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Spontaneous emission of an excited atom in a random absorbing medium
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The problem of spontaneous emission of an excited atom inside a random medium formed by randomly
distributed dipoles is theoretically discussed by explicitly calculating the decay rate of the atom. After aver-
aging over all the density fluctuations of the medium, we obtain an analytical expression of the decay rate in
the low-density limit, which shows that inside a random medium the relaxation of an excited state is enhanced
due to the density-fluctuation correlations of the random medium.
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[. INTRODUCTION by starting from Fermi’s golden rule. It then follows that, in
the framework of the linear-response the@ty], the transi-
The lifetime of an excited atom is a standard problem intion rate between an excited state and the ground state can be
quantum optics; it is well known that in the dipole transition related to the imaginary part of the response function of the
approximation an excited state of a single atom in free spacgystem([5,12,13 by using the fluctuation-dissipation theo-
can be shown to relax spontaneously to the ground state at'f&M:
rate proportional to the modular square of the dipole matrix
element that links these states. Such a result can be obtained .
by treating spontaneous emission as a process of either the = M| [Gii( )] (1)
interaction between an excited atom and the fluctuations of =T MSTATA ol
the ground state of the quantized electromagnetic field or the
reaction of the atom to its own radiation field. These two
mechanisms are equally important in many situations in dewhere the excited atom is assumed to be fixed in spacg at
termining the lifetime of an excited atofd]. In the present , is the atomic transition frequency, amtlis the dipole
paper we will choose to work in the vacuum fluctuation matrix element linking the excited and ground states. The
model. repeated indices in Eql) have to be summed over the Car-
It is also a well-established fact that, if other objects aretesian coordinates. The response functin,r,) is, in fact,
brought to the vicinity of an excited atom, the lifetime of the the familiar dyadic Green function in the classical theory of
atom will be modified[2]. In the view point of the vacuum  electromagnetic fields, which is in turn equal to the electric
fluctuation theory, the presence of these objects inevitablyield at positionr due to a unit dipole at; subject to all
modifies the electromagnetic field operators and subsesoundary conditions presented in a problem. Our task is,
quently changes the structure of the fluctuating field of theherefore, reduced to evaluating the Green function corre-
vacuum. It was by following this line that Power calculated sponding to the random medium.
the Lamb shift in as early as 19¢8]. In the literature these  The paper is organized as follows. We will first calculate
external objects are usually assumed to form a regular strughe Green function insidga particular realization ofa ran-
ture, such as a dielectric sphgd, a perfect mirrof1,5,6,  dom medium in Sec. II, and then average it over the random-
a photonic crysta[7], and so on, and the lifetime of an ness of the medium in Sec. IIl to make our discussion con-
excited atom inside an irregular structure has largely evadegbrmable to the usual experimental realities. When the
proper treatment. Since in the past two decades, we hav@eraged Green function is substituted back into @&gin
seen interesting results being revealed from the studies @ec_ IV, an ensemb|y a\/eraged spontaneous emission rate

light propagation inside random media, three examples ofyill result. The paper will be summarized in Sec. V.
which are backscattering enhancemf8ijt photon localiza-

tion [9], and random lasing10], it is natural to ask if the
rgndomness of a me_d|um al_so _has any effe_cts on light emis- |, GREEN FUNCTION INSIDE A RANDOM MEDIUM
sion from an atom situated inside the medium. The present
paper is devoted to answering such a question by explicitly
computing the spontaneous decay rate of an excited ato
inside a random medium.

