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Phase-dependent spontaneous spin polarization and bifurcation delay in coupled two-component
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The spontaneous spin polarization and bifurcation delay in two-component Bose-Einstein condensates
coupled with laser or/and radio-frequency pulses are investigated. We find that the bifurcation and the spon-
taneous spin polarization are determined by both physical parameters and relative phase between two conden-
sates. Through bifurcations, the system enters into the spontaneous spin polarization regime from the Rabi
regime. We also find that bifurcation delay appears when the parameter is swept through a static bifurcation
point. This bifurcation delay is responsible for metastability leading to hysteresis.
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[. INTRODUCTION Can this coherence property play an important role in the
. . o . polarization process of ultracold atoms? Another distinct dif-
Electronic and nuclear-spin polarization in an atomic va-

i ) . ; . .~ ference is that the interaction strength of cold atoms can be
por with optical pumping have been investigated extenSIVe%ontrolled easily[7,9]. But the interaction strength in the

[1]. Under conditions in which electronic spin eXChangethermaI case is very difficult to control.

takes place faster than spin relaxation, spontaneous spin po- In this paper, we shall show how the coherence among

::pfgt;gprgnage?\rei‘is-rrsIZrlwr(]jtir:ss'{i)r:agerﬁhoebnsc:aTvZI:joir:lIjv;:jif%asrl]mgmracmd atoms gives rise to the phase-dependent spontane-
g 9%Bus spin polarization and bifurcation, which depend both on

gf ag;?;égti?ss'tyérﬁ’g:goll?:esr firneqléfgﬁgésgg m;znnsslti/h;th%he physical parameters and on the relative phase. In the
bp b pin p ollowing section, using the variational approach, we gain

a_\tomic vapor h"fls two stabl_e states W.ith large spin po_larizat-he model from the mean-field description of laser coupled
tion. The experimental realization of it has been applied t

. . . i . : . ECs in different hyperfine levels of the same kind of atoms.
t_he field .OT opnc_al_ b|stab|I|ty[2]: The atomic spin polariza- Then, based upon the obtained model, we analyze the param-
tion exhibits striking hysteresis in switching between the

bistable state$l]. This is analogous to ferromagnetic sys- eter dependence and the phase dependence of the spontane-
, Jel ; Y 9 YS ous spin polarization from the points of bifurcation. We si-
tems displaying magnetic hystere§ss.

With more and more deely exoloring the mechanism Ofmultaneously find that bifurcation delay, which is relative to
. Ply €Xp 9 . qistability/metastabiIity, appears when related parameters
the spontaneous spin polarization phenomena in therm

atomic gases, the question arises whether the s ontaneo% lowly sweep through staFic bifurcatior) P .o.ints. Lastly, we
X gases, the q i . P ke a brief look at experimental possibilities. In the third
spin polarization in ultracold atomic gases is the same as thgection we summarize and discuss the obtained results
one in thermal gases. Recently, the experimental realization ’ '
of multicomponent Bose-Einstein condensategCs [4,5]
in different hyperfine levels causes our interest in consider- ll. PHASE-DEPENDENT SPONTANEOUS SPIN
ing the similar behavior of the ultracold atomic gases. There POLARIZATION AND BIFURCATION DELAY
are many distinguishable differences between thermal atomic We consider that the same kind of bosonic atoms. which
gases and cold ones. The first one is that the collision among trapped in a single-well potential are condensed, in two
thermal atomic gases is noncoherent. However, when th

: ” o ifferent hyperfine level$l) and|2). Raman transitions or
temperature is close to th(_a critical temperature for realizing ?wo—photon transitions between two hyperfine states are in-
BEC .(TNTBEC.) or below it, the collision among ultracold uced by the laser fields with the effective Rabi frequeficy
atomic gases is coherent due to the path between such col

) - nd a finite detunings. The internal Josephson effect
sion being smaller than the phase coherence lefgsj. [4,5,10-14, coherent %oupling effect§ls, vo?tices [16],

and spin texturefl7] in such systems have stimulated great

interest. In the rotating frame of coupling fields, dropping the
*Email address: chlee@mpipks-dresden.mpg.de and high-frequency terms in the atom-field interacti@hat is
chleecn@hotmail.com making the rotating-wave approximatijprand neglecting
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damping and finite-temperature effects, this coupled twointeraction between atoms. Whety,, and 6 equal zero,

component BEC system can be described by a pair ofhese coupled equations can also describe a BEC in a

coupled Gross-Pitaevskii equatiofGPES [11,15,16, double-well potential or a nonlinear dimEgt8]. We intro-
duce a Bloch spin vector with the following components

o VoY) _ (o N e o r . . R , ,

= ‘(HZ*HQAF‘2>“’Z(““+2‘1’1“'”' R S e 2
) (1) Vi + Uiy’ AR R S Y

ih%:<H2+H'}”F+g>\lfl(F,t)+%\If2(F,t). (3)

