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approximation. The relativistic and nonrelativistic total cross sections for incident energies from 1 to 10 units
of ionization energy are calculated for B+, C2+, N3+, O4+, F5+, Ne6+, Al9+, Ar14+, Fe22+, Ag43+, and Hg76+.
Systematic behaviors along the Be isoelectronic sequence are demonstrated.
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I. INTRODUCTION

Electron-impact ionization processes of atoms and ions
are fundamental to almost all types of gas discharges. Spe-
cifically, accurate ionization cross sections of highly charged
ions are required for diagnostics and impurity radiation stud-
ies of fusion reactor processes. However, the difficulties in-
herent in measuring ionization cross sections of highly
charged ions prohibit experimentalists from obtaining exten-
sive data. A study of systematic behaviors of ionization cross
sections along isoelectronic sequences provides a solution to
this problem.

Electron-impact ionization cross sections of Be-like ions,
specifically, B+, C2+, N3+, and O4+, have been measured by
Falk et al. [1], C2+ by Woodruffet al. [2], O4+ by Lochet al.
[3], and Ne6+ by Duponchelleet al. [4] with the crossed-
beam technique, and C2+ by Hamdanet al. [5] with the
trapped-ion-beam technique. Theoretical cross sections of
N3+, O4+, and F5+ have been reported by Younger[6] with
parametrized distorted waves, C2+, N3+, O4+, Ne6+, and Fe22+

by Jakubowicz and Moores[7] and O4+ by Loch et al. [3]
using close-coupling wave functions, and Ne6+ by Laghdas
et al. [8] in the distorted-wave Born approximation.

In this work, ionization cross sections of B+, C2+, N3+,
O4+, F5+, Ne6+, Al9+, Ar14+, Fe22+, Ag43+, and Hg76+ are cal-
culated in the two-potential distorted-wave(TPDW) ap-
proach with exact exchange effects. The TPDW has been
applied to impact ionization of hydrogen-, helium-, lithium-,
and beryllium-like ions[9–15], for which universal curves of
the scaled cross sections have been studied. Threshold be-
haviors have also been investigated for the electron-impact
ionization of H by Changet al. [13] and for the positron-
impact ionization of He by Kuoet al. [16]. Here, we shall
formally report the TPDW results for Be-like ions.

A review of the general theory is given in Sec. II. Numeri-
cal results and discussions are provided in Secs. III and IV.

II. THEORY

A. Cross sections of electron-impact ionization

In electron-impact ionization processes, the target ion is
ionized by an incident electron of linear momentumk i and

energyEi, and the two emerging electrons are described by
skp,Epd and sks,Esd, where the primary(or the faster) elec-
tron is specified by subscriptp, and the secondary(or the
slower) electron by subscripts. By energy conservation, we
have

Ei + Eb = Ep + Es, s1d

whereEb is the energy of the bound electron.
If both the incident electron and the target ion are unpo-

larized, the triple-differential cross section in a relativistic
formulation have been given by Huang[17] in atomic units
as

d3s

dEsdVpdVs
=

s2pd4

c6 FkpEpksEsEi

ki
Go

sf id
uTfiu2, s2d

wherec is the speed of light,Tfi is the appropriate transition
amplitude, and the summation oversf id denotes symbolically
averaging over the initial polarizations and summing over
the final polarizations. The single-differential cross section is
obtained by integrating overVp andVs as

ds

dEs
=

s2pd4

c6 FkpEpksEsEi

ki
GE dVpE dVso

sf id
uTfiu2

=
2p3

ki
2s2J0 + 1doa

da
2 , s3d

whereJ0 is the total angular momentum of the target, and the
summation is over all possible channels denoted by the index
a;ski ,kp,ks, j ,Jd. Here the real amplitudeda is defined by
the reduced matrix element of the partial-wave amplitude in
channela,

daexpsidad = i l i−slp+lsdexpfisdkp
+ dks

dg

3 ka−fJas j pjsd jgJiHIisJ0j idJl, s4d

where dkp
and dks

denote the Coulomb phase shifts of the
two outgoing electrons,Ja andJ the total angular momentum
of the residual ion and of the entire collision complex, andHI
the appropriate interaction Hamiltonian.

