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The dynamics of multiphoton processes in*Hons interacting with strong femtosecond fields is investi-
gated by solving the time-dependent Schrddinger equation in the Born-Oppenheimer approximation. We use a
spectral method with prolate spheroidal coordinates to represent the electronic wave functions. The theoretical
approach is of spectral type in which the electronic and vibrational wave functions are represented with
basis functions. In order to check the accuracy of these wave functions we have investigated the cases of the
multiphoton ionization and dissociation of,Hat long wavelengths. First, we calculate the ionization prob-
abilities and the electron spectra at 228 nm and 400 nm, and we compare our results with other calculations
when available. The effect of the initial dispersion of the internuclear distRrioethe equilibrium region is
discussed in the context of short pulses. Then, we study the dissociatioii af B50 nm and we compare our
results with other recent calculations. Finally, the case of two-photon ionization ‘o&t-short wavelength is
investigated, and we examine the electronic and vibrational spectra that have been obtained.
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I. INTRODUCTION states(see[9]). It is straightforward to extend this approach

to the case of the multiphoton ionization of molecules but, in

. tm retcE nt )I)ears, W't.h tr&efaptphearanpe t(')f h|gh(—jp8yver Iz.isfraeneral, it is not possible to identify the “essential” states and
interest has been revived for the ionization and dissociatio squasicomplete” basis set of wave functions is needed to

y
of Hy" as prototype processes for the study of mOIecuIarachieve full numerical convergence of the electron spectra.

dynamics under extreme conditions where the perturbatioq.he present work follows paper | where the TDSE was
theory is not applicable. Most of the techniques applied until eated with thel2 approach in the approximation of the

now in the nonperturbative regime used the Floquet metho . . S .
[1] or a direct numerical integration of the time-dependen ixed internuclear distance. Our objective is to include both

Schrédinger equatiof TDSE) [2,3]. Baik et al. [4] re- the electro_nic and vibrational motions in our treatment.
summed the Rayleigh-Schrédinger perturbation series and !N the first part of the work we present the theory, the
they showed that, by using prolate spheroidal coordinate, thgqlculatlon of the glectronlc part is briefly reviewed, a}nd de-
number of computational operations and the storage requird@ils can be found in paper I. Then, we study the multiphoton
ment are significantly reduced. More recently, we showedonization of H,* atR fixed and long wavelengths in order to
that, by confining the molecular ion in an elliptical box and compare our results with other works. These calculations,
expanding the wave functions d@spline functions, a very which involve a large number of photons, necessitate a
accurate discretized representation of the whole moleculdnighly accurate description of the electronic spectrum of the
electronic spectruntbound and continum stafeis obtained molecular ion and provide an excellent test of Bwspline
and multiphoton ionization amplitudes can be calculatecexpansion of the electronic wavefunctions. We put emphasis
with a high degree of accuradyp]. The latter work con- on the ionization in the region of the equilibrium distance
cerned the perturbative regime; the amplitudes were calcuR=2 a.u) to illustrate the crucial effect of the initial dis-
lated in the lowest order perturbation thedyOPT). The  persion ofR on the electron spectrum in the context of fem-
limit of the perturbation theory has been already discusse¢hsecond pulses. Then, we study the dissociation £ &
by Barmakiet al. [6] (denoted as paper | in the following long wavelengths, solving the TDSE in the Born-
who treated.the TDSE with B—s_pline basis set and a spgctral OppenheimefBO) approximation, and we compare the den-
method. This method, extensively used in the atomic casgity of probability for dissociation with the Geltman’s results.
(seel7,8] for reviews, has received much less attention from thege calculations are a good test of the accuracy of the
the molecular side, except the close-coupling study of thgepresentation of the vibrational spectrum since they involve
dissociation dynamics of }1 proposed by Geltma[®]. The g electronic statef{1so;) and(2pa,)] and a large number
basis set consists of bound vibrational states and a group @k \jprational levels. Finally we investigate the ionization of
dissociating states that represent the “essential contlnuurp'2+ through the absorption of two photons of energy 0.6 a.u.
solving the TDSE in the BO approximation. Both the vibra-
tional and electronic spectra are obtained and discussed. We
*Corresponding author. neglect rotational effects.
Email address: barmaki@celia.u-bordeaux1.fr Unless otherwise stated, atomic units are used throughout.
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II. THEORETICAL APPROACH Xq (R)
Ed(r,R) = —wd,

