs1sd on
the basis of a quantum-mechanical calculation. At collision energiesEPù2 keV/amu the capture probabilities
are found to be conisderably enhanced or suppressed depending on the exact synchronization of the time-
dependent projectile and laser interactions. At lower collision energies the total capture cross section is strongly
enhanced irrespective of the relative phase between both fields. This enhancement should be directly observ-
able in future experiments.
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I. INTRODUCTION

Combined laser- and charged-particle induced electronic
processes in atomic collisions are of considerable interest
both from a fundamental and from a more applied point of
view. First, they might broaden and deepen our general un-
derstanding of dynamic atomic processes, which has reached
a certain maturity for laser-matter interactions and field-free
collisions[1]. Second, and more specifically they might pave
the way for the control of ultrashort quantum processes
which are deemed to be important for a number of applica-
tions, such as laser-driven fusion, plasma heating, and the
development of fast optical electronic devices.

The question to which extent electronic processes in ion-
atom collisions can be modified and manipulated by suitable
laser fields was first addressed some 25 years ago[2,3], but
remained basically unanswered to the present date. The main
reason for this situation is the absence of experimental data
beyond thermal collision energies[4]. The theoretical results
obtained in the 1970s and 1980s provided only modest in-
sights into the physics and potentialities of laser-assisted col-
lisions, since the models used were rather restrictive(cf. Ref.
[5] and references therein). As the pilot studies were not
followed by experimental investigations the activities in the
field subsided over the years. Only recently has the develop-
ment of advanced experimental and theoretical techniques
triggered renewed attention and activities.

To date, scattering experiments within a laser field seem
feasible and are being considered or planned in several labo-
ratories. The main experimental challenge, the superposition
of a laser beam, an energetic ion or electron beam, and a
target has been mastered very recently[6]. The possible con-
trol of slow atom-atom collisions by laser light has been
demonstrated with a somewhat different setup[7]. On the
theoretical side refined methods for the description of laser-
assisted collisions have been worked out, implemented and
tested on prototype scattering systems. These works include
perturbative calculations of electron capture[8–10] and ion-
ization cross sections[11–13] in fast collisions assisted by
relatively weak fields of low frequency, classical simulations

of laser-assisted ionization events[14], and quantum-
mechanical calculations for excitation, ionization[14,15],
electron capture[5,16], and high harmonic generation[17]
within more intense fields. All these works predict significant
modifications of collisional or laser-induced processes when
both types of interactions are combined.

The present paper elaborates on a pilot study of capture
and ionization processes in He2+-H collisions at impact en-
ergies in the keV range assisted by laser fields of moderate
intensity and frequencies from the optical to the ultraviolet
regime [5]. The time-dependent Schrödinger equation
(TDSE) is solved using the basis generator method(BGM)
[18,19], which has been rather successful for the description
of field-free ion-atom collisions[20]. The adaptation of the
BGM to the problem at hand is described in Sec. II. In Sec.
III results for electron transfer are presented, and their impli-
cations for possible experimental investigations are dis-
cussed. Some concluding remarks are provided in Sec. IV.
Atomic unitss"=me=e=1d are used unless stated otherwise.

II. THEORY

Laser-assisted ion-atom collisions at not too low collision
energies and field intensities can be described semiclassi-
cally, i.e., projectile and laser interactions can be taken into
account in terms of time-dependent external potentials which
govern the quantum dynamics of the electrons. In the present
work the projectile is assumed to move on a straight-line
trajectoryRstd=sb,0 ,vPtd with impact parameterb and col-
lision velocity vP. The laser interaction in length gauge and
dipole approximation is characterized by the oscillating elec-
tric field

Estd = epolE0sinsvt + dd s1d

with constant amplitudeE0, frequencyv, initial phased, and
a polarization vectorepol of unit length. For a one-electron
problem the nonrelativistic Hamiltonian takes the form

