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Numerical solutions of the time-dependent Schrödinger equation for a three-dimensional H atom and an
efficient genetic algorithm are used to optimize short intense excitation laser pulses in order to generate
high-order harmonics from which we synthesizesingleattosecond pulses. It is shown that chirping of excita-
tion pulses at intensities,1014 W/cm2 and duration of up to,16 fs can lead to synthesis of single attosecond
pulses. The optimal excitation pulses and the phases of the generated harmonics are compared with the
nonoptimized ones, showing thus the usefulness of genetic algorithm schemes in the search of optimal condi-
tions for synthesizing single attosecond pulses.
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Optimal laser control of atomic and molecular processes
is a new area of research with wide applications to chemistry
and physics[1]. Within this framework is the nonlinear re-
sponse of atoms and molecules to intense laser pulses, where
high-order harmonic generation(HOHG) of orders exceed-
ing 250 has been experimentally observed[2,3]. The basic
mechanism of HOHG has been established from simple
rescatteringmodels [4,5]. It has been shown recently that
enhancement of single harmonics can be achieved by adjust-
ing the phase(chirp) of the excitation laser pulse and that the
enhancement is the result of the single-atom intrinsic phase
of the generated harmonic[6,7]. This concept has been veri-
fied numerically by a coherent control study of single-
harmonic generation using a genetic algorithm optimization
scheme[8–10].

We study here another possible application of genetic al-
gorithms with the goal of opening the way to the control of
the time evolution of the electron response to intense laser
pulses in atoms and molecules for the generation ofsingle
ultrashort coherent electromagnetic pulses onattosecond
time scale. Generally, the emitted field consists of train of
pulses in the attosecond range[13]. One way to obtain a
single pulse of the generated field is the use of the contin-
uum HOHG excited by very shorts,5 fsd intense
s1014–1015 W/cm2d 800 nm pulses[11,12]. We address in
this work a strategy to obtain single attosecond pulses using
longer (durationtp,8–16 fs) but appropriately chirped ex-
citing laser pulse. Thus instead of enhancing a single specific
high harmonic, as in Refs.[6,9], we study through a genetic
algorithm scheme the optimization of the exciting laser
phase in order to obtain a single high-frequency attosecond
pulse by suppressing the surrounding satellites present in the
generated pulse train. We have shown recently that combina-
tions of such intense short pulses with single attosecond
pulses[14] can lead to a new route for efficient synthesis of
shorter single attosecond pulses and new applications[15].

In this paper we study numerically exact solutions of the
three-dimensional(3D) H atom excited by a short intense
laser pulse(tp=8 fs ortp=16 fs, I =231014 W/cm2) with a
central wave frequency atv0.12 500 cm−1 sl=800 nmd.
Control of HOHG spectrum is achieved by means of genetic
algorithm optimization[16,17]. The parameters optimally
controlled as in previous experimental studies are those en-
tering in the definition of the carrier wave phasefstd or its
associated frequencyvstd=dfstd /dt [6,7]. The semiclassical
rescattering model[4–7] is referred to for the elucidation of
the role of the laser phase in control of the motion of the
tunneling electron in the chirped oscillating laser field. More
precisely the exciting linearly polarized laser pulse is given
the following form:

Estd = E0stdcosffstdg, E0std = E0 sin2Spt

T
D , s1d

corresponding to a sine-square pulse of maximum amplitude
E0 and width T fthe durationtp corresponding to the full
width at half maximum of the pulse envelopeE0std is tp

=0.364Tg. The instantaneous frequencyvstd is limited to a
cubic chirp:

fstd = v0t + 2po
i=0

4

aiS t

T
Di

, s2d

with uvsT/2+tp/2d−vsT/2−tp/2duø0.1v0. Optimal con-
trol deals with the search for and adjustment of the chirp
parametersv0, saidi=0,4 to which are included for com-
pleteness the maximum field amplitudeE0 and the posi-
tion vc of a Gaussian-shaped filter aiming at the selection
of a HOHG spectrum regionsas discussed belowd.

The objective function J to be optimized is determined
directly by a time profileEastd of a synthetized attosecond

PHYSICAL REVIEW A 69, 041802(R) (2004)

RAPID COMMUNICATIONS

1050-2947/2004/69(4)/041802(4)/$22.50 ©2004 The American Physical Society69 041802-1



pulse. The calculation is based on the dipole accelerationd̈std
[18] obtained from the wave functioncstd, which is the exact
solution of the time-dependent Schrödinger equation(TDSE)
for a hydrogen atom in the fieldEstd [Eq. (1)] within a 3D
model. This is given(in atomic units"=1, e=1, m=1) by

d̈std =
d2

dt2
dstd = − kcstdu

]

] z
VsrW,tducstdl, s3d

i
]