The total cross section is obtained by integrating overEs
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s =E
c2

sEi+Ebd/2 ds

dEs
dEs, s5d

wherec2 represents the rest energy of the electron.

B. Transition amplitude

For electron-impact ionization of Be-like ions, the total
Hamiltonian of the collision system is assumed to be

H = o
i=1

5

scai ·pi + c2bid − o
i=1

5
Z

ri
+ o

i, j

5
1

r ij
, s6d

whereai andbi are Dirac matrices. Before the collision, the
total HamiltonianH can be decomposed into the unperturbed
HamiltonianHi and the interaction potentialVi as

Hi = sca1 ·p1 + c2b1d + H0, s7d

Vi = −
Z

r1
+ o

i=2

5
1

r1i
. s8d

where the subscript “1” is the index for the incident electron,
H0 denotes the total Hamiltonian of the target ion with four
bound electrons, andVi represents the interaction potential
between the incident electron and the target ion. The transi-
tion amplitude may be written in the prior form as

Tfi = kC f
s−duViuFil. s9d

whereFi denotes an eigenfunction ofHi, andC f
s−d an eigen-

function of H with the incoming-wave boundary condition.

C. Two-potential distorted-wave formulation

In the two-potential distorted-wave formulation[13], the
potential Vi is split into the distorting potentialUi and re-
sidual potentialWi as

Ui = −
Z

r1
+ visr1d, s10d

Wi = o
i=2

5
1

r1i
− visr1d, s11d

where the effective potentialvisr1d may be arbitrary. After
some algebra, the transition amplitude in Eq.s9d can be re-
duced exactly to the form

Tfi = kC f
s−duWiuci

s+dl, s12d

where the wave functionci
s+d is an eigenfunction ofHi +Ui

with the outgoing-wave boundary condition. The transition
amplitude is independent of the choice of the distorting po-
tential Ui if the eigenfunctionsC f

s−d and ci
s+d were obtained

exactly. Because of the intrinsic difficulties in calculating
exact eigenfunctions for many-particle systems, a reasonable
distorting potentialUi should be chosen to make the pertur-
bative effects ofWi as small as possible.

D. Antisymmetrization of the transition amplitude

A general procedure of treating exchange effects in scat-
tering processes is followed to antisymmetrize the transition
amplitude, instead of the wave functions only. For a Be-like
target in its ground state with configurations1s22s2d, we start
from the semisymmetrized wave functionsfi

s+d andf f
s−d for

the initial and final states, respectively,

ufi
s+dl = uxi

s+dsr 1dw2ssr 2,r 3dw1ssr 4,r 5dl, s13d

uf f
s−dl = uxp

s−dsr 1dxs
s−dsr 2dw2s8 sr 3dw1s8 sr 4,r 5dl, s14d

where w1s, w2s, and w1s8 are the antisymmetrized subshell
wave functions solved from relativistic equations, andxi

s+d,
xp

s−d, andxs
s−d are the relativistic distorted waves to be given

in Sec. II E. The matrix elementTfi in Eq. s12d after anti-
symmetrization are then expressed explicitly as

Tfi = Dfi + I fi + Cfi , s15d

Dfi = Î2ks1 − 2Q24 − 2Q35 + Q24Q35df f
s−duWiufi

s+dl,

s16d

I fi = − kQ12s1 − 2Q24 − 2Q35 + Q24Q35df f
s−duWiufi

s+dl,

s17d

Cfi = − kQ13s1 − 2Q24 − 2Q35 + Q24Q35df f
s−duWiufi

s+dl

− 2kQ14s1 − Q23 − Q24 − Q34 − Q35 + Q24Q35df f
s−d

3uWiufi
s+dl, s18d

whereQij denotes the permutation of particle indicesi and j .
Here we classify contributions in the antisymmetrized tran-
sition amplitude in Eq.s15d into three types: the direct, in-
terchange, and capture terms. The direct termDfi in Eq. s16d
corresponds to the processes in which the incident electron is
scattered and carries more energy than the ejected electron.
The interchange termI fi in Eq. s17d corresponds to the direct
term with the indices of the two emerging electrons inter-
changed, in which the scattered electron carries less kinetic
energy than the ejected electron. The capture termCfi in Eq.
s18d indicates the possible processes in which the incident
electron is captured into the 2s or 1s bound orbitals with two
of the initially bounded electrons ejected. We note that ex-
change effects due to antisymmetrization are not dealt ex-
actly in previous worksf6,7g.