Ĥstd = −
1

2
D −

QT

r
−

QP

ur − Rstdu
− r ·Estd, s2d

whereQT andQP are the charges of the target and the pro-
jectile nuclei, respectively. We have to solve the TDSE,*Electronic address: tom.kirchner@tu-clausthal.de
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i]tuCstdl = ĤstduCstdl, s3d

for the hydrogen ground state as initial conditionuCst0dl
= uf1sl. This is done by expandinguCstdl in a finite basis
obtained from the BGM[18,19]. The BGM is built on the
insight that convergence of a basis does not imply that one
has to make an attempt at a complete representation of Hil-
bert spaceH, but that one has to ensure that couplings to that
part of H which is not covered by the basis are negligible.
This can be achieved even with relatively modest basis sizes
if the model space defined by the basis has the flexibility to
adapt to the time development of the state vectoruCstdl.

The BGM starts with a finite set of eigenstates of the
undisturbed system, i.e., in our case with a set of bound
hydrogenic orbitals,

Ĥ0ufv
0l = «vufv

0l, v = 1, . . . ,V,

Ĥ0 = −
1

2
D −

QT

r
, s4d

which is called thegenerating basis. Successive mapping of

these states with the Schrödinger operatorÔ=Ĥstd− i]t gen-
erates a hierarchy ofV-dimensional subspaces ofH,

ufv
ustdl = Ôufv

u−1stdl = Ôuufv
0l, v = 1, . . . ,V, u = 1, . . . ,U

s5d

with the following properties:(i) the set of stateshufv
ustdl ,v

=1, . . . ,V;u=0, . . . ,Uj is linearly independent and forms a
fV3 sU+1dg-dimensional subspaceAUV of H; (ii ) for u,U
the states of Eq.(5) interact merelywithin the hierarchy of
finite subspaces. Only the states which belong to theUth
subset couple to the infinite complementary space ofAUV. If
these states are not accessed during the time propagation, the
TDSE is solved exactly inAUV [18].

The structure of the states defined by Eq.(5) becomes
rather involved with increasing orderu. For a given time-

dependent interactionV̂std; Ĥstd−Ĥ0 it is thus useful to in-
troduce an alternative set of stateshuxn

mstdl ,n=1, . . . ,N,m
=0, . . . ,Mj via the simpler ansatz

uxn
mstdl = V̂stdmuxn

0l, s6d

thereby generating a second finite model spaceRMN. It can
be shown[19] that for any givenU ,V there exist finite num-
bersMsU ,Vd andNsU ,Vd such thatAUV#RMN if two con-
ditions are met:(i) the generating basis of Eq.(4) (including
the physical initial condition) is contained inR0N; (ii ) the

operatorÔ maps each stateuxn
mstdl onto afinite linear com-

binationLmn of the stateshuxl
kstdlj,

Ôuxn
mstdl = Lmnshuxl

kstdljd

P fuxl
kstdl,l = 1, . . . ,L,k = 0, . . . ,Kg, s7d

whereL=Lsm ,nd andK=Ksm ,nd.
For the field-free two-center Coulomb problem such a ba-

sis can be found if one regularizes the potentials according to

VT = −
QT

r
→ −

QT

fr2 + eT
2g1/2 = − QTWTseTd,

VPstd = −
QP

rPstd
→ −

QP

frP
2std + eP

2g1/2 = − QPWPst,ePd s8d

with rPstd= ur −Rstdu. The parameterseT,eP can be inter-
preted as nuclear radii which are small but finite. In Ref.[19]
we proved that the set of states

xnlm
0 sr ,j,eTd = reT

n−1exps− jreT
dsr/reT

dlYl
msu,wd,

xnlm
m sr ,t,j,eT,ePd = fWPst,ePdgmxnlm

0 sr ,j,eTd s9d

with reT
=fr2+eT

2g1/2 and

l,m,L,N,M P N0, m,n,Nz P Z,

− l ø mø l ø L, l + Nz , n ø N,

Nz ø 0 ø L ø N − 1, 0ø m ø M s10d

fulfills the above-mentioned conditions rigorously. The very
same BGM basis(9) fulfills those conditions also for the
Hamiltonian (2) of laser-assistedcollisions, since the laser
potential in Eq.(2) maps each BGM state onto a finite linear
combination of BGM states. This is demonstrated in the Ap-
pendix.