] t
ucstdl = fĤ0 + zEstdgucstdl, s4d

VsrW,td = VcsrWd + zEstd, s5d

ucst = 0dl = c1ssrWd, s6d

whereĤ0 is the field-free H atom Hamiltonian andVsz,td is
the total potential, Coulomb potentialVcsrWd plus the field-
atom interactionzEstd for an initial state where the electron is
in the ground 1s orbital. A third-order unitary split-operator
propagation techniquef19g is used to obtain a highly accu-
rate nonperturbative time evolution of the electron wave
packetcstd on a 3D grids0ø r ø256 bohr, 0øuøp,0øw
ø2pd and using absorbing boundary conditions. The
highly accurate wave functioncstd leads after Fourier

transform to the HOHG power spectrumud̈svdu2
=v4udsvdu2 with its typical frequency dependence: an ini-
tial intensity decline corresponding to ground-state dipole
emissionf20g followed by a plateau with an energy cutoff
around 3Up, whereUp=E0

2/4v0
2 is the electron ponderomo-

tive energyf4,5g. The emitted field is constructed as

Êasvd =
1

Î2p
E

−`

+`

d̈stde−ivtdt. s7d

As has previously been mentioned, a frequency filterfvc
svd

centered atvc soptimized between the 11th and the 31st
harmonicsd is introduced to ultimately reach the dipole
emission pulse:

Eastd =
1

Î2p
E

−`

+`

fvc
svdÊasvdeivtdw. s8d

The precise shape of the filter used isfvc
svd=gvc

svdhvc
svd

where gvc
svd is a simple Gaussian filter given bygvc

svd
=e−bfsv −vcd / v0g2 andhvc

svd is given by

hvc
svd = 5 uÊasvcdu

uÊasvdu
if gvc

svduÊasvdu . uÊasvcdu,

1 otherwise.

s9d

Ideally, to synthetize a Gaussian-like attosecond pulse one

should use forÊasvd Gaussian frequency profile as well.
This filter, which is still technologically reachable, has a
Gaussian shape with the additional property of trimming har-
monics exceeding a chosen central value.

First we performed calculations using a relatively short
(T=8 cycles,tp=7.8 fs) unchirped 800 nm laser pulse, i.e.,
we used Eq.(2) with ai =0, i =1.4. The resulting attosecond
pulse, shown in Fig. 1(e), contains five distinct pulses. Since
our goal is to extract one pulse from such a train of pulses we
used following criteriaJ1 and J2 in our genetic algorithm
scheme. The mathematical implementation of such criteria is
as follows:

J1 = I1/ I2,

with

I1 =E
tc−tpulse

tc+tpulse

uEastdu2dt s10d

and

I2 =E
0

tc−tpulse

uEastdu2dt +E
tc+tpulse

T

uEastdu2dt, s11d

or another criterion

FIG. 1. Optimized emitted pulse using direct criterionJ2 in a
full 3D model: (a) the chirped function;(b) the excitation laser
(dotted line, without chirp; solid line, with chirp) with a duration of
eight cycles;(c) phases calculated at the spectrum peaks; and(d)
amplitudes of the HHOG spectrum(dotted line, without chirp; solid
line, with chirp); (e) and (f) emitted laser pulse without and with
optimization, respectively;(g) optimally obtained attosecond pulse
(solid line) with a Gaussian-type fitted envelope(dotted line); (h)
emitted laser pulse with optimization using a simple Gaussian filter.
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J2 = fuEastcdu / uEastc̄dug, s12d

where tpulse taken as 20 a.u. is the expectedly short dura-
tion of the emitted pulse. As fortc and tc̄ they are, respec-
tively, defined as tc=argmaxf0,Tg(Eastd), and tc̄
=argmaxhtøtc−tpulse and tùtc+tpulsej

(Eastd). The goal ofJ1 is to
maximize the time integrated pulse intensity profile
uEastdu2 with respect to the integrated intensity of the re-
maining part, whereas the goal ofJ2 is to maximize the
amplitude of the central pulse as compared to the maxi-
mum of the other part of the pulse. The optimization loop
starts with some initial candidate fieldsEstd, solves the
TDSE for a H atom excited by such a field, and gets the

power spectrumÊasvd. Next, by a windowed Fourier
transform, the desired temporal shape of the emitted pulse
Eastd is obtainedfEq. s8dg. Using one of the criteriaJ1 or
J2, Eq. s10d or s12d, respectively, as a fitness function, the
genetic algorithm proceeds through crossovers and muta-
tions to generate offsprings and select the parameters of
the next generation of fields. This procedure is repeated
until convergence is achievedstypically after 200 genera-
tionsd. Best results were reached with the use ofJ1 srather
thanJ2d, which is finally retained for full 3D calculations.
Although filters as the one under consideration in Eqs.s8d
and s9d are experimentally reachable, we have also con-
sidered other simpler, rectangular, or Gaussian filter
shapes. The rectangular one due to its discontinuities leads
to nonadiabatic dynamics with, as a consequence, more
marked satellite peaks in the generated pulse. The optimi-
zation with an adiabatic Gaussian filter, within standard
experimental possibilities, has finally been retained.