The process of spontaneous emission can be formulat

We assume that the random medium, in which the excited
Tom is situated, is formed by dipoles randomly distributed

iH the whole space, and that each dipole is characterized by
an isotropic polarizabilityr and a diminishing physical size.
The Green functiorG(r,r;) (in Gaussian unijsneeded in

Eqg. (1), consequently, should be built up as the sum of all
* Electronic address: weiguoguo@hotmail.com fields radiated fromr,; and multiply scattered by the dipoles:
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G(r,ry) =Go(r,ro;ka) + Mf Gol(r,ra;Ka) - Go(r o, r1;ka)n(rp)dr,
"'sz Go(r,rz;kA)n(rz)drz'f Go(r o, 3 ka)n(ra)drg - Go(rs,ri;ka) + -

=Go(r,rq;ka) +Mf Go(r,r2;Ka) - G(ro,r)n(rp)dry,, (2

where ka=wa/c, u=4mkia, and Go(r,ry;ky) is the free lIl. ENSEMBLE AVERAGE OF G

space dyadic Green function -~ .
A specific form forén's in Eq. (4) corresponds to a spe-

Gl 1ike) = i(l . lV V) gkalr =il 3 cific configuration of the dipoles. In a typical experiment, a

ot D A ki Ir=rq" random medium is often formed by suspending scattering

particles in a liquid[10,15,16. If the observation time is
We have suppressed a common multiplicity factak on  ong enough, one can argue that since every configuration of
both sides of Eq(2) for simplicity, and in Eq.(3) | denotes  the scattering particles is reached, the observed result is ac-
the unit dyadic. tually an ensembly averaged result. To make our discussion
By writing the microscopic density function of the dipoles conformable to such an experimental reality, we will in the

n(r)=={, &r-r;) as the sum of its spatially averaged valuefollowing averageG over all possible density fluctuations:
ny=(n(r)) and density fluctuations about that averaipér),  the decay rate in Eql) accordingly becomes an average
we can use a linear-operator method to transf@nnto a  rate(I’).

series in ascending powers &fi [14]: Since (dn(r))=0 from its definition, we know the first-
order density fluctuation does not contribute {#6). The
G(r,ry=g(r,ry+ ,u,f g(r,ro)on(ry) - g(ro,rdr, second- and third-order density-fluctuation correlations make
no contributions either. To see this, we have to note from the
) following two relations that in these two correlations the
+u f g(r,rp)on(ry)dr, - f g(rarg)on(ry)drs density fluctuations are forced to be at same places:
g(rg,ry+ -, (4)

an(r)on(ry))=ngd(r —rq),
with g obeying the following integral equation: (en(r)an(ry)) =nod ( )

g(r,rqy) :Go(f,flikA)*'lmof Gol(r,ra;ka) - g(ro,ry)dro. (An(r)on(r)on(ry)) =ngd(r—=ry)dry—ry).
6

. N . . . hen the preceding two relations are substituted into Eq.
Since it exists in an unrestricted, uniform space characterize . )
. . : 4), they produce, respectively, the first- and second-order
by ung, it follows that theg function assumes an outgoing-

wave solution that can be readily obtained by operating a rf)l:r;ﬂzlddi |r(1)t|(zrzc;]t|§rt1§:e Ete(;zc?tzglsf tl)ﬂeitvrvwi(ranor;heers rig'gg;?
operator(V X V x —k3) on both sides of Eq5) and solving P P - 19

the derived diff tial tion. Explicit calculati h interactions will appear in correlations with orders higher
€ derived differential equation. EXplicit caiculation SNOWS y,, , three; see Eq(7) for another example. Quantum-

- NI mechanically self-field interactions are known to be respon-

9(r.ra) = Golr,r o Vka + o). ©®  Sible for atomic energy shifts and spontaneous emission;

