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The predictions of the Bohmian and the decohefentconsistent histories formulations of the quantum
mechanics of a closed system are comparedistories—sequences of alternatives at a series of times. For
certain kinds of histories, Bohmian mechanics and decoherent histories may both be formulated in the same
mathematical framework within which they can be compared. In that framework, Bohmian mechanics and
decoherent histories represent a given history by different operators. Their predictions for the probabilities of
histories of a closed system therefore generally differ. However, in an idealized model of measurement, the
predictions of Bohmian mechanics and decoherent histories coincide for the probabilities of records of mea-
surement outcomes. The formulations are thus difficult to distinguish experimentally. They may differ in their
accounts of the past history of the Universe in quantum cosmology.
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I. INTRODUCTION II. BOHMIAN MECHANICS AND DECOHERENT
HISTORIES

Bohmian mechanicge.g., Ref.[1]) and decoherentor
consistent histories quantum mechani¢s.g., Refs.[2—-4])
are formulations of quantum mechanics that share some To establish the facts listed in the Introduction, it is suf-
common objectives. Both are formulations of quantum meficient to use the illustrativéout unrealisti¢ model of a uni-
chanics for a closed system such as the Universe. Both anerse ofN nonrelativistic particles in a box. The dynamics of
formulations of quantum mechanics that do not posit a privithe positionsX, ... Xy is governed by a Hamiltonian as-
leged, fundamental role for measurements or the observesmimed to be of the form
that make them. The question of the relationship between

A. A model closed system

these two formulations has been addressed in several differ- N 52
ent placeg1,5-7. This paper compares the predictions of H= —— +V(Xy, ... X,). (1)
the two formulations folhistories—time sequences of alter- =1 2m,

natives for the closed system. We make the following points.

(1) For certain classes of histories, Bohmian mechanicén addition to the Hamiltoniamd, we assume that the initial
and decoherent historigfor shor) may both be formulated quantum state of the closed systéW) is given at timet
within the same mathematical framework of a Hilbert space=t,=0. Its configuration-space representative is the initial
of states, operators representing alternatives, and unitawave function
evolution. Within this framework they may be compared.

(2) Bohmian mechanics and decoherent histories gener- W(%,0) = (Xp, ... X,/ ¥). 2)
ally represent the same history by different operators. Their

predictions for the probabilities of histories will therefore ~ The most general objective of a gquantum-mechanical
generally differ. theory of a closed system is the prediction of the probabili-

(3) In an idealized model of measurement, Bohmian meties of the individual members of a set of alternative, coarse-
chanics and decoherent histories predict the same probabifr@ined, time histories of the system. For example, if the box

ties for records of the outcomes of measurements. Thigontained the solar system, prObab”itieS of different orbits of
makes it difficult to distinguish the formulations the Earth around the Sun might be of interest. These orbits

experimentally. are histories of the position of the center of mass of the Earth
Not surprisingly, there is overlap of our comparison of @t a sequence of times. A coarse-grained history might be
Bohmian mechanics and decoherent histories with others e§pecified by giving a sequence of ranges ... A, for the
pecially that of Griffiths[6]. However, we do not aim in this center of mass position of the Earth at a series of times
paper to present arguments for or against either formulatiofv, - - - .tr. The history is coarse grained because the position
of the quantum mechanics of closed, nonrelativistic system®f every particle in the box is not specified, the center-of-
We intend to merely point out some differences betweerinass position is not specified to arbitrary accuracy, and not
them. at all possible times. Bohmian mechanics is usually formu-
After a necessary review of the two formulations in Sec lated in terms of histories of position, so it will be convenient
I, we establish the above three facts in Secs. lll-V. We conlo restrict further discussion to histories of this type. Specifi-
clude with some brief discussion of possible differences becally, we consider histories specified by giving exhaustive
tween the descriptions given by Bohmian mechanics and deets of exclusive regionssﬁk},akzl,z,..., of theconfigu-
coherent histories of the past in cosmology. ration space of th&’s at a series of timeg, k=1,... h. A
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history is thus specified by a series of regidng, ... ,a;) A
which we denote by for short. = =HY. (8a)

Then, writingW =R exp(iS) with RandSreal, the second is

B. Decoherent histories quantum mechanics 20 i -
a the deterministic equation for theé(t)

We now briefly review howand when decoherent histo-

>

ries quantum mechanics assigns probabilities to a history aX _ = oo -

=(ap,...,a;) of ranges of position at a series of times m dt _Viis(xl’ e X)- (8b)
ty,...,t,. For more details in the present notation see, e.g. o ) ) o -
Refs.[4,9]. The initial wave function(2) is the initial condition for Eq.