Numerous applications of the BGM have shown that the
numerically simpler ansatz

x̃nlm
m sr ,t,ad = fW̃Pst,adgmfnlm

0 sr d, s11d

where the sethxnlm
0 j is replaced by a set of atomic orbitals

hfnlm
0 j defined by Eq.(4) and where the alternative regular-

ization

W̃Pst,ad =
1

rP
f1 − exps− arPdg s12d

with a=1 is used[18], has been rather successful for the
description of field-free ion-atom collisions[20]. Therefore
this approximate BGM basis is also employed for the present
problem of laser-assisted collisions(cf. Ref. [5]), i.e., the
state vector is expanded according to

uCstdl = o
m=0

M

o
v=1

V

cmvstdux̃m
v stdl s13d

and the set of coupled-channel equations

i o
m=0

M

o
v=1

V

ċmvstdkx̃w
lstdux̃v

mstdl

= o
m=0

M

o
v=1

V

cmvstdkx̃w
lstduĤstd − i]tux̃v

mstdl s14d

is solved by standard methods. The basis used includes all
atomic hydrogen states of theKLMN shells and 91 BGM
states from the sethux̃v

mstdl ,m=1, . . . ,M =8j. Electron cap-
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ture is calculated by projecting the state vector onto all trav-
eling projectile states He+sn=1,2,3d at a final timet= tf that
corresponds to an internuclear distance of 45 a.u.

III. RESULTS

In Ref. [5] electron transfer in He2+-H collisions at
2 keV/amu was studied in linearly polarized laser fields with
the polarization vectorepol oriented parallel to the ion-beam
axissepolivPd. The field amplitudeE0=0.02 a.u.(correspond-
ing to the intensityI =1.431013 W/cm3) and frequencies in
the range from 0.01 to 1 a.u.(corresponding to wavelengths
from 4560 to 45.6 nm) were chosen so that ionization in the
absence of the projectile ion is small, i.e., well below 1% at
tf. While the calculations have been performed with a con-
stant field amplitudeE0 it is noted that linearly ramped laser
fields do not lead to different results in this paramter range. It
was found for frequencies belowv<0.3 a.u. that the total
capture cross section depends crucially on the phased of the
oscillating electric field[cf. Eq. (1)]. The variations as a
function of d maximize at frequencies aroundv=0.1 a.u.
with strongly enhanced and suppressed capture ford=0 and
d=p, respectively. The phase-averaged capture was found to
be remarkably constant in the frequency range belowv
=0.3 a.u. exhibiting an approximate 30% enhancement of
the field-free cross section.

These findings are further illustrated by Fig. 1. Phase-
dependent impact-parameter-weighted capture probabilities
at v=0.1 a.u. are compared with the phase-averaged curve
and the field-free result, which is in close agreement with
state-of-the-art calculations(cf. Fig. 1 of Ref. [21]). Simi-
larly to the case ofv=0.2 a.u. which was discussed in Ref.
[5] the capture probabilities atd=0 andd=p are strongly
enhanced or suppressed whiled=p /2 andd=3p /2 do not
yield significant effects.