Formally, the total Green functio® expressed in the se- classically they amount to a correction to the polarizability of
ries in Eq.(4) can be regarded as a multiple scattering prothe dipoles. In our classical theory of Green function, we
cess ofg by the density fluctuations: Thg function can go  shall assume that such a correction has already been made in
directly fromr, to r inside the uniform mediunxng as the  our definition of . As a result of this assumption, any fur-
first term on the right-hand sid&kRHS) of Eq. (4) shows, or  ther account of self-field interactions in the following discus-
it has to be scattered by the density fluctuations aftiee  sion becomes redundant.
second terry twice (the third term), - --, before arriving at . The first nonzero contribution to the ensembly averaged
As in Ref.[14] we assume that the dipoles are independenGreen function(G) actually comes from the fourth-order
with each other, that igan(r)dn(rq))=(on(r)){dn(r1))=0,  correlation, although we know from Refl4] that the four
whenr #r4, so that the statistics of the density fluctuationsdensity fluctuations in this correlation can only be so
of the dipoles presented there can be applied directly to thgrouped that they are at either one common location or two
present case. different ones:
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(on(r)an(r)on(ry)n(rg)) =ngd(r —=r)a(ry—ry)drp—rs)
+n3[8(r —r)(r—r)

+0(r=ry)dry—ry)
Lo -r9ori-r)l. (7 /\0

To be out of this apparent dilemma, it is essential to realize ®
that the integration orders in E¢4) formally specify radia-

tive paths. For example, the radiation path represented by the
third term on the RHS of Eq4) implies that a light wave
can only getr from r, by following the sequence of,
—Tr3—Tr,—r. This point has also been made implicitly be-
fore in the paragraph immediately following E@). It then
becomes evident that two density fluctuations at a common
location, depending on the radiation sequence, can in fact
represent that radiation fields are scattered to that common
place twice by way of another scatterer. Substitution of the
expression(7) into Eq.(4) reveals that only onéout of foun

of the § products on the RHS of Ed7) survives, and it
represents a third-order scattering event between two dipoles
atr, andrg:

\

,u4ngJ 9(r,ry) - g3(rara) - glra,ro)dr,drs. (8 Py

Other & function products reproduce the self-field interac-
tions and should be ignored accordingly. However, since it
can be shown by Fourier transformation that the transverse
component of Eq(8) is rather weak compared with its lon-  FIG. 1. Graphical representation of the fi(iwer) and second
gitudinal component, the term of E¢B) has to be dropped (upp_ep te_rms in the series in qu_ll)_, w@h the f|IIeo! circles repre-
from (G) hereafter for their limited contribution td’). This senting dipoles and the arrows indicating scattering events.
is so, because for an gbsorbing medium only the transverse
art of G, denoted a$5', is responsible for radiative deca

gf an excited atom while the pIongitudinal part 6f only ’ MnSJ o(r.ra) - g%(rars) - g(rg,rdrodrs. (10
causes nonradiative decay in the form of Joule hedtl2g

Similarly, we nqte that if two density fluctuati_o_ns are seta geries is, therefore, formed by applying such density-
to be at one position; and three at another position, the  ,,ation grouping to higher orders of odd correlations, in
fifth-order correlation makes a contribute (@) as follows: which the multiple scattering part of trgefunction forms a
geometrical subseries. This observation thus enables us to
write the sum of the this series into closed form

Y

Msngf g(r,ra) -g*(rora) - g(rs,rdrodrs. 9

4
(rars)
wng f Orr) - 75 s o g(r e, (10

In this case theay function is formally scattered between - g (rors)
andr 5 four times. The difference between the expressi@hs
and (9) is that in Eq.(9), after multiple scattering, thg  See Fig. 1 for a graphical representation of the first two
function returns to the position from which it was scatteredterms in this series.
before while in Eq(8) g settles down at another location. As  So far we have confined our discussion to the situation
long as the density fluctuations are only distributed on twowhere the density-fluctuations are only on two positions.
locations, even-order correlations will yield similar results asFrom the general discussion of density fluctuation correla-
that in Eq.(8) and will be ignored for their negligible role in tions in Ref.[14], we find more combinations of density
the radiative relaxation of an excited state. fluctuations become possible as still higher order correlations
The seventh correlation can also be treated in this fashioare taken into account. In the tenth-order correlation, if we
by setting three fluctuations at one position and the remaindivide the ten fluctuations into two groups, each of which
ing four at another position. This arrangement leads to foreontains five fluctuations, and then in each group we set two
mal scattering of the function six times between two den- fluctuations at one position and three at another, we can get a
sity fluctuations and produces contribution to(G) from this order of correlation whose ex-
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ﬂlzngf g(r,rp) - @®(rars) - 9(rars) - g(rars) - gra.ry)