The alternative regions of configuration Spdﬂé} cor- (8d. The theory becomes a statistical theory with the as-
K

respond to an exhaustive set of exclusi@ehrddinger pic- ig:gprflort]ot?r?et ﬂ}i‘ggg!l.\tlalggﬁg tgixé;]r? d'iattr.'g#tgdaig
ture) projection operator:{P‘;k} that project onto these re- N9 P iy iy Iguratl P

gions. Because the regions are exhaustive and exclusive P(Xg, + . X 0) = [W(Xy, ... Xn, 0))2. 9

these projection operators satigfpr eachk
prol P ity ) Once this initial probability distribution is fixed, the prob-

Pk PX =5, a,p'; . X PR = (3)  ability of any later alternatives is fixed by the deterministic
ko % K k equations(8a) and (8b).

A coarse-grained Bohmian history= (an,.. ,a7) de-
fined by a sequence of rangask } of the X; at a series of
times consists of the set of Bohmlan trajectorig) that
cross those ranges at the specified times.

A history of alternativesyr=(«,, ...,aq) at timest,, ... ,t, is
represented by the correspondmg chain of projections inter-
spersed with unitary evolution

Co= P Ult tr-)PY Uty 1,th0) -+ P U(4,0), (4)
1. BOHMIAN AND DECOHERENT HISTORIES

where
Ut t) = e_iH(t,,_t,)m, ®) o A. Behm|ae hlstones - |
An individual Bohmian trajectory;(t) is fixed determin-
andt=t,=0 is the time of the initial condition. istically by Eqgs.(8a) and(8b) once the initial conditiork;(0)
The probabilitiesp, of the individual histories in a set of anq the initial value of#” are given. The probability of a
alternative histories are given by coarse-grained history= (ay,, ... ,a4) is therefore the prob-
(DH) =|lc. /P2, (6) ability of the region of initialx;(0)'s that lead to trajectories

that pass through the reglomﬂ Al at timesty, ... t,.
However, decoherent histories quantum mechanics does "We call this range of initial vaIueA(BM) 1or A(BM) for short.
assign probabilities to every set of histories that may be de %
scribed. The number&) may be inconsistent with the rule We denote byB, the projection on th's range of(0)'s cor-
that the probability of a coarser-grained set of alternative§ESpondIng to the historyr. From Eq.(9) the probability

BM)
should be thesumof probabilities of its members. Rather, pic"" predicted by Bohmian mechanics for this history is

probabilities are assigned only to sets of alternative histories (BM) =B, |w)|2. (10)
that are consisteri2], for example, by satisfying the deco- *
herence condition The operatoB,, is not determined by the rangA% Al

alone but also depenﬁen the initial stateP. That is because

t _ ,
(W[CuC,J¥) =0 for o #a. (7 the evolution of¥ through Eq.(8b) is needed to determine
We stress that “decoherence,” “decoherent,” etc. as USe \Hhether the trajectories pass through the regions
in this paper refer to the absence of interference between th%a al'
historiesin an exhaustive set of alternative histories as speci-
fied quantitatively by Eq(7). We do not mean a process in B. Different probabilities for the same history

which a reduced density matrix becomes approximately di-

agonal which is another common usage of these térms. The Bohmian formuld10) is an expression for the prob-

abilities of a set of histories that is in the same mathematical
_ ) framework ag6) for decoherent histories. It is thus possible
C. Bohmian mechanics to compare the two formulations.

In Bohmian mechanics, the trajectories of the particles in We first note that decoherence in the sense of the absence
the box obey two deterministic equations. The first is theof interference between multitime historigsf. Eq. (7)] is
Schrddinger equation fob. automatic for sets of Bohmian histories. TRg are orthogo-
nal projections onto disjoint regions of the initig(0) and

- ) ) ) ) satisfyB,B, = 8,,B, [cf. EQ.(3)]. Thus,
Although not particularly relevant for this paper, a discussion of

the connections and differences between these two usages for “de-
coherence” can be found in the “note added” to Ref. The author owes this observation to T. Erler.
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(VIBIB,|¥)=0, a#da'. (12)

Consistency of Bohmian probabilities is automatic.