It was argued in Ref.[5] that these variations can be un-
derstood by considering the expectation valuezestd
;kCstduzuCstdl of the electronic coordinate in the longitudi-
nal direction. This is demonstrated in Fig. 2 for the impact
parameterb=5.8 a.u. for which the weighted capture prob-

ability exhibits a pronounced maximum(cf. Fig. 1). The ex-
pectation values ford=0 andd=p are plotted along with the
oscillating laser field(1) and the total electron loss, i.e., the
sum of the (dominant) capture and the(small) ionization
contributions. In the incoming channelst,0d the laser field
gives rise to oscillations of the electron cloud while the ap-
proaching projectile polarizes the density distribution along
the negativez direction. For the cased=0 both time-
dependent fields are synchronized such that they conspire
and elongate the electron cloud stronger in the negative and
positivez directions than the projectile alone before and after
the closest approach att=0. As a result of this “concerted
action” capture is enhanced. If one choosesd=p the laser
field opposes the projectile field around the closest approach,
and capture is reduced.

Apparently, this phase dependence is a dynamical effect
which allows one, in principle, to manipulate the population
of the final states rather profoundly. While such fine tuning
seems unrealizable experimentally it might be possible to
observe fingerprints of the(anti-)synchronization of laser and
ion fields in highly differential spectra, since subfemtosecond
phase information is accesible via the drift momentum of the
recoiling target ion[22].

The enhancement of the phase-averaged capture cross
section should be observable directly. It is therefore in order
to check whether this effect is more prominent in other pa-
rameter regions. To this end extensive calculations have been
performed as functions of collision velocity and laser fre-
quency, but at fixed field strengthE0=0.02 a.u. As a general
result it is found that the phase-averaged capture approaches
the field-free result towards faster collisions while more pro-
nounced differences are observed at lower velocities. This is
demonstrated in Figs. 3 and 4, which display impact-
parameter-weighted capture probabilities atEP=1 keV/amu
andEP=0.25 keV/amu.

FIG. 1. Impact-parameter-weighted total capture probabilities as
functions of the impact parameter for He2+-H collisions at projectile
energy EP=2 keV/amu, laser field strengthE0=0.02 a.u., fre-
quencyv=0.1 a.u., and longitudinal polarizationepolivP. Results
for different initial phasesd, the phase average, and the field-free
case are displayed.

FIG. 2. Time development of the laser fieldEstd (in a.u. multi-
plied by a factor of 10), the electron loss probabilityplossstd, and the
expectation valuezestd;kCstduzuCstdl (in a.u.) for He2+-H colli-
sions at projectile energyEP=2 keV/amu, impact parameterb
=5.8 a.u., laser field strengthE0=0.02 a.u., frequencyv
=0.1 a.u., and longitudinal polarizationepolivP.
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At EP=1 keV/amu the phase sensitivity is even more
pronounced than atEP=2 keV/amu (Fig. 1), while the
phase-averaged result is enhanced by more than a factor of 2
compared to 30% at EP=2 keV/amu. At EP
=0.25 keV/amu field-free capture is very small, which is
due to the fact that the collision system with doubly charged
projectile and singly charged target nuclei is asymmetric, and
energy is needed to induce transitions between the relevant
molecular states[for a correlation diagram of thesHHed2+

system see, e.g., Ref.[23]]. By contrast, field-assisted cap-
ture is very efficient for all phasesd. At even lower projectile
energies the phase dependence vanishs completely as the
field oscillations are fast compared to the slow ion movement
in this region. Moreover, the inefficient field-free capture sig-
nals that the projectile potential itself exerts but a minor
influence on the electron dynamics. It merely makes final
states available which are populated due to the action of the
laser field.

In order to gain a more comprehensive picture of the
laser-induced enhancement total capture cross sections are
shown in Fig. 5 as functions of the projectile energy. The
field-free results are compared with experimental data
[24,25] and with two state-of-the-art calculations based on

molecular expansions[23,26]. Detailed comparisons with
other theoretical(and experimental) data can be found in the
latter works and in Refs.[21,27]. We observe good agree-
ment with the present calculation except for very low projec-
tile energies where the results of Ref.[26] decrease much
more steeply. The reason for this behavior is that a curved
instead of a straight-line trajectroy was used in Ref.[26] to
describe the nuclear motion. In very slow field-free colli-
sions, capture occurs only at small internuclear distances(cf.
Fig. 4), which are, however, supressed by the Coulomb re-
pulsion. The semiclassical approximation itself was shown to
be valid down toEP<0.1–0.2 keV/amu. Only below these
energies did quantum-mechanical calculations based on a
partial wave expansion yield results that differed substan-
tially from the semiclassical ones based on curved trajecto-
ries [26].