E. Distorted waves

The initial-state wave functionci
s+d is approximated by

fi
s+d in Eq. (13), where the distorted wavexi

s+dsr 1d is solved
from the equation with distorting potentialUi,

fca1 ·p1 + c2b1 + Ui − Eigxi
s+dsr 1d = 0. s19d

Here the effective potentialvisr1d in Ui is taken to be the
average potential due to the initially bound electrons,
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visr1d = 2kw2ssr 2,r 3du
1

r12
uw2ssr 2,r 3dl

+ 2kw1ssr 4,r 5du
1

r14
uw1ssr 4,r 5dl. s20d

The final-state wave functionC f
s−d is approximated by the

distorted wavef f
s−d in Eq. (14), where the wave functions

xp
s−dsr 1d and xs

s−dsr 2d for the outgoing electrons are solved
from the equations with distorting potentialsUp andUs, re-
spectively,

fca1 ·p1 + c2b1 + Up − Epgxp
s−dsr 1d = 0, s21d

fca2 ·p2 + c2b2 + Us − Esgxs
s−dsr 2d = 0. s22d

Various models of the distorting potentialsUp andUs used
in this work are summarized in Table I. In one extreme called
model TPDW00, outgoing electrons completely screen each
other such that they experience approximately the same dis-
torting potential as the incoming electron. In the other ex-
treme called model TPDW11, the mutual screening effects
by outgoing electrons are completely ignored such that both
the primary and secondary electrons are affected only by the
nucleus and the bound electrons in the residual ion,

Up = Us = −
Z

r
+ v fsrd, s23d

where

v fsr1d = kw2s8 sr 2,r 3du
1

r12
uw2s8 sr 2,r 3dl

+ 2kw1s8 sr 4,r 5du
1

r14
uw1s8 sr 4,r 5dl. s24d

In the more realistic model TPDW01, the faster primary
electron is completely screened by the slower secondary
electron in the asymptotic region such that the primary elec-
tron is affected by an asymptotic charge ofZ−4 and the
secondary electron by an asymptotic charge ofZ−3. In the
Be case, the primary and secondary electrons experience the
screened potentials with asymptotic charges(0,0) in model
TPDW00, (1,1) in model TPDW11, and(0,1) in model
TPDW01.

III. RESULTS AND DISCUSSION

A. Total cross sections

For comparative studies of ionization cross sections of
ions in an isoelectronic sequence, the threshold energy unit
ui ;sEi −c2d / I is employed, whereI denotes the ionization
potential of the particular ion in consideration. Relativistic
and nonrelativistic ionization potentials of selected Be-like
ions are listed in Table II. We shall also use the reduced cross
sections defined as

sR ; S I

IBe
D2

s, s25d

where IBe denotes the ionization potential of the neutral Be
atom.

The total cross sections for electron-impact ionization of
Be-like ions in models TPDW00, TPDW01, and TPDW11
are calculated for incident energies from 1 to 10 threshold-
energy units. Results for the neutral Be atom, which differ
qualitatively from those of Be-like ions have been analyzed
previously by Changet al. [18] Results for target ions B+,
C2+, N3+, O4+, Ne6+, and Fe22+ are plotted in Fig. 1 along
with available experimental and theoretical data for compari-
son. Cross sections in model TPDW00 are always smaller
than those in models TPDW01 and TPDW11 near the thresh-
old and larger for high incident energies. For smallui, both
continuum electrons share a small amount of kinetic energy

TABLE I. Distorting potentials and asymptotic charges for the primary and secondary electrons in the
models used in the calculation, wherev1s and v2s denote the average screening due to the ground-state
electrons of Be-like ions in the 1s and 2s orbitals, respectively.

Distorting potential Asymptotic charges

Model Up Us Zp Zs

TPDW01 −z/ r1 +visr1d −Z/ r2 +v fsr2d sZ−4d sZ−3d
TPDW11 −Z/ r1 +v fsr1d −Z/ r2 +v fsr2d sZ−3d sZ−3d
TPDW00 −Z/ r1 +visr1d −Z/ r2 +visr2d sZ−4d sZ−4d

TABLE II. Ionization energies(in atomic units) of Be-like ions
calculated in the Dirac-Fock method.