(6)

First, we briefly describe the numerical approach used for

R fixed. Then, we present the calculation of the V'brauonalwherer represents the electronic coordinates. The nuclear

;E)ar:es and the way to solve the TDSE in the BO approximay, ave functiony? (R) corresponds to either a bound or free

The Schrodinger equation describing the motion of the\éfrratéonnarlnztgtiss‘ tigrg;gmﬁr:gg \s/;i:gesf) tk?;r:m?r?gonu;?-
electron in the field of the nuclei is v q ume i : .IBS ng W
one. xp,(R) is a solution of the equation
(Zy+2)§-(Z1-Z) 7y

= q - WA 14 =
R(cfz _ 772) E)\P 0 . [T(R) + gn( R) nv]Xnv(R) 01 (7)

(1) whereW/, is the total energy of the molecul&(R) repre-
sents the kinetic energy related to the nuclear motion and
We have introduced the prolate spheroidal coordinates ~ EX(R) is the BO potential energy curve of tméh electronic
state of the moleculg€(R)=E}(R)+1/R+0.5]. Hereafter,
§=(r+1r))/[R 7=(r1—-r)IR, ¢, (2)  this potential energy curve is labeldd,q). The above

. B equation is solved by expanding the functiogs(R) on a
with 1=¢<, ~1=»=1, and 0<¢=2m. We callE the basis of B-splines (in a box of lengthR,4). Since the

purely electronic energy that, as usual, is positive for con- )
rghjmerlcal procedure to calculate the nuclear wave func-

tinuum states and negative for bound states. We assume ﬂhons and the associated density of states is similar to the

the internuclear distance is oriented along Is (o ro- one employed for the determination of the electronic func-
tation), R varies from 0 toec. We recall that, in the molecular . ploy : .
tions, we do not repeat it hefsee[10] for detailg. Due to

lon H,", only the lower bound statéi.e., the fundamental the mass difference between electrons and protons, it is
statg is stable with a large binding energy, whereas the ex- P '

cited electronic bound states correspond to dissociative chaflccessary to defme two sets Bisplines to calculate t_he
nels in the region 0R=2 a.u. Thesolution of the above electronic and vibrational states. In particular the vibra-

equation takes the form tional st_ates are qdeflne%I in a much smgller box than the
electronic ones¥; and x,(R) are normalized to one.

(H—E)\P:<—%A—2

gmeo Within the dipole approximation the TDSE is given by
V(7R =NZ(§,77;R)?, ©) ;
N2
i—tCD(t) =[H+D(®)]P(). 8
wherem is the magnetic quantum numberm=0,1,2,..) J
and.\is a normalization constant. M is the Hamiltonian of the diatomic moleculsee expres-
In order to solve Eqc1), Z(¢, 7;R) is expanded on a basis  sjon (3) in [10]], including the relative kinetic energy of the
of B-spline products nuclei, the usual electronic Hamiltonian which depends para-
N N metrically onR and the nucleus-nucleus repulsidd(t) is
. X . . .
R = (2 \IMi2(q _ o2\ mli2 Rk A\ RK the laser-molecule interaction, expressed in the velocity
2&mR) = (- DML -7) 21 EC.,B,(@BJ(??). gauge or in the length gauge. In velocity gauge, we use the

vector potential, polarized along the vectey i.e., in the
(4) direction of the internuclear axis. It is defined in the interval

B!‘ denotes theth B-spline of orderk (see de Boof11]). [-T/2,+T/2] as
The Schrddinger equation being separable in prolate sphe- 7 \2
roidal coordinatesZ(¢, 7;R) can be written as a product A(t) :Ao<COS—t) cogwt)e,, 9
. . . T
of radial (¢) and angulai(#) spheroidal functions
whereT is the total pulse duration and the photon energy.
Z(&mR) = X(&R)Y(7;R). (5 In length gauge, the electric field is

In this problem, the good quantum numbers ar@andq, g J

being the number of zeros of the angular functitm; R) in E(t)=- EA('[)- (10
the interval[-1,1]. In what follows, the value of the quan-

tum numberm is zero. Therefore it will be omitted in the The molecular wave functiof(t) is expanded on the basis
wave function arguments. For the sake of consiseness theet of functions= (r,R),

solutions of Eq(1) are writtenW{ [instead ofV (&, 7, ¢;R)]

and the associated eigenvallg4R).