The most convincing result of a full 3D model with cri-
terion J1 is displayed in Fig. 1. The numerical values of all
adjusted parameters by the optimization are collected in
Table I. As for the fixed parameters, the following values are
used: T=20.6 fs, b=2 lns2d /25, v0=5.87310−2 a.u. The
optimization strategy turns out to be particularly efficient in
producing an ultrashort emission pulse well isolated from its
satellites[almost one order of magnitude, see Fig. 1(f) result-
ing from the filter of Eq.(9) and 1(h) from a simple Gaussian
filter]. It is interesting to observe that the control scheme in
consideration as compared to the previous strategy brings
deep modifications to the nonoptimized emission field, when
comparing panels(e) and (f). It is also worthwhile noting
that the phases of the harmonics, calculated at the spectrum
peaks extending from 27 to 35, are nearly equal in Fig. 1(c).
A more detailed analysis of the emitted pulse is presented in
Fig. 1(g). This can be conducted by the consideration of the
mean pulse(neglecting all satellites and limited to the time
interval ft1=10.09 fs,t2=10.57 fsg) and by performing a

Gaussian-type fit of its envelope. Three remarks are in order:
(i) An attosecond pulse production strategy is definitely

reached, in the sense that the envelope of the emitted field
extends no more than aboutt2− t1.200 as.

(ii ) Four to five oscillations of the carrier wave, corre-
sponding to a frequencyv=1.59a.u., arewithin this enve-
lope. We note that this frequency is in the range of the neigh-
boring 27th and 29th harmonics(i.e., v27=1.54a.u. and
v29=1.65 a.u.).

(iii ) As expected for a freely propagating electromagnetic
field, the time average ofEastd limited to the main(atto)
pulse is very close to zero[2]. More precisely

E
t1

t2
Eastddt . 4.03 10−12 a.u., s13d

to be compared to the area of the Gaussian envelope, i.e.,
3.6310−9 a.u. We thus emphasize that the isolated emitted
pulse satisfies the standard characteristics of a laser with an
attosecond time shape. A more challenging optimization is
conducted with a full 3D calculation, still using criterionJ1,
but with a T=16 cycles excitation laser fieldstp=15.6 fsd.

FIG. 2. Optimized emitted pulse using direct criterionJ2 in a
full 3D model: (a) the chirped function;(b) the excitation laser
(dotted line, without chirp; solid line, with chirp) with a duration of
16 cycles; (c) phases calculated at the spectrum peaks; and(d)
amplitudes of the HHOG spectrum(dotted line, without chirp; solid
line, with chirp); (e) and (f) emitted laser pulse without and with
optimization, respectively.

TABLE I. Optimally adjusted parameters as obtained from the
genetic algorithm, corresponding to Figs. 1 and 2.

tp sfsd I sW/cm2d vc/v0 a0 a1 a2 a3 a4

7.8 3.7431014 30.3 0.37 0.99 0.99 0.92 −0.94

15.5 2.0331014 30.9 0.98 1.0 −0.73 1.0 0.72
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Using a longer exciting laser field makes the optimization
more difficult since the emitted field presents, prior to opti-
mization, more marked satellites[see Figs. 1(e) and 2(e)].
Despite this difficulty our algorithm succeeds and provides a
well isolated central pulse of the emitted laser[see Fig. 2(f)].
Note that now the resulting harmonic spectrum, Fig. 2, has
very distinct pics(much better separated than before optimi-
zation) and slightly narrower than in Fig. 1. We also note that
the variation of harmonic phase is now much more signifi-
cant than in the case of shorter 800 nm pulse. We believe that
phases are constant in Fig. 1 because the pulse duration is
only 8 fs, which means that this intermediate case is still
close to that used in Refs.[11,12] stp=5 fsd. In this case the
harmonic spectrum is nearly continuous and for such case
one can synthetize single attopulse using constant phases as
in the case of extremely short pulses. However, for longer
pulsestp.16 fs (Fig. 2), the algorithm finds a special phase
relationship between harmonics and the harmonic spectrum
is quasidiscrete, with each peak slightly narrower than that in

Fig. 1. Clearly, chirping provides a complementary way for
generating attosecond pulses, which allows us to use much
longer pulses than that used previously[11,12].

In conclusion, we have shown from numerical solutions
of TDSE’s that zero-area single attosecond pulses can be
synthetized from quasidiscrete harmonics generated by in-
tense short pulses optimized by genetic algorithm schemes
applied to single atom. Up to date the study of single atoms
constitutes the general context[10], but strictly speaking the
spatial properties of the pulse imply propagation over an
ensemble of atoms. Optimization of such a system is cur-
rently not feasible numerically but needs eventually to be
addressed. The optimization was achieved by finding the ap-
propriate pulse phase(chirping) which broke the periodicity
of the generating laser field and allowed us to use much
longer tp,16 fs than that used in Refs.[11,12]. We thus
have shown that optimization schemes used previously in the
coherent control of photophysical processes[21] should be
also applicable to synthesizing single attosecond pulses.
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