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In this paper, we investigate the effects of spontaneously generated coherence(SGC) on the conditions for
exhibiting lasing without inversion(LWI ) in the presence of a weak probe and a strong-coupling field. We find
that owing to the effect of SGC, LWI can be realized without the incoherent pumping or the decay between two
upper levels. However, in the region where LWI can be exhibited, the effect of SGC term on the exhibition of
LWI is not always positive, sometimes it can even cumber the realization of LWI for some values of SGC.
These values are given in this paper. In addition, we also analyze the essence of the generation of the probe
field.
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I. INTRODUCTION

There are various schemes which have been studied over
the past few decades to realize lasing without population
inversion (LWI ) [1–7]. It has been proposed that a closed
V-type, three-level system, which is incoherently pumped on
the transition at which lasing occurs and coherently pumped
on the other transition, can exhibit LWI[8]. A closed three-
level atomic system was considered with the decay between
two excited states, and the conditions for exhibiting LWI are
changed into two inequalities under the resonant excitations
[9]. Continuous-wave LWI in a closed four-level system
coupled with field reservoir has been also discussed, and a
practical implementation of the scheme is suggested[10].
Recently, spontaneous emission reduction and cancellation
have been extensively studied. It is shown that it can be
manipulated by a external pumping in a four-level system, a
realizable scheme of which has been provided[11]. Based on
these, there has been considerable interest in spontaneously
generated coherence(SGC) arising from spontaneous emis-
sion of an atom with two close lying levels. It has been
shown that SGC can change the steady-state response of the
medium, and can modify significantly the absorption or
spontaneous emission spectra of a near-degenerate system
[12–15]. The response of SGC effects in aL system has been
studied, where, in particular, the response of theL system to
an external pump of arbitrary intensity is examined. It was
demonstrated that the darked state could disappear in the
presence of a strong SGC[16].

In this paper, we investigate the effects of SGC on the
conditions for exhibiting LWI in a three-level V-type system
with near-degenerate excited levels in the case of a weak
probe. We show that due to the effects of SGC, the condi-
tions are quite different, i.e., LWI can be realized without an
incoherent pumping or the decay between the two excited

states. Rather, the contributions to the probe gain not only
originates from the population inversion and the induced co-
herence, but also from the SGC term. Moreover, in the re-
gion where LWI can be exhibited, the contribution from the
SGC term is not always positive, sometimes the probe laser
can even be attenuated due to the SGC term.

II. THE SYSTEM AND DENSITY-MATRIX EQUATIONS

We consider a V-type three-level system[see Fig. 1(a)]
with the lower stateu1l and the excited statesu2l andu3l. The
transitionu1l↔ u2l with frequencyv21 is driven by a strong
coherent coupling field of frequencyvc with a Rabi fre-

quencyG=s«Wc·dW12d / s2"d. A weak, coherent probe field of

frequencyvp with Rabi frequencyg=s«Wp·dW13d / s2"d is ap-
plied to the transitionu1l↔ u3l without incoherent pump,
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FIG. 1. (a) Schematic diagram of a three-level V-type system
driven by two coherent fields with Rabi frequencies 2g (probe) and
2G (pump), respectively.(b) The field polarizations are chosen such
that one field only drives one transition.
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where «Wp and «Wc represent the amplitudes of two coherent
fields, respectively. The spontaneous decay rates from the
statesu2l and u3l to the stateu1l are 2g1 and 2g2, respec-
tively. D1=v21−vc, andD2=v31−vp are the detunings of the
two corresponding fields, respectively. For simplicity, we as-

sumeg andG to be real. Since the dipole momentsdW12 and

dW13 are not orthogonal, which is necessary for the existence
of the SGC effect, we have to consider an arrangement
shown in Fig. 1(b) that one field acts on only one transition,
whereu represents the angle between the two induced dipole

momentsdW12 anddW13. To avoid a field simultaneously affect-
ing on two transitions,u can be a random angle between 0
and 2p except for 0 andp.