Once the electronic energies are obtained, for various val-
ues of the internuclear distan€&® the vibrational states can
be determined. Within the BO approximation and in theEquation(8) is integrated over the whole pulse duratibnin
model of no rotation, the total stationary wave function maythe interaction representation. Note that the eigenstates
be written as EJ.(r,R) are normalized to unity in the above expansion.

Umax Mg Umax

D)= > X L OELTR. (12)
q n v
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u

This gives a set of first-order coupled equations where the 10 —
" . . . —— 6 photon absorption
coupling matrix, in length gauge, is

I=10" w/em®
Wavelength : 228 nm
10 optical cycles
R=2. a.u.

D, = JO dRy&, (RIx%,(R) f drvize? . (12) 10

lity (a.u.)

The second integral is the electronic dipole element, which;
depends parametrically dd The expressions of the volume
elementdr and of the dipole operatar (or 4/dz in velocity
gauge in elliptic coordinates can be found [d].

Once the TDSE is integrated, the vibrational or electronic g
differential energy spectra are easy to determine. The nor&
malization on the proper energy scales is obtained througt 10
the density of states, which is straightforward to calculate in
the context of the discretizatidid]. In an experiment, either
the energy of the nuclei or the energy of the electrgmshe 10
ionization casgis measured, it is therefore important to cal-
culate the associated differential energy spectra. At the vibra-
tional energyE"9=WA -E}(R=), the vibrational density of FIG. 1. The ATI spectrum for fixed bt at R=2 a.u.(thick line).
probability is given by(we assume that the vibrational states The laser parameters are given in the figure. Contributions associ-

ty of probabi

-16

-20

Il
0.5 1 1.5
Electron energy (a.u.)

belong to the continuuin ated with the channelg=0-10¢(thin lines.
dP(E}Y) A (T/2)[2 (7.6 f9 is shorter than the vibrational period of the lower
dENd = Y ' W (13 vibrational stateyy(R), which is about 14 fs. A more refined
n(v-1) n(v+1)

calculation would require to solve the TDSE in the BO ap-
where the factor 20, _; ~W¢,,, | represents the density proximation, as in the case of two-photon ionization studied
I e .~ below. The sudden approximation is in fact much less com-

of vibrational states. In the ionization channel, the vibra-

tional N is the total kineti £ th {00 putationally involved and sufficient to show the effect of the
lonal energyE,™ is the total kinetic energy of the outgoing jiia| vibrational state on the electron spectra. In our calcu-

L ; ; lations we use&k=7 for the B-spline order,N,=15-25 and
ing the contributions associated to the potential energy - 400-600 in the expansio@). The box size is defined
curves(n,q). In the dissociation channel the ener§§®is " "p_600-1000 a.u. Thus, in terms of spherical coordi-
the total kinetic energy of the dissociating ion-atom pair.  5tes the box has a radial lengthrgf, .~ 300—500 a.u. If we

e ; 4(R= " : : . Ve
Similarly, at the electronic energlfi(R=), the ioniza-  onsider that the effective duration for the electron emission

tion density of probability in the channglis given by is the FWHM pulse duration of 3.8 fs, the outgoing wave
SUnax| (/)2 packet should not reach the limit of the box for electron
dP(E}(R=)) o len (T12)] (14 energies smaller than 1.5 a.u. We use a maximum of 10000

dEYR=%)  |EL,(R=)~EL (R=)|’ terms in the expansio); it is worth noting that the reso-
S . o . lution of EqQ. (1) leads to band-structure matrices with a ma-
The total ionization density of probability is obtained by trix bandwidth of (2k— 1) XN,,. It shows the advantage of

summing the contributions of the channels. using B-splines; a considerable amount of CPU time and
memory is saved. The diagonalization of HG) directly
Il RESULTS AND DISCUSSION gives the full spectrum .of the molecular ion with a high
accuracy, both for continuum and bound stafbg]. As
A. lonization and dissociation of H," at long wavelengths usual, we check the convergence of the results by changing

the basis parameteitd,, N, and/or the box length. In prac-
tice, higher values ok (k>7) do not improve significantly