The phase-averaged laser-assisted capture cross section at
v=0.1 a.u. exceeds the field-free result by orders of magni-
tude at low collision energies. This dramatic enhancement
should be easily observable in experiments. One can expect
that curved trajectories will not change the field-assisted
cross section significantly even at the lowest energies shown
as the dominant contributions are due to relatively large im-
pact parameters(cf. Fig. 4) where the Coulomb repulsion of
the nuclei is small. However, this claim should be corrobo-
rated by future calculations.

Finally, the frequency dependence of the field-assisted
phase-averaged capture cross section is studied in Fig. 6. The
strongest enhancement is found aroundv=0.1 a.u. for the
lowest collision energy. A qualitatively similar behavior was
observed in an early study of laser-assisted capture in He2+

-H collisions, albeit at lower field intensities and even lower
projectile velocities[28]. That work was based on an ap-
proximate two-state molecular treatment, in which laser-
assisted capture occurs as a consequence of couplings be-
tween the relevant quasimolecular states induced by the laser
potential. One might expect that the cross section maximizes
if one chooses the laser frequency such that it matches the
energy difference between the quasimolecular states at the
internuclear distance where the coupling matrix element is
largest[29]. For the He2+-H collision system this resonance
condition yieldsv<0.15 a.u. as optimal frequency. How-

FIG. 3. Impact-parameter-weighted total capture probabilities as
functions of the impact parameter for He2+-H collisions at projectile
energy EP=1 keV/amu, laser field strengthE0=0.02 a.u., fre-
quencyv=0.1 a.u., and longitudinal polarizationepolivP. Results
for different initial phasesd, the phase average, and the field-free
case are displayed.

FIG. 4. Impact-parameter-weighted total capture probabilities as
functions of the impact parameter for He2+-H collisions at projectile
energyEP=0.25 keV/amu, laser field strengthE0=0.02 a.u., fre-
quencyv=0.1 a.u., and longitudinal polarizationepolivP. Results
for different initial phasesd, the phase average, and the field-free
case are displayed.

FIG. 5. Total capture cross sections as functions of impact en-
ergy for He2+-H collisions. BGM results for field-free and phase-
averaged laser-assisted collisions at field strengthE0=0.02 a.u.,
frequencyv=0.1 a.u., and longitudinal polarizationepolivP. MO I:
molecular-orbital calculation of Ref.[23]; MO II: molecular-orbital
calculation of Ref.[26]. Experiments: circles[24], triangles[25].
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ever, the authors of Ref.[28] found the largest capture cross
section aroundv=0.1 a.u., in accord with the present re-
sults. This indicates that the relatively crude model of Ref.
[28] includes the relevant physics at very low collision ener-
gies, but that a naive prediction based on correlation dia-
grams and coupling matrix elements alone is not sufficient to
describe the situation.

With increasing energy the cross section curves displayed
in Fig. 6 flatten and the phase-averaged capture becomes
practically independent of the frequency(cf. Fig. 2 in Ref.
[5]). As demonstrated above it is only in this region that the
projectile potential is strong enough to induce appreciable
electronic transitions. At the same time its synchronization
with the oscillating laser field gains importance, and the si-
multaneous action of both fields either enhances or sup-
presses capture such that on average the laser effects de-
crease and the field-free result is approached.