The density-matrix equations[17] under the electric-
dipole and rotating-wave approximation are

ṙ22 = − 2g1r22 + iGr12 − iG*r21 − h0 cosuÎg1g2sr23 + r32d,

s1d

ṙ33 = − 2g2r33 + igr13 − ig*r31 − h0 cosuÎg1g2sr23 + r32d,

s2d

ṙ12 = − sg1 + iD1dr12 + iG*sr22 − r11d + ig*r32

− h0 cosuÎg1g2r13, s3d

ṙ13 = − sg2 + iD2dr13 + iG*r23 + ig*sr33 − r11d

− h0 cosuÎg1g2r12, s4d

ṙ23 = − sg1 + g2dr23 + isD1 − D2dr23 + iGr13 − ig*r21

− h0 cosuÎg1g2sr22 + r33d, s5d

along with the equations of their complex conjugates, and
the requirement of closing system, i.e.,r11+r22+r33=1. The
terms including h0

Îg1g2ri j cosu which represents the
quantum interference effects resulting from the cross cou-
pling between spontaneous emissionsu3l↔ u1l and
u2l↔ u1l, i.e., the SGC terms. If the two excited levels lie
so closely that the SGC effects have to be taken into ac-
count, thenh0=1, otherwiseh0=0. It should be noted that
only for small energy spacingf15g between the two ex-
cited levels are the SGC effects remarkable, as for large
energy spacing, the oscillatory terms will average out to
zero and such effects will vanishf12g.

At the same time, we also note that it is difficult for the
effects of the atomic coherence between the upper levels
generated via spontaneous emission to be observed[18].
There is a restriction on the levels, i.e., they should have the
same quantum numbers. While, with the progresses being
made in modern physics, specifically semiconductor quan-
tum dots and photonic band-gap materials, it is possible to
fabricate semiconductor(quantum dots), with optical proper-
ties similar to atomic optical properties. However, unlike the
atom, the quantum dot has the energy levels that can be
adjusted for particular purposes[10]. So, we can fabricate a

quantum dot with sufficiently close upper levels to imple-
ment our scheme. We will rediscuss this in Sec. IV.

III. THE EFFECT OF SGC ON THE CONDITIONS
FOR EXHIBITING LWI

It has been known that the gain coefficient for the probe
field coupled to the transitionu3l↔ u1l is proportional to the
imaginary part of the complex polarization, i.e., Imsr13d. If
Imsr13d.0, the system exhibits gain for the probe field, that
is, lasing can be established on the transitionu3l↔ u1l;
whereas if Imsr13d.0, the probe field is attenuated. In the
following, D1=D2=0 is firstly considered, where we obtain
the analytical solutions in the steady state and derive the
condition under which the system exhibits LWI. Then,D2
Þ0 is considered. The numerical simulation will demon-
strate that the contribution of the SGC terms to the probe
gain is different for different values of SGC: the probe laser
can sometimes be amplified, while sometimes attenuated.

From Eqs.(1)–(5), we can get the steady-state solutions
under the condition of two-photon resonancesD1=D2=0d,

r33 − r11 = −
1

D
h2fG4 − G2s− 7 +h2d + 6s− 1 +h2d2g

+ sg2 − 2Î2gGhds4 + G2 + 2h2dj, s6d

r22 − r11 =
1

D
fg2s3 + G2 − 6h2d − 2G2s6 + G2 − 3h2d

+ g4 − 2Î2g3Gh + 2Î2gGs3 + G2dhg, s7d

Imsr13d =
1

D
f− 2g3 − 2Î2Ghs− 3 +G2 + 3h2d + 3Î2g2Gh

+ 2gs3 + 2G2ds− 1 +h2dg, s8d

Imsr12d =
1

D
h− 2G3 − Î2ghs− 6 +g2 + 6h2d + Gf12s− 1 +h2d

+ g2s− 1 + 4h2dgj, s9d

D = 2fg4 + 2G4 − 2Î2g3Gh + 6s− 1 +h2d2 + g2s5 + 3G2

+ 4h2d + G2s13 + 5h2d − 2Î2gGhs8 + G2 + h2dg, s10d

whereh=h0 cosu, and we set 2g1=g2=2g. All the param-
eters are reduced to dimensionless units by scaling withg.
We take the proportional relation of the two decays be-
cause it is satisfied with the inequalities proposed to ex-
hibit LWI f9g.