X dr ,dr 5dr 4dr s, (13

and

,U«lzngf g(r,ry) - g*rara) -grars) '96(r4,r5) g(rary)

X dr ,dr 5dr 4dr . (14)

\

From all those even correlations with orders higher than 12,
by following the same procedure to group the density fluc-

tuations, we can get all the permutations that, when added,
reduce to the following expression:

4
(ra,rs)

lOn4f (r,r )g— (ry,r )

) ST g g O

. g4(r4!r5)
1-p*g(ra,rs)
It follows that, in this fashion, we can expre&S) again
in an integral equation

dr,dr 5dr ,dr 5. (15

)

(G(r,r)=9(r,ry +u5n3f g(r,ry)

g'(ry, rs)

" (G(ry,rq))drodry, (16
v 1_,U«292(r2,r3) < (2 1)> 241 3 ( )

with the expressiongll) and (15) as the second and third
terms, respectively, if Eq16) is written out iteratively.
Other kinds of density-fluctuation grouping are of course
also possible. For example, in the six-order correlation, we
. . . ._can set the six fluctuations into three groupather than
pression seems to be formed by juxtaposing two eXpreSS'OQa/o), each containing two fluctuations, and get a closed path
like that in Eq.(9) composed of three scatterers. The contributiodG¢ from
such a configuration is then proportionalﬂéng. This term,
and its higher-order counterparts, obviously gives a less im-
“wngf o(r.r2) - g*(rara) - 9(rars) - g'(rars) - 9rary) portant cgntribution tdG) Wk?en the averagyegdensin(, of
S drodr =dr .dr (12) the dipc_)les is low. In .fact the theory of statistics of density
251 3H 4 5 fluctuations reported in Refl4] was based on the assump-
tion of independent dipoles and the validity of this assump-
Formally, Eq.(12) represents a scattering event wheredhe tion requires that the density of dipoles be so low that the
function is first scattered four times between two densityoccurrence of a dipole at does not depend on whether an-
fluctuations atr, and rs, and then scattered another four other pointr,, however close t@, is occupied or not. One
times between a different pair of density fluctuationgrat result of this theory is that density fluctuations are only cor-
andr; see Fig. 2 for an illustration. In view of this, the 12 related to themselves. To simplify our analysis and to con-
density fluctuations in the 12th-order correlation can also besider only the most important contributions ¢(&) at the
separated into two groups with one group containing fivesame time, we shall only include those terms that have en-
fluctuations and the other containing seven fluctuations. Fotered the relation(16), and our formulation consequently
the group that contains five fluctuations, we set two fluctua-works the best in the low-density limit.
tions at one position and the rest three at another position; for When we separated the five density fluctuations in(Ey.
the group that contains seven fluctuations, we set three fludnto two groups, we have implicitly assumed thagt#rg;
tuations at one position and the remaining four at anothewhenr; is integrated over in the integral equati¢b6), a
position. Under such an arrangement of the density fluctuasmall volumeV has to be excluded aroume. Besides, since
tions, the 12th correlation yields two contributions(@®): in  the integral over ; represents a multiple scattering process
the first one(13) the first group has seven fluctuations and of the g function between two density fluctuations super-
the second group has five; in the second ¢6bé4) the two  posed on a uniform absorbing medium, it is reasonable to
groups are switched, keep in everyg function involved only its transverse compo-

FIG. 2. Graphical representation of the contributions(@)
from the tenth-order correlation function, with filled circles repre-
senting dipoles and the arrows indicating scattering events.
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nentg'. From the expression af'(R) (see Ref[12)), it is 0.012 e e e
clear that aside from the intermediate zone, whéte
~27/(Rek,), it is the terme*1R/R that dominates. There-
fore, we can approximately have