We focus here on the ionization of ,Hat N\=228 nm  the calculations. In general, we use the velocity gauge which
(0=0.2 a.u), with a total pulse duration of 10 cycles converges must faster than the length one. We have checked
(7.6 f9. We will consider that the initial vibrational state is that the results are gauge invariant for selected cases. Figure
the lower ong(v=0) in the (1soy) potential for H*. In what 1 shows electron spectra resulting from the resolution of the
follows, the associated wave function is labejedR). The  TDSE at a fixed internuclear distance, an intensity|of
probability density|xo(R)|> extends approximately frorR =10 W/cn? and a photon of energyw=0.2 a.u. (A
=1.3 a.u. toR=3 a.u. and it has a maximum BRt=2 a.u.; at =228 nnj. The calculation is performed at the equilibrium
this distance, the multiphoton ionization o Hequires a six  distanceR=2 a.u. The contribution of the different channels
photon absorption. We calculate the electron spectrum in theg” (m=0) are shown in the figure as well as the total elec-
sudden approximatiorj6] which consists in solving the tron spectrum. We recognize a characteristic above threshold
TDSE for different fixed values oR and in integrating the jonization (ATI) spectrum associated with the multiple pho-
spectra oveR with a weight coefficien{xo(R)|%. This ap-  ton absorptions in the continuum. The lower peak in energy
proximation is acceptable since the total pulse duratiorcorresponds to a six-photon absorption, tfield-free) elec-

1. Multiphoton ionization of H,* at 228 nm and 400 nm
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 Internuclear distance (a.u.)

Electron energy (a.u.)
. FIG. 3. The 23 lowest potential energy curvé§(R)=0.5
FIG. 2. The ATI spectrum for fixed i at R=2a.u., R +EYR)+1/R in a.u., forg=0 (full line) and g=1 (circley, as a

=3.05 atl., and averaged over the distribution of internuclear disgnction of the internuclear distange The long dashed line repre-
tances|y[ “(R)|? in the lower vibrational state=0 (see full line  gants the ionization thresholdf energy 0.5+ 1R).
(Vo). The energies indicated on the figure are the electronic ener-

gies of the fundamental states. The laser parameters are given irb . . .
Fig. 1. above section. We have compared our calculations with a

recent work[12] which follows the close-coupling approach
tronic ground state energy being located at —1.102634 a.|9] with prolate spheroidal coordinatg$—6], with an expan-
The total ionization probability is 3.2610°°; in terms of  sion of the eigenfunctions in term of free wave functions.
cross section this value corresponds to XID '8 cm'’s®,  Similar laser parameteintensity, pulse envelope, time du-
about 10 times larger than the cross section calculated ifation) being used in both works, the comparison gives a
LOPT (see[5]). Therefore, at=10"* W/cn?, the ionization  direct test of the basis set efficiency. There is an overall
regime is nonperturbative. In order to compare our resultggreement between the two calculations but discrepancies
with the calculations of Miet al. [3], Baik et al. [4] and  gxist at largeR. For example, for a wavelength of 400 nm
Madsen and Plumméed4], we have performed a calculation (w=0.1139 a.y, a pulse duration of 10fs and=2
at 1=5x 10" W/cn?. The ionization probability is 5.52 v 104 \W/cn? our value of the ionization probability is

X107 in terms of ionization rate it is 481 s™.. This (7153 aiR=8 a.u.. while it is close to 0.2 ifL2] (see Fig. 1

: 1S : u., : :
latter valu%;s larger than the results [di 14 (1.3% 10°s By adding explicit molecular bound states to the basis of free
and 1.1x10° 7, respectively and[3] (6 10" s™%, revised \yaye functions, it is possible to improve the results. In the
value given in[4]), but the order of magnitude is compa- c456 cited above, the addition of bound states in the basis set
rable. We do not expect a better agreement since the rates qgg,ys (o an ionization probability of 0.16Z3], a value much
extracted under very d|f_ferent_cond|t|ons. In Fig. 2, we shoWgioser to our finding. Nevertheless, discrepancies still exist at
ATI spectra corresponding #8=2 a.u. andR=3.05 a.u., for |arer R In fact the calculation of K bound states con-
the same laser parameters as in Fig. 1. It is clear that thgsrges slowly when a free wave expansion is used and, de-
ionization probability is much larger &=3.05 a.u. Indeed, pending on the internuclear distance, a certain number of
the lower electronic state being located at the energy,ne glectron diatomic moleculd©EDM) orbitals must be
~0.90372 a.u., only five photons are required to ioniz€.H  54ded explicitly in the basis sgt2]. This is at variance with
We also note that the spectrum has complicated structureg,q B-spline basis set which is well adapted to span the

they are due to the excitation of bourdissociative states ;e set of states and which leads to self-consistent calcu-
through one- and multiphoton absorption. The dynamigations.