From Eq.(8), it is shown that Imsr13d is composed of two
parts. The first part is a function ofg, while the other is only
that of G. It can be found that, wheng=0, the first part will
be zero, while the second part will not. This indicates that
Imsr13dÞ0 even wheng=0, which implies that the polariza-
tion does not vanish and will induce the generation of the
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probe field. So, the generation of the probe field is not only
due to itself, but also to another driving fieldG. In this re-
spect, this can also be viewed as a new coherence and inter-
ference phenomenon.

Lasing without inversion in any atomic state basis re-
quires that Imsr13d.0, r33,r11, and r33,r22 [19–21]. In
the limit of a strong coherent field,G@g1,g2 and g, from
Eqs.(6) and (7) it can be shown thatr33,r11 andr33,r22
are always satisfied for allh’s in its permitted range, i.e.,
hP s−1,1d. From Eq. (8), we derive the gain condition
fImsr13d.0g

h

h2 − 1
, Î2

g

G
. s11d

Here, the inequality is also called the condition for exhibiting
LWI. From Eq. s11d, we know that the range ofh is deter-
mined by the ratio of two Rabi frequencies. LWI can be
exhibited as long as the values ofh are within the range,
which is very different from Eq.s14d in Ref. f9g where the
gain condition will not be satisfied, i.e., LWI cannot be ex-
hibited if the decay between the two excited states is not
included. It is also different from the conclusions mentioned
in Ref. f8g. In the limit of a strong coherent field,G
@g1,g2 and g, the V-type three-level system does not ex-
hibit LWI if driven by a single coherent field only. We get
LWI in the presence of SGC without considering the decay
between two excited states or the incoherent pumping.

In Fig. 2, we plot Imsr13d vs h for a given ratio of the two
Rabi frequencies:G/g=200. It is shown that the curve ap-
proximates to a straight line. Under a given ratio of two Rabi
frequencies, one can get a range ofh, where, hP s−1,
−0.0073d, in which Imsr13d.0, i.e., the three-level system
exhibits LWI.

When D1ÞD2, we investigate the physical mechanism
leading to LWI in the atomic system. From Eq.(4), the
steady-state solution ofr13 with the SGC effect can be writ-
ten as

r13 =
iGr23 + igsr33 − r11d − hÎg1g2r12

g2 + iD2
. s12d

From Eq. s12d, the induced polarizationr13 is related to
three terms, which are the induced coherence between the
statesu2l and u3l, r23, the population inversion between
the statesu3l and u1l, sr33−r11d, and the SGC term,
hÎg1g2r12. It is known from Eq.s6d that r33−r11,0 for
hP s−1,1d, so the contribution to Imsr13d from the popu-
lation inversion is always negative. Further, the contribu-
tions from the three terms to the probe gain are numeri-
cally computed and are shown in Fig. 4, while the case
without SGC is also computed and is shown in Fig. 3.

In Fig. 3(a), it is shown that LWI cannot be exhibited
without the effect of SGC. Also, it is apparent from Fig. 3(b)
that the probe gain is contributed byr23 only. The term from
r33−r11 presents an absorptive Lorentzian line profile cen-
tered atD2=0 [13], which coincides with the conclusions in
Ref. [8].

FIG. 2. Dependence of the probe gain Imsr13d upon h with G
=200g , g=g.

FIG. 3. (a) Plot of Imsr13d without the effect of SGCsh=0d. (b)
The gain contributions fromr23 (dotted line) andr33−r11 (dashed
line). Other parameters are chosen asg1=g , g2=2g , G=20g , g
=0.01g, andD1=0.
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We give the gain line and the separate contributions from
the three terms(including SGC term) in Fig. 4, in which the
plots whenh=−0.5 are shown in Figs. 4(a) and 4(b), while
the case ofh=0.5 are plotted in Figs. 4(c) and 4(d). From
Figs. 4(a) and 4(c), it is shown that LWI occurs in different
regions for differenth. Whenh=−0.5, the area is closed to
the center atD2=0 and is symmetrical; whenh=0.5, the
region is far away from the center, but it is still symmetrical.
So, it is shown that due to the effects of SGC, a three-level
V-type system can exhibit LWI without incoherent pumping
or the decay between two excited states, which differs from
the conclusions drawn previously[8,9].

