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Triple-differential cross sections(TDCS) have been calculated for theK-shell ionization of carbon atom by
fast electron impact for highly asymmetric kinematics. In the present calculation the three Coulomb two-body
interaction, the dynamic screening modification of these interactions and the correlation in the final channel,
the screening effect of the multielectron target, and the distortion of Coulomb force in the initial channel have
been taken into account. Results are compared with the relative measurement performed on the C2H2 molecule
as target. The present TDCS is found to be in better accord with experiment.
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I. INTRODUCTION

The interaction of the fast moving charged particles with
inner-shell electron plays an important role in collision spec-
troscopy. It is therefore of great interest to study the charac-
teristics of deep inelastic atomic collisions which result in
the production of inner-shell vacancies. Particularly the
K-shell ionization cross section of atoms finds important ap-
plication in Auger-electron spectroscopy, electron energy-
loss spectroscopy, etc. By virtue of the electron-electron co-
incidence experiments, it has now become feasible to study
the collision dynamics with detailed information by measur-
ing the triple-differential cross sections(TDCS) of an ioniza-
tion process. A number of TDCS measurements have been
performed for inner-shell ionizations of different neutral at-
oms [1–5].

On the theoretical side most of the calculations on inner-
shell ionization refer to plane-wave Born approximation
which however fails to describe the characteristic features of
the experiment. Thus, first Born approximation is not ad-
equate for such process and as such a higher-order calcula-
tion or a distorted-wave theory is needed[6]. Botero and
Macek [7] have performed a Coulomb-Born calculation of
the TDCS for inner-shell of electron-impact ionization of
carbon following the experiment to Avaldi, Camilloni, and
Stefani [1] who measured the inner-shell ionization cross
section of Cs1s orbital in the molecule C2H2 for asymmet-
ric geometry. However, the authors[7] in their theoretical
work neglected the final-state correlation between the scat-
tered electron and the electron ejected from theK shell of
carbon atom. Nath, Biswas, and Sinha[8] have considered
this continuum-continuum correlation effect by choosing the
final state as the three-Coulomb-wave function(3C) of
Brauner, Briggs, and Klar[9] while the incident electron is
assumed to be deflected by the atomic field of the atom and
hence a Coulomb wave is considered for it, the latter being
also considered by Botero and Macek[7] but in a slightly
different way. The 3C approach is a nonperturbational
method, which treats all two-body interactions on equal foot-

ing. However, it does not account for coupling between each
of the two-body subsystems to the third particles; i.e., within
the 3C model the charged particles move due to their mutual
two-body potential, which is quite different from the total
potential[10].

In the present paper, the TDCS have been calculated for
the inner-shell ionization from the 1s shell of carbon by con-
sidering this screening effect of the multielectron target. The
electron exchange effect between the scattered and the
ejectedK-shell electron has been taken into account. The
difference between a plane wave and a Coulomb wave in the
initial channel is also investigated. Results are compared
with the relative measurement performed on the C2H2 mol-
ecule as target[1] and the theoretical 3C, dynamic screening
3C (DS3C), and Coulomb-Born approximation(CBA) re-
sults. The qualitative agreement of the present results with
the experiment by Avaldi, Camilloni, and Stefani is better
than that of other theoretical results, particularly in respect to
the recoil peak position. Atomic units(a.u.) are used unless
otherwise specified.

II. THEORETICAL MODEL

We consider the following inner-shell single ionization
se,2ed process:

e− + Cs1s22s22p2d → 2e− + C+s1s2s22p2d. s1d

To describe the multielectron target containingN+1 elec-
trons, a simplified model has been adopted where the set of
N electrons that are not ionized is considered to be “passive”
such that their interactions with the active electron do not
contribute to the ionization process. It is also assumed that
these passive electrons occupy the same orbital before and
after the collision process. As a consequence of this simpli-
fication, an explicit introduction of the dynamics ofN pas-
sive electrons into the transition amplitudes for the process,
Eq. (1), is avoided and the many-electron problem is reduced
to a three-body one[11]. Therefore, we approximate the total
Hamiltonian of the system by an electron in an effective
Coulomb field,*Email address: jiaxf@dns.sxtu.edu.cn
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ZT being the screened charge of target, chosen such that it
gives the experimental binding energyei [1], i.e., ZT
=s−2eid1/2. r 1 andr 2 are the position vectors of the incoming
electron 1 and the bound electron 2, respectively, with re-
spect to the target nucleus,r 12=r 1−r 2. H0 in Eq. (2) is the
full kinetic-energy operator given by

