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We present an experiment where two photonic systems of arbitrary dimensions can be entangled. The
method is based on spontaneous parametric down-conversion with trains ofd pump pulses with a fixed phase
relation, generated by a mode-locked laser. This leads to a photon pair created in a coherent superposition of
d discrete emission times, given by the successive laser pulses. Entanglement is shown by performing a
two-photon interference experiment and by observing the visibility of the interference fringes increasing as a
function of the dimensiond. Factors limiting the visibility, such as the presence of multiple pairs in one train,
are discussed.
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Entanglement is one of the essential features of quantum
physics. It leads to nonclassical correlation between different
particles. Entanglement of two-level systems(qubits) has
been extensively studied, both theoretically and experimen-
tally, in order to perform fundamental tests of quantum me-
chanics and to implement a number of protocols proposed in
the burgeoning field of quantum information science(see,
e.g., [1] for a recent review). However, it is interesting to
explore higher-dimensional Hilbert spaces. From a funda-
mental point of view, increasing the complexity of the sys-
tems and the dimension of the Hilbert space might lead to a
further insight into the subtleties of quantum physics. For
instance, high-dimensional entangled states give experimen-
tal predictions which differ more radically from classical
physics[2,3] than entangled qubits. They could also decrease
the quantum efficiency required to close the detection loop-
hole in Bell experiments[4]. In the more applied context of
quantum information science, high-dimensional entangled
states might also be of interest. In particular, high-
dimensional systems can carry more information than two-
dimensional systems and increase the noise threshold that
quantum key distribution protocols can tolerate[5,6]. More-
over, using entangled qudits might increase the efficiency of
Bell-state measurements for quantum teleportation[7]. Fi-
nally, although most of the proposed protocols require only
entangled qubits, some protocols involving qutrits(three-
dimensional systems) have been recently proposed, such as
the Byzantine agreement[8] and quantum coin tossing[9].

Only recently the first experiments started to explore en-
tanglement in higher dimensions. Two directions can be con-
sidered. First, one can take advantage of multiphoton en-
tanglement, as obtained for example in higher-order
parametric down-conversion[10,11]. Second, one can use
the entanglement of two high-dimensional systems. En-
tanglement of orbital angular momentum of photons has
been, for instance, proposed and demonstrated in this context
[12,13]. Energy-time entanglement has also been recently
analyzed in three dimensions[14], using unbalanced three-
arm fiber optic interferometers in a scheme analogous to the
Franson interferometric arrangement for qubits.

All these methods so far have been demonstrated only for
qutrits and it will be difficult to implement them in higher
dimensions. In contrast, we recently proposed a simple
method to entangle two photonic systems of arbitrary dimen-

sions. It is based on spontaneous parametric down-
conversion(SPDC) with a sequence of pump pulses with a
fixed phase relation generated by a mode-locked laser, lead-
ing to high-dimensional time-bin entanglement[15]. In this
paper, we report on an experimental realization of this
scheme, where it is possible to choose arbitrarily the dimen-
sion of the entangled photon Hilbert space. An advantage of
our scheme is that it enables the generation of entangled
states in arbitrary dimensions in a scalable way with only
two photons[16]. We perform a simple analysis, which is
sufficient to show entanglement, although it does not provide
a full information about the states.

Before describing the experiment, let us recall the basics
of high-dimensional time-bin entanglement. Suppose a
SPDC process with a train ofd pump pulses with a fixed
phase relation. Providing that the probability of creating
more than one pair ind pulses is negligible, and excluding
the vacuum, the state after SPDC is[15]

uClPDC = o
j=1

d

cje
if ju j , jl, s1d

whereu j , jl;u jA, jBl corresponds to a photon pair created by
the pulsesor time bind j , with relative amplitudecj and phase
f j. The phase referencef1 is set at 0.A andB are the two
SPDC modes,d is an integer that can be arbitrarily large and
o j=1

d cj
2=1.

This method enables us to create any bipartite high-
dimensional state. By selecting the number of pump pulses
we can choose the dimension of the entangled photon Hilbert
space. In our experiment we construct trains ofd pulses,
whered can be varied from 1 to 20, with constant amplitudes
cj and with constant phase shiftsf j −f j−1=f=const. Note
that by inserting a phase and/or amplitude modulator before
the down-converter, we could, in principle, modulate their
amplitudes and phases, thus varying the coefficientscj and
f j in order to generate arbitrary nonmaximally entangled
states.