IV. CONCLUDING REMARKS

Electron capture in slow ion-atom collisions is consider-
ably modified when the collision is embedded in a laser field.
The present calculations for He2+−H collisions confirm the
prediction of early works[2,28] that the total capture cross
section in an asymmetric collision system can be enhanced
by orders of magnitude at very low impact energies where
field-free capture is weak. This enhancement should be di-
rectly observable, and it is therefore suggested that future
experiments concentrate at first on this region. At somewhat
higher impact energies field-free capture is stronger and the
laser effects become more subtle. A truly dynamical effect
which depends on the synchronization of laser and projectile
interactions is observed in this region. If one could control
the fields on a time scale well below one optical cycle one
could use this effect to control the electron dynamics, i.e.,
one could either enhance or suppress the capture probability
significantly by choosing appropriate relative phases. Such
fine tuning seems unrealizable at present, but it might be
possible to observe fingerprints of the synchronization of the
fields in highly differential measurements.

From the theoretical perspective these findings imply that
in general one cannot content oneself with a calculation for a
single phase. Instead, one has to consider all relative phases
of the two external fields in order to obtain a complete pic-
ture of the collision dynamics. This makes such calculations
relatively costly.

It is of interest to extend the calculations to other polar-
ization directions relative to the ion beam axis, as well as to
circularly polarized fields, for which circular dichroism has
been suggested to play a visible role[30]. Moreover, the
present approach can also be used to study ionization and
excitation processes in field-assisted collisions[5], and can
be extended to the investigation of many-electron systems
within the framework of density-functional theory[31,32].
While interesting results can be expected from such purely
theoretical works experimental efforts are necessary and
highly desirable to foster laser-assisted collisions and help
establish a lively subfield of modern atomic collision phys-
ics.

ACKNOWLEDGMENT

It is a pleasure to thank Hans Jürgen Lüdde for many
useful discussions and his continuous encouragement to do
this work.

APPENDIX

We have to show that the laser interaction in the Hamil-
tonian(2) maps each BGM state(9) onto afinite linear com-
bination of BGM states. The laser potential in length gauge
and dipole approximation is a scalar product of the position
vectorr of the electron and the polarization vectorepol mul-
tiplied by a merely time-dependent function[cf. Eq. (1)]. In
order to prove the BGM condition for all polarizations(lin-
ear and elliptical) we have to evaluate the expressions
xixnlm

0 sr ,j ,eTd for the three Cartesian components,

xxnlm
0 sr ,j,eTd = r l+1r eT

n−l−1exps− jreT
dsin u coswYl

msu,wd,

yxnlm
0 sr ,j,eTd = r l+1r eT

n−l−1exps− jreT
dsin u sin wYl

msu,wd,

zxnlm
0 sr ,j,eTd = r l+1r eT

n−l−1exps− jreT
dcosuYl

msu,wd.

sA1d

Using the abbreviationk=cosu, the relation

Yl
msu,wd =Î2l + 1

4p

sl − md!
sl + md!

Pl
mskdexpsimwd sA2d

and the recursion formulas for the associated Legendre func-
tions [33],

FIG. 6. Total capture cross sections as functions of laser fre-
quency for He2+-H collisions. BGM results for phase-averaged
laser-assisted collisions at field strengthE0=0.02 a.u., different
projectile energiesEP, and longitudinal polarizationepolivP.

LASER-FIELD-INDUCED MODIFICATIONS OF… PHYSICAL REVIEW A 69, 063412(2004)

063412-5



kPl
mskd =

1

2l + 1
fsl − m+ 1dPl+1

m skd + sl + mdPl−1
m skdg, sA3d

Î1 − k2Pl
mskd =

1

2l + 1
fPl−1

m+1skd − Pl+1
m−1skdg sA4d

=
1

2l + 1
fsl − m+ 1dsl − m+ 2dPl+1

m−1skd − sl + mdsl + m− 1dPl−1
m−1skdg, sA5d

which hold for positive and negative values ofm if the convention

Pl
−mskd = s− 1dmsl − md!