Obviously, u>+v2+w?=1. When the total atomic number
Here, the free evolution Hamiltoniansl®=—~(2V2/2m)  Ny=N;+Ny=ys4n+ iy, is conserved, setting the Planck
+Vi(f) (i=1,2), the mean-field interaction Hamilton- constanti=1, the Bloch spin components satisfy
lans  HM"=(4ahi?/m) (ay | Wi(F,OP+ay [ i(F, 0P (]

+
=1,2,i#]) andg; is the scattering length between states d ! 0 y+Gw 0} fu
and j, which satisfiess;;=a;;. Under the condition of weak P ~(y+Gw) 0 Kilv |- (4)
coupling, i.e..Q/ Vol +wi+w;<1 (in which Q is the Rabi w 0 -K o 0/\w

frequency,w,, w,, andw, are the trapping frequencigshe |y the above Bloch equation, the parameters satishE
macroscopic wave functions can be written in form of the—E°+NT(U22—U11)/2—5 and G=Ny(Uy+Uy;—2U;,)/2.

.. - - . . . 1

variational ansatzli(r,t)=¢()®i(r) (i=1,2 with ampli-  comparing the above equation with the one for the linear
tudes () =yN;(H)e«® and spatlal dlstrlbl_JtmnsDi(r). In case(U;;=0) of Eq. (2), one can find that the mean-field
this ansatz, the complex functiof(t) contains all time de-  interaction induces a shifw in the transition frequency
pendence in the macroscopic wave functiyr,t) and does  and this shift is apparently proportional to the relative
not depend on the spatial coordinates. The symRgdl3 and populationw.

«;(t) are the atomic population and phase of ittecompo- Taking|1) as spin-up state ar|d) as spin-down state, the
nent, respectively. Because the coupling is very weak, thabove two-component BECs system can be regarded as an
spatial distributions vary slowly in time and are very close toensemble of quantum spin-1/2 patrticles. Thus, the longitu-
the adiabatic solutions to the time-independent uncoupledinal componentv of the pseudospin describes the relative
case for GPEg1), being slaved by the populatiorji4l].  population, and the transverse componantndv charac-
Thus, the amplitudes obey the coupled nonlinear dynamicakrize the coherence. In this language, the effective Rabi fre-

equations quency causes an effective transverse magneticKieltbng
q 5 the u axis, the effective detuning induces an effective longi-
ih— (1) = (EO— 21U Hl2+u t 2) t tudinal magnetic fieldy, and the mean-field interaction
gt /20 = (B2m 5+ UaddoOF + Uz vaOF (0 brings an effective longitudinal magnetic fieGiv which de-

pends on the longitudinal spin component. If one introduces

K N
+ El/fl(t)v a spinS=(u,v,w) to describe the coupled BECs, the corre-
sponding equation of motion depicting the evolution can be
d s (2) written as
iﬁd_tllfl(t) = (E? + > + Uyl (H)[?+ Uy lffz(t)|2> (1) 48
K a =-SX Beff! (5)
+ Ellfz(t)- R
where the effective magnetic fieB.;=(-K,0,—y—Gw).
The parameters From the definition of the Bloch spin components, we
know that the above system can be described with only two
EQ:J @, (F)HOD. (F)dF independent variables. If we use the longitudinal spin com-
! e ' ponentw and the relative phasé=a,-a; as independent
variables, rescaling the timét to t, the equations of motion

Ujj = (4mh’a;/m) f |D;(F)[?|;(F)]*dF = Uy, dwidt= -1 -wZsin ¢,
(6)
and dg/dt=— y/K = (G/IK)W +w cos ¢/\1 —w?