§'(R) = ;ﬂ{ékﬁu “RR), (17)

where R=R/R and klz\r’ki+,un0. Explicit calculation
shows that any power aj'(R), when integrated over the
orientation ofR, becomes proportional to a unit dyadic. It
follows then that the integral over; in Eq. (16) can be
regarded as a scalar constafjt whose expression be-
comes, after we s&f—0,

_3-4m r d*RdR
- 3(4m?2)y (4mR)? - pPetaR’

Again, by operatingV X V x -k?) on both sides of Eq16),
it is straightforward to get

(G(r,r ) =Go(r,r;; VK& + ung + p®n3f). (19

0.008

0.006

(18)

Rescaled decay rates

0.004

IV. AVERAGED DECAY RATE 0.002 5

After having obtained the ensembly averaged Green func-
tion, we are now in a position to calculate the average decay
rate(I"). By following the method used by Barneit al. [12]
it is easy to get the transverse Green funct@Y(r,r,)) 0 o
expressed in ascending powers|ofr,|. We then take the 0 001002 003 0.04 0.05 0.06 0.07 0.08 0.09 01 0.11
imaginary part of(G'(r,r,)) after settingr —r,—r,, and Normalized density

substitute it, together with the suppr_es_sed factﬂkil} into FIG. 3. Rescaled decay ratd’)/T,—1) X 10° against the nor-
Eqg. (1). The ensembly averaged radiative decay rate of thenalized densityA3n,, with the contribution from the density-
excited atom is finally found to be fluctuation correlations included in the upper curve but excluded in

4k2|d|2 the lower one.
()= —2—-Re\IZ + ung + unZ f, (20)
3h quency of the dipoles, the polarizability becomes
where Redenotes the real part of a complex quantity. It is=3i/(2k3), and the decay ratd’) is rescaled and plotted in
convenient to define an effective dielectric constagt  Fig. 3 both with and without the contribution from the
for the ensembly averaged medium through the followingdensity-fluctuation correlations. It is clear that the presence
relation: of the density-fluctuation correlations causes the lifetime of
an excited atom to decrease. This can be understood as re-
sulting from the increment of the electric field acting on the
atom due to the density-fluctuation correlations; see expres-
_ _ N ) sion (4). From the fluctuation-dissipation theorem, one finds
which, together with the familiar decay rate in free spaceat the imaginary part of the Green function is proportional
I'o=(4]d[?k3)/ (3%) (see Refs[2,13)), enables us to reexpress tq the local density of electromagnetic state®0S) [18];
(I') into a more compact form the enhanced spontaneous emission rate in our case, there-
fore, implies that in a random medium LDOS is also in-
creased by the density fluctuations of the medium.

[
— _ o VKAt png+ pOng f
Ve = Re :

Ka

(21)

(I') =To Revegr. (22

This expression is analogous to that obtained by Bamtett
al. [12]. However, since they only considered a uniform me-
dium, the contribution from the density-fluctuation correla-
tions w3 f was absent in their dielectric constant. The In this paper we have discussed theoretically the problem
local-field corrections have been neglected in our formulaof spontaneous emission of an excited atom surrounded by
tion [17], since they were pointed out to just amount to ap-randomly distributed dipoles. By separating the microscopic
pending a multiplicity factor t(I') [12]. In the resonant density of the dipoles, which is a random function, into its
situation, wherew, is equal to the internal oscillation fre- spatially averaged value, and fluctuations about that aver-

V. CONCLUSION
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age on, we are able to evaluate the Green functions withGreen functions has enabled us to get, in the low-density
respect to both a uniform distribution of the dipoles and thdimit, an analytical expression for the ensembly averaged de-
density fluctuations. Since the Green function is related ta@ay rate, from which we find that inside a random medium

the spontaneous emission rate of the excited atom througln excited atom has a shorter lifetime than it dose inside a
the fluctuation-dissipation theorem, our knowledge about theniform medium.
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