Stark-shift plays an important role here since it induces reso-
nant one- and multiphoton transitions between bound states.
The strong dependence of the rate on the internuclear dis-
tance has been also observed by Chelkoweslal. [2]. The We treat now the problem of the dissociation of "Hy
total population in the ionization channel is 4302 and  solving the TDSE in the BO approximation, with the dis-
the population of excited bound states is 0.15. We have cakretization approach explained in Sec. Il. The dissociation
culated the ATI spectra for a set of valuesRoéind integrated  density of probability is calculated with the formula3).

2. Dissociation of B* at A=350 nm

the result with the weighlyo(R)|?. The outcome is shown in Equation (1) is solved for R=0.5-12.5 a.u. in a box
Fig. 2. We see that the initial distribution & has a crucial whose size is such thgt,,,R=120 a.u. Further, in the expan-
influence on the electron spectra. sion(4), one had\N,=200 andN,=20. We show in Fig. 3 the

We have performed similar calculations upRe 15 a.u.,  potential energy curve$§(R) obtained forq=0 andq=1
convergence is achieved with the basis set presented in tie=1-23. Similar calculations are performed fqr2,3,4.
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Dissociation energy (a.u.)
FIG. 5. Two-photon absorption from the lower vibrational level
FIG. 4. Density of dissociation probability in the lowest-lying in the (1so,) potential for H*. The density of probability versus the
band forv=4, calculated with a total pulse duration of 30 fs and atotal kinetic energy of the protons in the ionization changel,
laser wavelength of 350 nm. The intensities are indicated in thealculated with the laser parameters indicated in the figure. Each
figure. full line represents the contribution of the vibrational states associ-
ed with a potential energy cur\[ﬁ:z(R) of the continuum. The

. . . t
The advantage of prolate spheroidal coordinates is that aﬁ)ng-dashed line is the sum of all the contributions.

potential energy curves are clearly defined by the quantum
number q and their positionn in the series. Note that a
simple extrapolation gives the vall&(R=). Equation(7)

is solved, forn andq fixed, by expanding, (R) on a set of
200 B-spline functions in the box of a length 12.5 a.u. We  B. Multiphoton ionization of H ," at short wavelength

have checked that, owing to the nuclei energy in the disso- \ve use the basis set described in the preceding section
ciation channel, the nuclear wave packet has no time to reac(lp” A 2) to treat the ionization of K through two-photon
the limit of the box(i.e., R=12.5 a.u) before the end of the apsorption in the BO approximation. We performed a calcu-
pulse(i.e., att=T/2 a.u). In these calculations, we retain a |ation for a photon energy of 0.6 a.(A=75.9 nnj, a total
maximum of 18 electronic states per channgland 150  ,yise duration of 10 optical cyclé®.5 f9 and an intensity
vibrational states per potential energy cutmeq), thus using o 1014 w/cn?. The initial state is the lowest vibrational
a total of 13500 states in the expansidi). ___state in the potentiallsoy) of H,*. At the intensity under

In order to compare our results with the close-couplingeqnsigeration, the ionization of the molecular ion is domi-

calculations of Geltmaf9], we solved the TDSE for a laser pateq by two-photon absorption to the continuum channels
wavelength of 350 nnicorresponding to a photon energy of q=2 andq=0 (see paper)l We show in Fig. 5 and 6 the
0.13 a.u), a total pulse duration of 30 fs and various inten-