Ion Ionization Energy(a.u.)

Relativistic Nonrelativistic

B+ 0.861835 0.861593

C2+ 1.68319 1.68243

N3+ 2.75723 2.75547

O4+ 4.08320 4.07966

F5+ 5.66091 5.65456

Ne6+ 7.49049 7.47990

Al9+ 14.4935 14.4575

Ar14+ 31.2437 31.0890

Fe22+ 71.4641 70.7015

Ag43+ 192.752 185.717

Hg76+ 853.334 756.565
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and move apart slowly. They spent much time near the
nucleus and screen each other from the residual ion in a
scenario which can be better described by model TPDW00.
For largeui, at least one of the continuum electrons carries
large kinetic energy so that it flies away from the residual ion
fast and produces little screening effects. Thus, either
TPDW01 or TPDW11 will be more realistic. The differences
between three models decrease as the atomic numberZ of
the target ion increases because the nuclear potential domi-
nates the cross section for highly charged ions such that the
mutual screening effects between continuum electrons in the
final state do not affect the total cross section significantly.

In Fig. 1(a), we present the total cross sections of B+ and
compare with the experimental data of Falket al. [1]. Our
calculations are in fair agreement with experiment at low
incident energies. At higher energies, the uncertainty of ex-
periment is greater due to the assumption of constant back-
ground. In Fig. 1(b), our total cross sections of C2+ are com-
pared with the experimental data by Falket al. [1], by
Woodruff et al. [2], and by Hamdanet al. [5], and the theo-
retical data by Younger[6] and by Jakubowicz and Moores
[7]. It can be seen that our TPDW01 results in general agree
quite well with others in all energy range. The experimental
data by Hamdanet al. inhabit an uncertainty larger than 20%

FIG. 1. Comparison of electron-impact ionization cross sections of B+, C2+, N3+, O4+, Ne6+, and Fe22+.
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and appear to be smaller than all other data. In Fig. 1(c), we
present the total cross sections of N3+ along with the experi-
mental data by Falket al. [1] and the theoretical data by
Younger [6] and by Jakubowicz and Moores[7]. Our
TPDW01 and TPDW11 results agree well with Jakubowicz
and Moores’ calculation. Falk’s measurements are larger than
all theoretical calculations at lower energies and approach
our TPDW00 results at higher energies.

In Fig. 1(d), we present the total cross sections of O4+ and
compare with the experimental data by Falket al. [1] and the
theoretical data by Younger[6], by Jakubowicz and Moores
[7] and by Lochet al. [3]. All theoretical data are in fair
agreement among themselves while Falk’s measurements ap-
pear to be higher in all energy ranges. The ratio of metastable
states is not estimated in the measurements by Falket al. for
N3+ and O4+, which makes the results less reliable. In Fig.
1(e), the total cross sections of Ne6+ are compared with the
experimental data by Duponchelleet al. [4] and the theoret-
ical data by Laghdaset al. [8] Both the experimental and
theoretical data are in fair agreement with our calculations.
In Fig. 1(f), our total cross sections of Fe22+ are compared
with the theoretical data by Jakubowicz and Moores[7].
With the increase of the nuclear charge, the electron-electron
correlations become relatively insignificant, and all calcula-
tions more or less agree with each other.

B. Exchange effects

To analyze exchange effects in electron-impact ionization,
total cross sections with direct terms, with direct plus inter-

change terms, and with direct plus interchange and capture
terms are compared. It is found that exchange effects on the
total cross section are relatively more complicated for low-Z
ions. We present results of B+ and Fe22+ in model TPDW01
as representatives of low- and high-Z ions in Fig. 2. We note
that the effects of interchange terms in the transition ampli-
tude raise the cross section near threshold and lower it as the
excess energy increases. At low energies, the interchange
terms increase the total cross section as much as three times
for B+ and increase by about 20% for Fe22+, whereas, at high
energies, the interchange terms decrease the total cross sec-
tion by about 10% for all ions.