This is the first of the differences between the Bohmian
mechanics and the decoherent histories formulations of
quantum theory: Bohmian mechanics assigns probabilities to
sets of histories of position that do not decohere. Bohmian
mechanics therefore potentially assigns probabilities to more
sets of histories of position than decoherent histories. How-
ever, when histories of alternatives other than position are
considered, the situation is the other way around. The deco-
herent histories formulation assigns probabilities to histories

of alternatives defined by ranges of operators other than po- 5
sition which are not represented, at least not fundamentally, %
in Bohmian mechanics. i |

A comparison of the probability expressiofi)) and(6) -p ,{%
reveals a second and more important difference. In general, é%*
Bohmian mechanics and decoherent histories predict differ- =0 - ‘C‘D

ent probabilities for the same history. That is because the
operatorB, corresponding to a history in Bohmian mechan-
ics is a projection while the operat@r, in decoherent histo- FIG. 1. The motion of wave packets in the BESSW example.
ries is generally notWe shall give explicit examples below. Two wave packets initially localize¢at t=0) within the circles at
We should perhaps stress that we are not referring here teft have equal and opposite components of their expected mo-
histories of measurements of position carried out by somé&entump. The wave packets evolve through the shaded regions
external System_ We are rather Considering both Bohmiamdicated to the pOSitionS shown att7 At intermediate times
mechanics and decoherent histories as quantum theories ofia---le: they are centered in one or the other of the squares.
closed system containing measurement apparatus if any. The
special situation with histories of measured alternatives willposition in the past. Those are constructed from the prob-
be discussed in Sec. IV. abilities of histories of the location of Mars at multiple times
The one general case when the probabilities coincide ari the past and future. Indeed, in the context of quantum
when the set of histories is so coarse grained that it consistosmology, very few useful predictions can be expected from
of alternativegP,} at a single moment of timg alternatives at a single time conditioned only by the initial

state of the Univers see, e.g., Ref10]).
C, =P, U(t,0). (12) Bl (see, .9, Ref10)

Probability is conserved along Bohmian trajectories. Specifi- C. An example

Ily it foll f Egs. h L . . .
cally it follows from Egs.(89) and (8b) that Several situations that have been widely discussed in

623> Bohmian mechanics provide examples where the probabili-

=0, (13 ties predicted by Bohmian mechanics differ significantly
from those of decoherent historigs,11-16. We call these
BESSW examples. A simple case is illustrated in Fig. 1.

A single free particle moves in a two-dimensional plane.
The plane is divided into square regions that will be used to
describe coarse-grained histories of the particle’s position.
2, (14) (The squares are th@ﬁk} with the same set of ranges for

eachk.) The initial wave function is a superposition of two
wave packet$(x,y,0) andG(x,-y,0), viz.,

N
o = (
—+2, Vi
ot E_ %\ i
where g =|W(x;,1)|2. Therefore, sincé8, are projections on
the range of positions at0 of trajectories that pass through
the regions defined by, at timet,

and
pPH = pEM  (for single time histories  (15)

1
The timet, is arbitrary. Probabilities of histories restricted V(xy,0) = TE[G(X:Y: 0) +G(x,—y,0)]. (16)
to a single time coincide for all values of that time. But most v
physically interesting histories are described by alternativesrhe wave packe6(x,y,0) is assumed to be localized well

at more than one time. F_or example, preq]ct|ons of thg .O.rb'Evithin the dimensions of one initial square as shown, and to
of Mars around the Sun involve the conditional probabilities, .. "o momentung defined within the limits of the uncer-

for future positions of Mars given some observations of 'tstainty principle with a negative component pf. The wave