sities. The initial state is the vibrational state4 in the
lowest-lying band1so,). Thev =4 vibrational state is at an
energy close to —0.061 a.u., the threshold for the dissociatior
channel(2pa,) being at the energy zero, it requires only one /\\
photon absorption to leave the molecular ion in the dissocia-3 |
tive state(2po,) (see Fig. 1 in[9]). We show in Fig. 4 the € 02 |
differential dissociation probabilities versus the dissociation
energy, the TDSE has been solved in length gaugehave
checked that the velocity gauge leads to similar regulise
comparison with Fig. 4 of9] shows that, at intensities of
101 W/cn? and 162 W/cn?, the probabilities have similar
shapes but their maxima differ. For example, ht
=10 W/cn?, the maximum density of probability is close
to 37 a.u. in[9], while our calculations give 12 a.u. At
=10 W/cn? , there is a better agreement on the peak am-

plitude but, at contrast witf9], our calculations do not show %, 0.5 ] 15 >
subsidiary peaks. The calculations have been performed witt Kinetic energy of the outgoing protons (a.1.)
different numbers of electronic wave functions, we have

checked that keeping only the two lowest electronic states is FIG. 6. Same as Fig. 5 for the chanmgt0.

sufficient to achieve the convergence of the calculations.

0.003 T

0.001 -

Density of probability (a
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densities of probabilities versus the total kinetic energy of  0.03
the outgoing protons for the ionization channgts2 andq

=0, respectivelysee formula13)]. Full lines represent the
contribution for each potential energy curire q), while the
long-dashed line is the total density of probability. In agree- =
ment with paper I, the channgk2 gives the main contribu-
tion. The surface of the long-dashed line in Fig. 5 gives the’
probability of ionization associated to the chanrmgt?2,
which is 2.34x 1072 while for g=0 the ionization probability

is 4.5x 1074 Therefore the total ionization probability is
2.8Xx 1072 (the contribution ofg=4 is negligiblg, while it is
2.4x107% in the approximation of an internuclear distance
fixed at R=2 a.u. Finally, we show in Fig. 7 the electron
spectra for the channets=0 andg=2. We used the formula T~
(14) to calculate the density of probability. The present ion- ~—_2

ization probability is maximum for the lowest electron ener- 0 0.1 0.2 0.3 0.4
gies. It differs from the prediction of the approximation Ejected electron energy (a.u.)

where the internuclear distance is fixedR#t2 a.u. In the
latter case, a maximum is located at 0.095 ésae Fig. 2 in
paper ). In fact, due to the distribution dR in the initial
state, the two-photon ionization is likely to occur at internu-

clear distance® smaller than 2 a.u., which results in eject- 0.6 a.u. The ionization probability is sligthly larger than the
ing electrons at lower energies. one calculated in the approximation of the fixed internuclear

distance while the electron spectrum is fully different.
Our results show that the ionization dynamics of*Hh
IV. CONCLUSION short and strong pulses involves complex processes like the

We have presented a spectral type method, including th@hotoexcitatiqn of i_nte_rmediz_ite states which are very sensi-
electronic and vibrational motions, to solve the TDSE in thelive 0 (i) the intensity(in particular at long wavelength, due
case of a molecular system. We (Bespline expansions to the dynamic Stark shift (ii) the pulse duratiorii.e., the
calculate the electronic and vibrational wave functions in th?@ndwidth, and(iii) the internuclear distande Therefore it
Born-Oppenheimer approximation. iS necessary to calculate accurately the whole molecular ion

We have performed a full TDSE calculation for the disso-SPectra(both electronic and vibrationaland to solve the
ciation and ionization of “rotationless” fi(1so,) by short TDSE in a “quasmpmplete” basis set of.funcnons. Our treat-
intense laser pulses. These calculations directly include th@€nt of the TDSE in the BO approximation can be applied to
effects of the vibrational motion in the initial field-free state Processes where more than two photons are involved. To this

and during the laser-atom interaction. We take advantaggnd We have to increase the number of channels in the cal-
that, with prolate spheroidal coordinates, each potential erulations, which become more computationally involved.
ergy curve can be defined with a quantum numpand its Another interesting application, for both the experimental
positionn in the series. In particular it is easy to identify and @nd theoretical sides, is the study of the temporal evolution

normalize the different electronic continuum states. Once th@f @ vibrational wave packet with a probe short UV field to
potential energy curves have been calculated, a simple diagéniZe the molecular ion. We are working in these directions.
nallzgnon_ gives the vibrational states. Note that we retain _aII ACKNOWLEDGMENTS
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