The effects of capture terms are important for low-Z ions,
especially near threshold, and negligible for high-Z ions as
shown in Fig. 2. This can be explained because the bound
electrons spread out more for low-Z ions so that there is
more chance for the incident electron to overlap and ex-
change roles with the bound electrons. For high-Z ions, on
the other hand, the bound electrons are more tightly bound so
that there is less chance to exchange energy with the incident
electron.

C. Relativistic effects and scaling law

Nonrelativistic reduced cross sections for B+, C2+, N3+,
O4+, F5+, Ne6+, Al9+, Ar13+, Fe22+, Ag43+, and Hg76+ in mod-
els TPDW00, TPDW01, and TPDW11 are presented in Fig.
3. It can be seen that cross-section curves approach a univer-
sal curve with increasingZ. The universal curve suffices to
describe the nonrelativistic reduced cross sections in the

FIG. 2. Exchange effects on the ionization cross sections of B+

and Fe22+ in model TPDW01.

FIG. 3. Nonrelativistic reduced cross sections for B+, C2+, N3+,
O4+, F5+, Ne6+, Al9+, Ar13+, Fe22+, Ag43+, and Hg76+ in models
TPDW00, TPDW01, and TPDW11.
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high-Z limit. This asymptotic behavior of ionization cross
sections provides an excellent tool to estimate cross sections
for highly charged ions.

Nonrelativistic and relativistic reduced cross sections for
B+, Ne6+, Fe22+, and Hg74+ are plotted in dotted and solid
lines, respectively, in Fig. 4. In the upper left panel for B+,

the three solid lines represent the relativistic reduced cross
sections in models TPDW00, TPDW01, and TPDW11. The
reduced cross sections in their nonrelativistic limits are very
close to and indistinguishable from the corresponding rela-
tivistic results in each model. In the upper right panel for
Ne6+, the reduced cross sections from the three potential

TABLE III. Fitting parameters for electron impact ionization of Be-like ions under model TPDW01,
wheresR=1/uis1−1/uidsa0−a1/ui +a2/ui

2d.

Ion Nonrelativistic Relativistic

a0 a1 a2 a0 a1 a2

B+ 97.14 163.77 151.78 97.16 164.04 152.14

C2+ 105.00 179.02 154.48 105.15 180.17 155.95

N3+ 108.97 186.60 160.80 109.09 187.14 161.18

O4+ 111.12 189.39 162.84 111.39 190.67 163.98

F5+ 112.39 189.99 162.63 112.73 191.42 163.80

Ne6+ 113.25 190.47 162.97 114.17 193.51 165.51

Al9+ 114.27 187.83 159.24 115.87 196.33 168.79

Ar14+ 114.92 185.13 155.58 118.06 200.60 172.49

Fe22+ 115.54 184.22 154.84 122.70 219.47 192.98

Ag43+ 115.60 183.57 153.98 142.69 309.18 290.62

Hg76+ 115.67 180.73 151.28 201.79 595.90 602.63

FIG. 4. Relativistic and nonrelativistic reduced cross sections for B+, Ne6+, Fe22+, and Hg76+ are plotted in the solid lines and dotted lines,
respectively.
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models get closer since the increasing of the nuclear charge
makes the electron-electron correlations relatively unimpor-
tant, and the relativistic effects can barely be seen in the
figure. In the lower left panel for Fe22+, the solid lines get
even closer to each other while the differences between rela-
tivistic and nonrelativistic results become noticeable at high
incident energies. In the lower right panel for Hg74+, in
which the nuclear charge is substantially high, the differ-
ences between various potential models become negligibly
small, while relativistic effects are significant at all incident
energies.

A scaling law has been given in the Bethe-Born theory as
s=s1/uidsA ln ui +Bd whereA andB are constants. Moores
and Nussbaumer[19] have attempted to include the relativ-
istic effects by using the Mott-Massey formula,

s =
A

ui
Hln ui + B − lnS1 −

v2

c2D −
v2

c2J , s26d

wherev is the velocity of the incident electron. In this for-
mula, a relativistic form of the energies of incident electron
is adopted. The parameterA may be determined from the
photoionization cross section, andB by fitting to the
Coulomb-Born results. Supposedly, bothA andB depend on
the nuclear chargeZ; however, theZ dependence along iso-
electronic sequences has not been discussed.