H0 = −
1

2
¹1

2 −
1

2
¹2

2. s3d

The initial channel wave functionCi
+ satisfies the equation

FH0 −
ZT

r2
−

ZT − 1

r1
GCi

+ = E0Ci
+, s4d

where

Ci
+ =

1

s2pd3/2expSpai

2
DGs1 − iaid

3expsik i · r 1d1F1 „iai ;1;iskir1 − k i · r 1d…fisr 2d,

s5d

where ai =sZT−1d /ki and E0=ki
2/2+ei, k i being the initial

momentum of the incident electron, andfi is the initial hy-
drogenlike bound-state wave function of carbon atom,

fisr 2d = SZT
3

p
D1/2

exps− ZTr2d. s6d

The perturbationVi in the initial channel which is the part of
the total interaction nondiagonalized in the initial state is
given by

Vi =
1

r12
−

1

r1
. s7d

It is evident from Eq.(7) that the perturbationVi vanishes
asymptotically(for r1→` and r2 is finite).

The final-state wave functionC f
− is chosen as

C f
−sr 1,r 2d = s2pd−3expsik1 · r 1 + ik2 · r 2d

3p
j

Nj1F1„ia j ;1;− iskjr j + k j · r jd…, s8d

where j P h1,2,12j, k1 andk2 are the momenta of the scat-
tered and the ejected electron, respectively, andk12 is defined
ask12=sk1−k2d /2, whereas its conjugate coordinate is given
by r 12=r 1−r 2. Nj, j P h1,2,12j are normalization constants
which can be given by

Nj = exps− a jp/2dGs1 − ia jd. s9d

Also, a j , j P h1,2,12j are Sommerfeld parameters. The as-
sumption that the three-body system consists of three spa-
tially independent two-body systems leads to the representa-
tion of the Sommerfeld parameters in the 3C model[9] as

a1 = − ZT/k1, a2 = − ZT/k2, a12 = 1/2k12. s10d

The 3C wave functionC f
− in Eq. (8) satisfies the asymptotic

three-body boundary condition for an ionization process.
Although this approximation has been very successful in

describing angular distributions of ionized electrons, for both
electron impact and photoionization[9,12], it suffers from
several deficiencies. The most serious of these concerns the
absolute value of cross sections obtained for low total energy
of the continuum electron. In this case it appears that the
absolute values are much too low. The physical origin of this
behavior is that the two-body electron-electron wave func-
tion takes no account of the screening of the electron-
electron interaction by the nucleus, even when the two elec-
trons move slowly on opposite sides of the nucleus, such as
near threshold. Berakdar and Briggs[10] proposed a strategy
to correct this problem, involving the introduction of effec-
tive charges in the 3C wave function. The modified Sommer-
feld parameters are given by[13]

g1 = Z1/k1, g2 = Z2/k2, g12 = Z12/2k12, s11d

where the functions occurring in Eq.(11) are defined as

Z12sk1,k2d = f1 − sfgd2ab1gab2,

Z1sk1,k2d = − ZT + s1 − Z12d
k1

1+a

sk1
a + k2

aduk1 − k2u
,

Z2sk1,k2d = − ZT + s1 − Z12d
k2

1+a

sk1
a + k2

aduk1 − k2u
,

f = f3 + cos2s4adg/4, tana = k1/k2,

g = uk1 − k2u/sk1 + k2d,

b1 = 2k1k2 cossu12/2d/sk1
2 + k2

2d,

b2 = g2F− 0.5 +
1

4
SÎ100ZT − 9

4ZT − 1
− 1DG ,

a =
E1 + E2

E0
.

HereE is measured in atomic units. The interelectronic rela-

tive angle u12=cos−1 k̂1·k̂2. This modification of the 3C
wave function has removed its major deficiency(namely, the
inability to predict absolute cross sections near threshold)
and significantly improved the agreement with the detailed
shape of angular distributions.

However, for the present case of high incident energy and
inner-shell ionization of the multielectron target, it is sug-
gested to completely subsum the interaction of the electron
with other particles into effective screened nucleus. We refer
to it as S3C method.