Shown in Figs. 4(b) and 4(d) are the contributions to
Imsr13d from r23, r33−r11, and the SGC term, respectively.
For the sake of clarity, the contributions from the SGC and
sr33−r11d terms are magnified for 10 and 100 times, respec-
tively. It is shown that their behaviors are very different from
those in Fig. 3. Whenh=−0.5, the gain is solely generated
by r23, the contribution fromr33−r11 presents an absorptive
Lorenzian line profile centered atD2=0, which is similar to
that in Fig. 3. The part from the SGC term also presents an

absorptive line profile, but it has two side bands, which cor-
respond to the transitions from the stateu3l to the Autler-
Towner doublet states. So, though LWI is exhibited when
h=−0.5, the SGC term cumbers its exhibition. At the same
time, it should be noted, by comparing with Fig. 3, that the
amplitude of r23 is greatly enhanced due to the effect of
SGC, where, a part of the increased contribution is used to
compensate the attenuation of the probe laser which is in-
duced owing to the existence of the SGC term, the other
realizes the probe gain. However, the case ofh=0.5 is
quite different. The SGC term begins to impulse the
occurrence of LWI, and the change ofh affects the line
profile of r23, which reduces the contribution fromr23 on
the probe gain in the region where LWI is exhibited. In ad-
dition, from Figs. 3(b), 4(b), and 4(d), we also notice that
SGC has no effect on the absorptive profile of
sr33−r11d. From Eq.(12), it is easy to derive that the bound-
ary of SGC is approximate toh=0. Whenh.0, the SGC
term drives the realization of LWI; while, ifh,0, its effect
is negative.

FIG. 4. Spectra for differenth. Whenh=−0.5, the curves for(a) the gain line and(b) the gain contributions from three terms. The curves
for the situations withh=0.5 are plotted in(c) and (d). The solid, dashed, and dotted curves represent the contribution from the SGC, the
population inversion, and the induced coherence terms, respectively. Other parameters are the same as those in Fig. 2.
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IV. A POSSIBLE SCHEME FOR THE
IMPLEMENTATION OF SGC

It has been shown in Sec. III that there is a principle
difficulty in the realization of atomic interference via spon-
taneous emission for atomic transitions in free space. To re-
alize such an interference, Kocharovskayaet al. proposed to
take advantage of the technique of photonic band-gap mate-
rials and semiconductor quantum dots[10].

From their idea, we know that the pseudophotonic band-
gap structures have a special purpose[22], they allow the
propagation of electromagnetic waves with a certain polar-
ization and strongly forbid those with orthogonal polariza-
tions. So, the spontaneous decay with forbidden polarization
is also forbidden and this allows us to remove the cancella-
tion of different contributions originated from different po-
larizations of spontaneous emission occurring in free space,
which is just what we need. Further, in the recent years, great
effects have been focused on the fabrication of the semicon-
ductor microstructure, which can allow for the creation of
artificial quantum systems with desirable properties, based
on which we can fabricate a quantum dot with sufficiently
close upper levels to implement our scheme.

Kocharovskayaet al. have also designed a model of a
quantum dot having different sizesa,b,c in three dimensions
and infinite energy outside the box to realize their results, the
so-called continuous wave LWI. They give the energy spec-
trum of the artificial “atom” and choose appropriate quantum
dot for all levels. At last, they derive the equation of the
small splitting between two upper levels. From their scheme,
i.e., Fig. 1 in Ref.[10], we can see that it is similar to that we

proposed in this paper. A difference is that an external level
is used to populate other levels in their paper. So, we can
implement our scheme only by removing the level from their
scheme.

V. CONCLUSIONS

In this paper, we investigate the effects of SGC on the
conditions for exhibiting LWI in a three-level V-type system.
We find, due to the effects of SGC, that the conditions for
exhibiting LWI may be expanded, i.e., LWI can be obtained
without incoherent pumping[8] or the decay between two
excited states[9] if the effect of SGC is considered in the
limit of a weak probe field. However, this does not mean that
the SGC term always impulses the exhibition of LWI. Actu-
ally, whenh.0, the effect is positive, while ifh,0, it will
cumber the occurrence of LWI. In addition, it should be
noted that the generation of the probe field is not only due to
itself, but also to its partner field, i.e., the coupling field.
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