A complete analysis of such high-dimensional entangled
states would require the use ofd-arm interferometers, such
that the amplitudes and phases of all time bins can be
probed. An alternative could be given by the use of fiber
loops or Fabry-Perot interferometers, as proposed in[15].
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Here, we used a two-arm interferometer, which already
shows high-dimensional entanglement. The travel time dif-
ference between the long and the short arm of this interfer-
ometer is equal to the time between two pump pulsesDt (see
Fig. 1). This means that a photon traveling through the short
arm will remain in the same time bin while a photon travel-
ing through the long arm will move to the next time bin. We
restrict ourself to the events where both photons of one pair
travel the same path in the interferometer, and are thus de-
tected with a time differenceDt= tA− tB=0. In this case, the
evolution of the state of Eq.(1) in the interferometer can be
written as(not normalized)

uCintl = u1,1l + o
j=2

d

u j , jlsef j + eisdA+dB+f j−1dd

+ eisdA+dB+fddud + 1,d + 1l, s2d

wheredA,B are the phases introduced in the long arm of the
interferometer for the photonsA andB and withf1=0. We
see that for all time bins except the first and the last one we
have a superposition of two indistinguishable processes. If
we record all the processes leading to a coincidence with
Dt=0, i.e., if we don’t postselect the interfering terms, the
coincidence count rate varies as

Rc , 1 + Vd cossdA + dB − fd, s3d

wheref j −f j−1=f for all j .1. From the 2d different pro-
cesses, two are always completely distinguishablesthe first
and the last time bind. Therefore, the maximal visibility of
the interference fringes,Vd, depends on the dimensiond as

Vd = Vmaxsd − 1d/d, s4d

whereVmax is the maximum visibility due to experimental
imperfections. This analysis is valid if the phase differ-
ence between two pulses is constant, which is the case in
a mode-locked laser. Two contributions might affect the
stability. First, the laser cavity length may vary slowly
due to thermal drift. This drift has been measured
s,2 mm/hd and is negligible in the time scale of a round-
trip time. Second, one could imagine faster fluctuations of
the optical cavity length due, e.g., to mechanical vibra-
tions. However, this seems unlikely, since important fluc-
tuations would destroy the laser operation. To further con-
firm this point, we make the following reasoning. If we
consider a small phase noise between two consecutive

pulses with a Gaussian distribution of widthde, the vis-
ibility will be reduced to: V=Vd exps−1

2de2d. The phase
noise between pulsej and pulsej +m also has a Gaussian
distribution of width Îmde, leading to a visibility V
=Vd expf−1

2smdde2g. Observing a visibilityVd close to op-
timal is thus a confirmation that the phase noisede!p,
and consequently that the coherence is maintained over
many time bins.

In our experiment, we use trains ofd pump pulses, where
d can be varied from 1 to 20, and we observe the visibility of
the two photon interference as a function of the dimensiond.
A schematic of the experiment is presented in Fig. 1. The
pump laser is a Ti-Sapphire femtosecond mode-locked laser
producing 150 fs pulses at a wavelength of 710 nm. The
time between two pulses isDt=13 ns. To construct the pulse
trains, the pump beam is focused into a 380 MHz acousto-
optic modulator(AOM, from Brimrose), which reflects the
incoming beam with an efficiency of<50% when it is acti-
vated. This activation can be triggered externally, with a TTL
signal of variable width synchronized with the laser pulses.
The rise time is around 6 ns. The width of this signal thus
determines the number of pulses per train. The reflected
beam containing the pulse trains is then used to pump a
nonlinear lithium triborate(LBO) crystal. Nondegenerate
photon pairs at a 1310/1550 nm wavelength are created by
SPDC and then sent to the analyzer, which is a two-arm bulk
Michelson interferometer, where the long arm introduces a
delayDt=13 ns with respect to the short one, corresponding
to a physical path-length difference of 1.95 m[17]. The
pump power is kept low, in order to keep the probability of
having more than one pair per train small. Photons exiting
one output of the interferometer together are first focused
into an optical fiber and then separated with a wavelength
division multiplexer (WDM). The 1310 nm photon is de-
tected by a passively quenched liquid-nitrogen-cooled Ge
avalanche photodiode(APD, from NEC), with a quantum
efficiencyh of around 10% for 40 kHz of dark counts. The
1550 nm photon is detected with an In0.53Ga0.47As photon
counting module(from idQuantique), featuring a quantum
efficiency of around 30% for a dark count probability of
10−4 per ns and operating in gated mode. The trigger is given
by a coincidence between the Ge APD and a 1-ns signal
delivered simultaneously with each laser pulsest0d, in order
to reduce the accidental coincidences. The signals from the
APDs are finally sent to a time-to-digital converter, in order
to record the photons arrival time histogram. A small coinci-
dence window of around 1 ns is selected around the interfer-
ing peak(i.e., the peak withDt=0).

If we record the coincidence count rate as a function of
the phase shift in the interferometer, we obtain sinusoidal
curves with a visibility increasing with the dimensiond (see
Fig. 2). Net visibilities (i.e., with accidental coincidence
count rate subtracted) as a function of the dimensiond are
plotted in Fig. 3. The solid line is a fit using Eq.(4). The
good agreement between experimental data and theory con-
firms that the dimension of the entangled photons is given by
the number of pump pulsesd. We find a maximal visibility of
91.6±1.2%.