To this end we employ the same ideas as in Refs.[10,14].
The new Sommerfeld parametersbi are introduced simply
by a linear transformation from the original setai, i.e.,
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bi = o
j=1

3

Aija j , s12d

where the nine coefficientsAij PR and i =1, 2, or 12 desig-
nate the two-body interaction of the two electrons with the
residual ion and the electron-electron interaction, respec-
tively. And the condition

b1 + b2 + b12 = a1 + a2 + a12 s13d

should be satisfied. On the other hand, for the inner-shell
ionization of a multielectron target(carbon), the effective
charge of the ion seen by one electron reduces as the mo-
mentum of this one increases due to the screening of the
other electrons. Then the effective charge of ion seen by the
two outgoing electrons should be in the range 1,Zef føZT,
and Zef f

i →ZT as kj →` si Þ j ; i , j =1,2d. based on this con-
sideration, it is readily established that these conditions are
satisfied by

b1 =

− ZT +
k1

k12
F1

2
arccossk̂1 · k̂2dG2S1 −

uk1 − k2u
4k12

D
k1

,

s14d

b2 =

− ZT +
k2

k12
F1

2
arccossk̂1 · k̂2dG2S1 −

uk1 − k2u
4k12

D
k2

,

s15d

b12 =

1 − 4F1

2
arccossk̂1 · k̂2dG2S1 −

uk1 − k2u
4k12

D
2k12

. s16d

Here new Sommerfeld parameters are function of all three
relative momenta. This corresponds to the modification of
the effective screened nucleus, this degree of modification
being dependent upon the momenta of the two particles. The
effective charges of the C+s1sd core seen by the scattered
electron and ejected electron are given, respectively, by

Zef f1 = ZT −
k1

k12
F1

2
arccossk̂1 · k̂2dG2S1 −

uk1 − k2u
4k12

D ,

s17d

Zef f2 = ZT −
k2

k12
F1

2
arccossk̂1 · k̂2dG2S1 −

uk1 − k2u
4k12

D .

s18d

In this work, we will apply the present S3C method to the
calculation of TDCS forK-shell electron-impact ionization
of carbon.

The TDCS(including exchange) for the simultaneous de-
tection of two continuum electrons escaping with momenta
k1 and k2 and emerging into directions defined by solid
anglesV1 andV2 is given by

d3s

dV1dV2dE2
= 2s2pd4k1k2

ki
F3

4
ufsk1,k2d − gsk1,k2du2

+
1

4
ufsk1,k2d + gsk1,k2du2G , s19d

whereE2 being the energy of the ejected electron,fsk1,k2d
andgsk1,k2d are the direct and exchange amplitudes, respec-
tively, with gsk1,k2d= fsk2,k1d. The direct amplitude is

fsk1,k2d = kC f
−uViuCi

+l. s20d

In order to account for the presence of two 1s electrons in the
K shell of the target atom, we have multiplied the triple-
differential cross section by a factor of 2.

The calculation has been done in the coplanar geometry,
i.e., all the momentum vectorsk i, k1, andk2 lie in the same
plane. The calculation offsk1,k2d andgsk1,k2d in Eq. (19)
finally amounts to evaluating a three-dimensional integral
which has been carried out numerically following the
method described in our earlier work[15].

III. RESULTS AND DISCUSSIONS

We have computed the scattering amplitude, Eq.(20),
with C f

− approximated by S3C, DS3C, and 3C wave function
for inner-shell ionization of carbon atom by fast electron
impact in coplanar and asymmetric geometry. The dynamical
parameters are chosen in accordance with the relative mea-
surements[1] performed on the Cs1s orbital of the C2H2
molecule. We adopt the convention that the angle of obser-
vation for the scattered electron is measured counterclock-
wise from the forward beam direction, while that for the
ejected electron is measured clockwise.

The results are displayed in Figs. 1 and 2 where the
present TDCS results have been plotted against the angleu2
of ejection of the slower electron. These figures also exhibit
the corresponding experimental data together with the theo-
retical results due to Botero and Macek[7]. The data shown
in Fig. 1(a) correspond to an incident energyEi =1801.2 eV,
an energy of the ejected electronE2=9.6 eV, and scattering
angle u1=−4° with a momentum transferuq u = uk i −k1u
=1.255 a.u. The data shown in Fig. 1(b) correspond toEi
=1832.4 eV,E2=41 eV, u1=−5°, anduq u =1.457 a.u. Solid
lines correspond to the S3C results, the dash line to the 3C
case, and the dash-dot line to the DS3C results. Figures 2(a)
and 2(b) also display the corresponding TDCS results for
some variants of the present model. The solid and dashed
lines in both the figures correspond to the results computed
from our general program by setting the parameterai =0 in
Eq. (5), respectively. Keeping the interaction, Eq.(7), intact
so that the perturbationVi vanishes asymptotically. This
amounts to replacing the initial channel Coulomb wave in
Eq. (5) by a plane wave.