sl + md!
Pl

mskd sA6d

is used, we obtain for the angular parts in Eq.(A1)

sin u coswYl
msu,wd = −

1

2
SÎsl + m+ 1dsl + m+ 2d

s2l + 1ds2l + 3d
Yl+1

m+1su,wd −Îsl − m+ 1dsl − m+ 2d
s2l + 1ds2l + 3d

Yl+1
m−1su,wd

−Îsl − m− 1dsl − md
s2l − 1ds2l + 1d

Yl−1
m+1su,wd +Îsl + m− 1dsl + md

s2l − 1ds2l + 1d
Yl−1

m−1su,wdD sA7d

sin u sin wYl
msu,wd =

i

2
SÎsl + m+ 1dsl + m+ 2d

s2l + 1ds2l + 3d
Yl+1

m+1su,wd +Îsl − m+ 1dsl − m+ 2d
s2l + 1ds2l + 3d

Yl+1
m−1su,wd

−Îsl − m− 1dsl − md
s2l − 1ds2l + 1d

Yl−1
m+1su,wd −Îsl + m− 1dsl + md

s2l − 1ds2l + 1d
Yl−1

m−1su,wdD , sA8d

cosuYl
msu,wd =Îsl − m+ 1dsl + m+ 1d

s2l + 1ds2l + 3d
Yl+1

m su,wd +Î sl − mdsl + md
s2l − 1ds2l + 1d

Yl−1
m su,wd. sA9d

If we furthermore take into account thatr2=reT

2 −eT
2 we finally obtain

xxnlm
m sr ,t,j,eT,ePd = −

1

2
SÎsl + m+ 1dsl + m+ 2d

s2l + 1ds2l + 3d
xsn+1dsl+1dsm+1d

m sr ,t,j,eT,ePd

−Îsl − m+ 1dsl − m+ 2d
s2l + 1ds2l + 3d

xsn+1dsl+1dsm−1d
m sr ,t,j,eT,ePd

−Îsl − m− 1dsl − md
s2l − 1ds2l + 1d

fxsn+1dsl−1dsm+1d
m sr ,t,j,eT,ePd − eT

2xsn−1dsl−1dsm+1d
m sr ,t,j,eT,ePdg

+Îsl + m− 1dsl + md
s2l − 1ds2l + 1d

xsn+1dsl−1dsm−1d
m sr ,t,j,eT,ePd− eT

2xsn−1dsl−1dsm−1d
m sr ,t,j,eT,ePdD ,

yxnlm
m sr ,t,j,eT,ePd =

i

2
SÎsl + m+ 1dsl + m+ 2d

s2l + 1ds2l + 3d
xsn+1dsl+1dsm+1d

m sr ,t,j,eT,ePd

+Îsl − m+ 1dsl − m+ 2d
s2l + 1ds2l + 3d

xsn+1dsl+1dsm−1d
m sr ,t,j,eT,ePd

−Îsl − m− 1dsl − md
s2l − 1ds2l + 1d

fxsn+1dsl−1dsm+1d
m sr ,t,j,eT,ePd − eT

2xsn−1dsl−1dsm+1d
m sr ,t,j,eT,ePdg

−Îsl + m− 1dsl + md
s2l − 1ds2l + 1d

fxsn+1dsl−1dsm−1d
m sr ,t,j,eT,ePd − eT

2xsn−1dsl−1dsm−1d
m sr ,t,j,eT,ePdgD ,
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zxnlm
m sr ,t,j,eT,ePd =Îsl − m+ 1dsl + m+ 1d

s2l + 1ds2l + 3d
xsn+1dsl+1dm

m sr ,t,j,eT,ePd+Î sl − mdsl + md
s2l − 1ds2l + 1d

3fxsn+1dsl−1dm
m sr ,t,j,eT,ePd − eT

2xsn−1dsl−1dm
m sr ,t,j,eT,ePdg, sA10d

which demonstrates explicitly that the application of the laser potential(with any polarization) on a given BGM state can be
written as a finite linear combination of BGM states.
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