packetG(x, -y, 0) is initially located symmetrically about the
*This is the case even though tle, have certain similarities to Yy axis and has an equal magnitude but positive component of
projections for decoherent sets e.g., p°P=(yiC'c,ly B, Evolved by the Schrédinger equation over a time interval
=(Cyl . short compared to that for significant spreading, the wave
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packets will move through the shaded regions shown in Fig. |
1.
To define a set of alternative histories, choose a sequence
of equally spaced timeg,t,, ... ,t; when each wave packet
is within one of the squares encompassing its path. A set of —
all possible coarse-grained histories is then the set of all pos-
sible sequences of squares at these times. We now calculate
the probabilities assigned by Bohmian mechanics and deco-
herent histories to this set of alternative coarse-grained his-
tories. Our analysis does not differ substantially from that 3
presented by Griffith§6] for the same class of examples. )
The probabilities predicted by decoherent histories are
given by Eqs(6) and(4). The action of the operatd,, can
be described as successive projectigms“reductions’) on
the sequence of squares defining the history interspersed
with unitary evolution. The unitary evolution moves the
wave packet as described above. Since the wave packets are |
within one square or another at the tines... ,t;, the pro-
jections have almost no effect on them. Thus, for the history
a=a, corresponding to the sequence of squares that tra
the wave packet starting at upper left

FIG. 2. Coarse-grained histories with high probability in the
ESSW example according to decoherent histories quantum me-
chanics. Coarse-grained histories are defined by the grid of square
regions at a sequence of timis... t; adjusted so that the wave

1 packets of Fig. 1 are centered in one square at each time. The
(x,y|Ca+\\If> ~ —=G(xy,t;). (179 possible coarse-grained histories are the sequence of any seven

V2 squares at the series of times. The two sequences of squares which
have any significant probability according to decoherent histories

Similarly for the =a. history corresponding 1o the squares guantum mechanics are shown, distinguished by different shadings.

that track the wave packet starting at lower left

1 for all times. No Bohmian trajectory crosses thexis. In
xYIC, W) =~ ROyt (170 particular,
(BM) — (BM) _
For all other sequences of squares Po,  =Po. =0. (22)
XY|CJ¥)=0, a+ a,. (1790  The two histories for which Bohmian mechanics predicts

non-negligible probabilities are sketched in Fig. 3. However,

These facts imply that the set of histories is approximately
decoherent because the only potentially nonzero, off-
diagonal inner product is Y ] o
g P o o

NN NV

(v|cl c, [y ~o. (18) R e

This is negligible because there is almost no overlap between o R
the two wave packets & The only nonvanishing probabili- e s
ties are for the sequences and a_ with AN A

pOH) = pOH ~ 1. (19) §§§ §§ :

These two histories are illustrated in Fig. 2. § i%
We now turn to the predictions of Bohmian mechanics for ; §
the same set of histories. Becauéx,y,0) is symmetric ig i%%

about thex axis, and because the Hamiltonian commutes
with this symmetry, it holds for all times whe#(x,y,0) is § § ié%
evolved by the Schrodinger equati¢®e)

W(Xy,t) =P(X-yt). (20) FIG. 3. Coarse-grained histories with high probability in the

BESSW example according to Bohmian mechanics. The coarse-
grained histories are the same as those in Fig. 2. The two sequences
(dy) of squares with any significant probability are shown, distinguished
— = O,
x=0

Then from Eq.(8b)

(21 by different shadings. They are different from those predicted by

dt decoherent histories.
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only a comparison of Eq$19) and(22) is necessary to dem- ers. Measurements and observation can, of course, be de-
onstrate conclusively that decoherent histories and Bohmiascribed in a closed system that contains both observer and
mechanics generally predict different probabilities for theobserved, both measured subsystem and measurement appa-
same set of alternative coarse-grained histories of a closedtus. With suitable idealizations, the usual results of the ap-
system. proximate quantum mechanics of measured subsystems

The reason for the difference is also illustrated by this(Copenhagen quantum mechaniase recovered to an excel-
example. We mentioned that the action of thg could be lent approximatior{17].
thought of as unitary evolution interspersed with reduction. Various general characterizations of measurement have
But in Bohmian mechanics, the wave function is never rebeen proposed—an “irreducible act of amplification,” “cor-
duced. It evolves on forever by the Schrédinger equatiomelation of a ‘microscopic’ variable with a ‘macroscopic’
undisturbed by any “second law of evolution.” variable,” etc. It has proved difficult to make such ideas pre-

An important point illustrated by the BESSW example is cise(e.g., what is “macroscopicy?but a precise and general
that Bohmian trajectories while always deterministic are nottharacterization is not needed in a quantum mechanics of a
necessarilyclassicallydeterministic. Quantum effects can be closed system. One characteristic which seems generally
important for Bohmian trajectories even in situations whereagreed upon is that the results of a measurement must be
(as herg wave packets move approximately classically. recorded—at least for a time. Histories of measurements
whose outcomes are recorded can be modeled as follows in a
closed system containing both measurement apparatus and
measured subsystem.