We now discuss the factors limiting the visibility, which,
as we will see, is not reduced by a possible phase noise

FIG. 1. Schematic of the experiment. See text for details.
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between pump pulses. The first factor is the possible creation
of more than one pair per pulse train. The spectral bandwidth
of the (not filtered) created photons is about 100 nm, corre-
sponding to a coherence time of<25 fs, much smaller than
the duration of the pump pulse. In this limit, any 2n photon
state can be described asn-independent pairs. The probabil-
ity of producingn pairs in a given pulse is distributed ac-
cording to the Poissonian distribution of mean valuem: pn
=e−msmn/n!d. The starting point for the calculation of the
loss of visibility due to multiple pairs is the fact that the total
coincidence count rate can be written

R= R1s1 + Vd cosud + R2. s5d

The first term of the sum means that, for each pair created,
the two-photon process described above can take place, lead-
ing to an interference fringe of visibilityVd. The additional
rate R2 is what comes from the multipair pulses, when one
detects coincidence of photons belonging to independent
pairs. In our case there are only two kinds of contributions to
R2: either the photons were created in the same time bin

sR2,sd, or in consecutive time binssR2,cd; if the independent
pairs are created in more distant time bins, no coincidence is
registered.

Now, we calculateR1, R2,s, andR2,c explicitly. R1 is pro-
portional to the mean number of pairs created,md. The factor
of proportionality is given by the probability that a photon
pair leads to a coincident detection(i.e., with Dt=0), which
is 1

2 [18]. Hence, finallyR1= 1
2 m d. Let us now calculateR2,s.

With n pairs in a given time bin, one can creatensn−1d /2
couples, so the mean number of such couples ind time bins
is

do
n

pnnsn − 1d/2 = dsm2/2d.

By inserting the probability of coincidencef20g, we find
R2,s=sm2/2dd. Let us finally calculateR2,c. If nk is the num-
ber of pairs in time bink, the number of pairs in consecutive
time bins ism=n1n2+n2n3+ . . . +nd−1nd. The average of the
random variablem is kml=on1

. . .ond
pn1

. . .pnd
msn1, . . . ,ndd

=sd−1dm2. In this case, only half of the processes lead to a
coincident detection. We thus obtainR2,c= 1

2m2sd−1d. Insert-
ing these results into Eq.s5d we find R~1+Vsm ,ddcosu
with

Vsm,dd = Vd/s1 + 2m − m/dd. s6d

To validate our model, we measured the visibility as a func-
tion of m, for d=20 ssee Fig. 4d. The factorm, which is
proportional to the pump power, is determined by the side
peak method, explained in detail in Ref.f21g. The solid
line is a fit of Eq.s6d, in good agreement with the experi-
mental data.

For the measurement of Fig. 3(not corrected), m is kept
low s,0.025d so that we estimate the maximal visibility due
to multiple pairs tos97±1d%.

FIG. 2. Two-photon interference visibility for
different dimensionsd. The solid line is a sinu-
soidal fit from which we can deduce the net vis-
ibility of the fringes. The level of accidental co-
incidence is indicated by the straight line.

FIG. 3. Two-photon interference visibility as a function of the
dimension of the Hilbert space. The black circles are experimental
points. The solid line is a fit with Eq.(4).
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Another factor that affects the visibility is the non perfect
alignment of the analyzing interferometer. Ideally, the trans-
mission in the long and the short arm should be the same for
both wavelength. Due to the fact that the interferometer is
long and that the two photons have different wavelengths,
obtaining a good alignment is very difficult. To calculate the
influence of a misalignment we writets and tl, the transmis-
sion probability amplitudes for the short and the long arm,
respectively. For simplicity, we assume them to be the same
for both wavelengths. In this case the coincidence count rate
(if we take only the interfering terms) is Rc, ts

4+ tl
4

+2ts
2tl

2 cossdA+dB−fd, leading to a visibility

V = 2ts
2tl

2/sts
4 + tl

4d. s7d

In our experiment, we typically obtain transmission differ-
ences between the long and the short arm between 1 and
1.5 dB, which limit the maximal visibility to around
s96±1d%. Moreover, the states we create are not com-
pletely maximally entangled, due to the fact that the first
and the last pump pulses in a train have a slightly smaller
intensity. Finally, the interferometer might not have a per-
fect visibility. To take into account these last factors, we
estimate a maximal visibility ofs99±1d%.

Considering all the abovementioned factors, we find an
optimal visibility of s92.2±1.6d%, which fits with the mea-
sured value ofs91.6±1.2d%. This is a confirmation that the
phase noise is negligible and consequently that the coherence
is kept over many time bins and that we generate entangled
qudits.

In conclusion, we reported an experiment where we en-
tangled two photonic systems of arbitrary discrete dimen-
sions. The simple analysis presented in this paper already
allows us to demonstrate the creation of a photon pair in a
coherent superposition ofd emission times, providing evi-
dence of high-dimensional entanglement. More complex
analysis withd-arm interferometers should allow us to reveal
all the quantum information content of such states(e.g., non-
locality).
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