It should be noted that in all the kinematics presented here
the energy of the scattered particleE1 is kept fixed at
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1500 eV in Figs. 1 and 2. Since the measurement[1] is not
absolute, we normalize the experimental data to the present
calculations and consequently the comparison of the theoret-
ical results with the experiment should be mainly qualitative.

Notice that the main feature of the TDCS is pointed out in
Ref. [1], e.g., the presence of an intense recoil peak, which at
E2=9.6 eV is even larger than the binary one, is clearly re-
produced in the theories. Since the recoil peak is mainly
governed by the electron-nucleus interaction, the large recoil
peak [Fig. 1(a)] may be qualitatively explained by strong
elastic scattering from the nucleus[1]. This is an unusual
feature for the outer-shell ionization of neutral atom at inter-
mediate and high incident energies.

Although the qualitative feature of the experimental
TDCS data is quite well described by the theories, the posi-
tions of the peaks is not well reproduced in the models. In
fact the theoretical peak position is shifted towards larger
ejection angles in both the cases(Fig. 1). As it may be seen

from these figures that the S3C results are in better agree-
ment with the experiment than those of the DS3C, 3C, and
Botero and Macek’s CBA[7], particularly in the S3C angular
distribution for incident plane-wave(Fig. 2). We may easily
deduce that the S3C model shows a large improvement over
the DS3C, 3C, and CBA model in obtaining better magni-
tudes and shapes of the cross sections compared with the
measurements.

However as far as the magnitude is concerned, the theo-
retical results are more or less within the experiment error
bars from Fig. 1. The S3C results are found to be lower than
the results of the DS3C, 3C, and CBA(Figs. 1 and 2), except
in the backward direction, before the occurrence of binary
peak. It is seen that, from Fig. 1, there are some difference
among the results of the three theoretical models(i.e., 3C,
DS3C, and CBA), in the present highly asymmetric kinemat-
ics. Near the recoil peak, the results of 3C are bigger than
those of DS3C and the results of CBA are between those of
DS3C and 3C. With increasing incident energy, the differ-
ence between the results of DS3C and CBA is diminishing.
Near the binary peak, the results of DS3C are bigger than

FIG. 1. Angular distribution of the TDCS for electron-impact
ionization of carbon. Kinematical conditions:(a) incident energy
Ei =1801.2 eV, ejected energyE2=9.6 eV, and scattering angleu1

=−4°; (b) Ei =1832.4 eV,E2=41 eV,u1=−5°, as a function ofu2.
The solid line represents the S3C results, the dash-dotted line cor-
responds to the DS3C results, whereas the 3C calculations yield the
dashed line, the dotted line is the results of Botero and Macek[7],
and the circles are the experimental results from Ref.[1].

FIG. 2. The same kinematical condition as in Fig. 1, but the
solid line, the dashed line, and the dash-dotted line represent the
S3C, 3C, and DS3C results for incident plane wave[i.e., in Eq.(5)
ai =0], respectively. The circles are the experimental results from
Ref. [1].
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those of 3C and the results of CBA are smaller than those of
3C. We remark that the DS3C results confirm the analysis
made in Refs.[10,13,16,17] in that many-body coupling pri-
marily affects the magnitude of the TDCS rather than its
shape. In general, we note a satisfactory, although not per-
fect, agreement of the S3C results with experimental finding.
This is readily concluded that, by comparing the DS3C, 3C,
and S3C results, the merit of the S3C is the inclusion of the
screening of the multielectron target which is neglected in
the DS3C and 3C models.

Regarding the TDCS with the initial channel Coulomb
wave replaced by a plane wave, it may be noted from Fig. 2
that the exact position of the peaks is very well reproduced in
better accord with experiment than that predicted by DS3C,
3C, and CBA. From Fig. 2 it can be seen the binary peaks

are overestimated but the recoil peaks are within the experi-
ment error bars. The difference in magnitude between the
results is minimum at the recoil peaks while the maximum
occurs in the backward direction(i.e., in the binary region).
This discrepancy increases with the decrease of impact en-
ergy. It demonstrates that the influence of the long-range
Coulomb interaction in the initial channel is most prominent
at lower incident energy[15], especially in the binary peak.
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