Mathematically, the different predictions of Bohmian me-  For simplicity consider a single apparatus which carries
chanics and decoherent histories arise because the same hj&t a series of measurements on another Subsystem over a
tory a is represented by different operatorBz-andC,, re-  series of times. The apparatus records the sequence of out-
spectively. However, from the decoherent historiescomes for examination at some tirgeafter all the measure-
viewpoint, theB,, describe a set o$ingle timehistories of  ments are completed. L¢R,} be set of orthogonal projec-
various ranges of position®" at t=0. (Recall the defini- tion operators describing the alternative values of these
tion of B, in Sec. lll A) That is, the operatdB,, describes a records atg. To preserve the contact with Bohmian mechan-
history in the decoherent histories formulation of quantumics we shall assume that ttiRs are projections onto ranges
mechanics—not a sequence of alternatives ateaesof  of thex’s, as is plausibly the case for records of many real-
times, but a certain range of positions @te time. Math-  jstic measurement situations.
ematically, therefore Bohmian mechanics is a restriction of Bohmian mechanics and decoherent histories will agree
decoherent histories quantum mechanics to histories repren the predictions of probabilities for the alternative out-
sented by operators of a particularly simple type. Within de-comes of the measurements registered in these records. That
coherent histories quantum mechanics, the raﬂnag) could is because thgR,} represent alternatives at a single time
be described as “the range of initial positions which, if whose probabilities generally agree as discussed in the last
evolved by the equations of Bohmian mechanics, would leadection[cf. Eq. (15)]. Thus, if the result of every experiment
to trajectories passing through th&';k} at timest,.” Bohm-  can be summarized in records that are coarse-grained alter-
ian mechanics would thus be employed merely as a tool fonatives of the positiong; at a single time, there seems little
describing certain single time histories in decoherent histoprospect that experiment can distinguish Bohmian mechanics
ries quantum mechanics. However, to adopt this positioirom decoherent histories.
would be tendentious. We will take the alternative view that However, even if there is agreement on the probabilities
Bohmian mechanics is not merely a different way of describ-of the records there can be disagreement on what they
ing operators, but is a different way of interpreting them. Inrecord, or indeed whether they are records at all, in situations
particular we will take the view that Bohmian mechanics andwhere Bohmian mechanics and decoherent histories disagree
decoherent histories represent the same history by differemtn the probabilities of histories. To understand this let us first
operators and therefore may be different predictions for theireview more precisely what it means for a set of projection
probabilities. In the following section we discuss whetheroperator§R,} to be a record of a history beginning with the

D. Another viewpoint

these can be observed. case of decoherent histories.
Let C, ..., be the operator representing a history of
IV. MEASUREMENTS C(()grse—gramed alternatives that ha'lve .been measured, gnd let
R,”. . denote the orthogonal projections onto the various

Are the different predictions of Bohmian mechanics a”dpogsiéle values of a record of the measuremefitse super-
on whether the two formulations predict different probabili- |, an ideal measurement situation, the records at a later time

ties for the outcomes of measurements. In this section We. are exactly correlated with the history of measured alter-
analyze this question employing idealizations common imatives, viz.

many measurement mode(See, e.g., Ref17].)