In this work, we propose to fit the reduced cross section
sR by a relatively simple formula in powers of 1/ui as

sR =
1

ui
S1 −

1

ui
DSa0 −

a1

ui
+

a2

ui
2D . s27d

Fitting parameters for selected ions are listed in Table III.
The confidence of the fitting is better than 99.9%. It can be
seen that the fitting parametersa0,a1, anda2 vary slowly
with the nuclear chargeZ in the nonrelativistic limit,
while they have a strongZ dependence with relativistic
effects included.

To study theZ dependence of the relativistic cross section,
we plot the fitting parameters as functions ofZa in Fig. 5 for
ions with Z.10, wherea is the fine-structure constant. It is
found that these parameters can be described quite well by
second-degree polynomials ofZa. The expansion coeffi-
cients are listed in Table IV. The confidence of the fitting is
as good as 99.8%. With these expansion coefficients, we can
predict the relativistic cross sections for any ion in the same
isoelectronic sequence.

To further demonstrate relativistic effects for highly
charged ions along the Be isoelectronic sequence, we scaled
the reduced cross sections touisR. TheZ dependence of the
scaled cross sectionsuisR is presented in Fig. 6. We see that
for a specific incident energyui the nonrelativistic scaled
cross sections remain almost constant asZ increases beyond
10. For ions withZ lower than 10, where electron-electron
correlations are relatively more important, this simple trend
of cross sections becomes invalid. With relativistic effects
included, the scaled cross section remains unchanged at the
low-Z end but grows up rapidly asZ increases at high inci-
dent energies. For example, relativistic effects on the ioniza-
tion cross section of a target ion withZ,10 is negligible for
all incident energies. For targets withZ<20, the relativistic
effects will enhance the cross sections by about 2% for an
incident electron withui =5 and 2.5% forui =10. For medium
targets withZ<40, the relativistic effects will increase the
cross sections by about 8% forui =5 and 12% forui =10. For
Z<60, the cross sections increase by about 16% forui =5
and 28% forui =10; forZ=80, by 29% forui =5 and 50% for
ui =10.

TABLE IV. The Z dependence of fitting parametersa0, a1, and
a2 approximated by a second-degree polynomial ofZa, e.g., ai

=p0+p1sZad+p2sZad2, wherea is the fine-structure constant.

p0 p1 p2

a0 115.11 −15.25 276.26

a1 199.25 −172.94 1440.29

a2 172.66 −199.96 1582.55

FIG. 5. TheZ dependence of fitting parametersa0, a1, anda2,
wherea is the fine-structure constant.

FIG. 6. TheZ dependence ofuisR in model TPDW01. The solid
and dashed lines are for relativistic and nonrelativistic cross sec-
tions, respectively.
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IV. CONCLUSION

A fully relativistic calculation of the electron-impact ion-
ization for Be-like ions is performed. Exchange effects are
included by antisymmetrizing the transition amplitudes in the
two-potential distorted-wave approximation. Three different
sets of asymptotic charges are used for the distorting poten-
tial to study the mutual screening of the primary and second-
ary electrons. For smallZ, the cross section is dominated by
electron-electron correlations between the two final con-
tinuum electrons while relativistic effects are negligible. In
this case, the capture processes are also important. We note
here that the capture terms correspond to the exchange pro-
cess of the direct ionization. It is nothing to do with two-step
processes, such as ionization-autoionization, which may be
also important in some cases. The cross sections arising from
indirect processes should be investigated for further under-

standing of the electron-impact ionization processes. Ex-
change effects are separated into interchange and capture
terms. The interchange terms modify the total cross section
at all incident energies for allZ. The capture terms play an
important role only near threshold. Relativistic effects are
studied by comparison with the ionization cross section in
the nonrelativistic limit, where the nonrelativistic ionization
cross section can be described by a scaling law. The reduced
cross section can be described very well by a polynomial
function of 1/ui, the inverse of incident energy. The expan-
sion coefficients are almost constant for nonrelativistic cross
sections. Relativistic effects are significant for high-Z ions
which give rise to aZa dependence for the expansion coef-
ficients. Cross sections for any ions of interest along the Be
isoelectronic sequence can be easily derived by interpolating
from the provided data.
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