Both Bohmian mechanics and decoherent histories are ngc?_,ﬁ
formulations of quantum mechanics for a closed system that "
do not posit a fundamental role for measurements or obsena relation we abbreviate by

HNC, W) By gy (23)

1

042111-5



JAMES B. HARTLE PHYSICAL REVIEW A69, 042111(2004)

RI(BC)e_iH(tR_tn)/ﬁCa|\P> = 5ﬁaR(aC)e_iH(tR_tn)/hCa|\II>_ (24) in parts of the Universe as yet unseen. We do not measure
) ) ) this early history. We infer it with high probability from
The relations obtained by summing EQ4) over a, or al-  present observations. In principle, those same predictions
ternatively overg, and using®Rs=1, %,C,=U(ty,t) Show  could be made from a theory of the initial condition and the
that corpus of records of present instrumental observations, but it
(C) miH (tomt A [T\ — it (tet )/ is much easier to first reconstruct the universe’s past histor
Re e [v)=e et Cal¥)- (25 from these, and then from that predict the future.IO g
The probabilities of the records of measurement outcomes As the BESSW example makes clear, Bohmian mechanics
are therefore the same as the probabilities of the histories and decoherent histories could differ significantly in their
. accounts of the past. That can be true even when approxi-
P = [Co[W)[2 = [Re M R0 2, (26)  mate classical d%terminism holds in decoherent hisF'z(F))ries.
Bohmian trajectories are not necessarily classical although

The situation in Bohmian mechanics is analogous @ith = e
they are always deterministic.

replaced byB,, R® by R®, p®" by p®™ etc. The analogs . o
P B Ry DYR, P, Y Pa g The BESSW example is very special. It is a simple model

of Egs.(24) and(26) are . : : L .
with one free particle and a very particular initial condition.
RPeHtx0lip ) = 5, ,RPe Mzl |§) (27) It does not generalize naturally to many interacting particles
moving in three dimensions. Yet more realistic three-
and dimensional calculations with initial states that are in a su-
p(aB) =B, W)= ”R(aB)e—iH(tR—to)/ﬁ|q,>||2_ (28) perposition of_ wave packets_whose centers follow (;Iassical
orbits show similar nonclassical behavior for Bohmian tra-
However, when the predictions of Bohmian mechanicsectories[19].
and decoherent histories differ, Eq24) and(26) cannot be The question of whether the Bohmian trajectories describ-
both true with the same set of recor%Q:R(f‘)ERa be- ing the realistic past of our Universe behave classically or
cause that would imply the equality of probabilities throughnot is an interesting question for future investigation. As a
Egs.(25) and(27). For instance, in the sequence of measurestarting point, however, it is worth noting that it is unlikely
ments described above, the records of outcoffes can be  that the initial wave function of the Universe assigns a defi-
correlated either with the histori¢€,} or the Bohmian tra- nite position to each galaxy. To do so it would have to en-
jectories{B,} but not both if piDH)ge pf'\")_ The situations code the complexity of the present large scale distribution of
discussed in Refi12] where a detector localized in one re- galaxies. Rather, a simple, discoverable, initial condition
gion of space registers a particle whose Bohmian trajectorjnight be expected to be superpositiorof all possible con-
is elsewhere are examples. The devices that measure positidgurations of initial positions. Then the complexity of the
are not recording the position of the Bohmian trajectory.Present distribution of galaxies arose from chance accidents
Conversely, in these situations different apparatus with difover the course of the Universe’s history rather than deter-
ferent records would be needed to measure the histories @inistically from a complex initial condition. Contemporary

the Bohmian trajectories. theories of the initial condition, such as Hawking's wave
function of the Universd20], have this superposition char-
acter.
V. THE PAST IN QUANTUM COSMOLOGY Suppose the Bohmian trajectories arising from a realistic

Probabilities for the records of measurement outcomes ar&@ve function of the Universe were to exhibit significant
not the only probabilities of interest in physics. For eXamp|e,nonclasswal behavior in the epochs where the corresponding

in cosmology, and in other areas of inquiry, the probabilitiesCParse'grai”,ejd decohgrent historie; behaved classically with
of past history are central to our understanding of theh_lgh probab|_I|ty. Bohmian mechanlcs_ and decoherent histo-
present. ries formulations of quantum mechanics would then agree on

Quantum mechanically, past history is a sequence of paé?e record of every measurement outcome, but disagre_e on
events that is correlated with our present records with higin€ fundamental description of the past. If so they might

probability. Why bother calculating these probabilities anddiffer in their utility for cosmology.

using them to reconstruct the past? It's over_anq dop_e with. ACKNOWLEDGMENTS
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