N o are equivalent to the Bloch equation. The above equations
K=0 f Oy(NDy(F)dr (i,j=1,2). are consistent with those derived from the second quantized
model of Ref[10]. The form of the equation of motiqi®) is
The terms inK describe the internal tunneling between two similar to the one for the condensates in a double-well po-
BEC states, whereas the termsUr), which depend on the tential coupled with tunnelingl8]. However, due to the dif-
numbers of atoms in each BEC state, describe the mean-fieférence between the original model, the physical meaning of
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the parameters is very different. For condensates in a double 10
well potential, the two condensates are well spatially sepa-
rated, thus the mean-field interaction between two conden 05
sates can be ignored; but for the case of coupled tw
hyperfine-level condensates, the intercondensate mean-fie™ 0-0
interaction plays a very important role due to their significant
overlap. One distinct result induced by this difference is the
sign of the paramete®. For the case of condensates in a

Equal-phase mode Anti-phase mode

double-well potential, the sign is just determined by the sign - 2 1 0 i 2 2 q 9 ] 2
of the scattering length; but for the other case, the sign is vK

determined by the balance between the internal condensate

and intercondensate mean-field interactions. FIG. 1. The fixed points for the system with different ratig

andG/K. The numbers labeled on the lines are valuesGoK.
A. Phase-dependent spontaneous spin polarization

Before analyzing the spontaneous spin polarization in &0unded dynamical system, that the stable behavior usually
coupled two-component BEC, we give a brief review of thelnvolves oscillations around some stationary states. This in-
spontaneous spin polarization in a thermal gas and the spofficates, the nonzero time-averaged value of a physical vari-

taneous magnetization which is very similar to the spontaneable in a stable evolution requires that the system possesses
ous spin polarizatiof,3]. at least a stationary state with nonzero value for this variable.

Usually, for a laser pumped thermal gas, if the spin ex-Thus if multiple stationary states coexist with nonzero spin
change takes place faster than the spin relaxation and tfolarization w appearing in the coupled two-component
coupling laser only excites some certain hyperfine levels oPEC. Spontaneous spin polarization will appear. This means,
the ground state, spontaneous spin polarization occurs whéf!® can explore the behavior of spontaneous spin polariza-

the laser intensity is large enough. This bistable phenomendiP" by analyzing the corresponding stationary states. The
involves three basic processes: laser pumping, spin exatationary states can be obtained from the stable fixed points

change, and spin relaxation. The imbalance of transitio?f the system which correspond to those solutions satisfying
probabilities among different hyperfine states induced by th&W/dt=0 andd¢/dt=0. In the regior{0,2m) of the relative
pumping laser will amplify the spin polarization. The spin _phage, we find two d|ﬁer¢nt modes of stationary states exist-
exchange will keep the transition imbalance and does ndf'd in the system: one is the equal-phase mode with zero
destroy the spin polarization. However, the spin relaxatiorf€lative phas€¢=0), the other one is the antiphase mode
will decrease the spin polarization. In the case when the rateith = relative phase(¢=). Small oscillations around
of spin exchange and laser pumping are larger than somi@ose stationary states with nonzero spin polarization are
certain threshold values, the thermal gas supports two met&pecial kinds of macroscopic quantum self-trappiST)
stable incompletely polarized states. This means the balanéates, which have also been found in condensates trapped in
between spin relaxation and cooperation of laser pumping double-well potentigl18]. The general definition of MQST
and spin exchange. sates requires that the states oscillate arawitdt=0, thus
From the viewpoints of bistability, spontaneous spin po-funning-phase MQST states can appear. However, for the
larization is similar to spontaneous magnetization. For a fersmall oscillations around stationary states, the centers of os-
romagnetic system, if its temperature is below the Curie temcillations are stationary states which satisfy baith/dt=0
perature, slowly changing the magnetic field from negativeandd¢/dt=0, thus running-phase MQST states never appear
to positive, a first order phase transition occurs when th@s long-lived oscillations in the particular system under
magnetic field sweeps through the zero point. At the zerostudy. From the point of view of stability, running-phase
field point, two metastable states with different spontaneou®!QST states are unstable, but all small oscillations around
magnetization directions appear. The appearing state depengf@tionary states are stable.
on the initial magnetization. Increasing the temperature The number of fixed points and stationary states depend
above the Curie temperature, the spontaneous magnetizati@f the ratiosy/K, G/K, and the relative phase. For the
disappears, this corresponds to occurrence of a second-ordgual-phase mode, only one fixed point exists wkBfiK
phase transition. <1 and this fixed point is stable. Wh&®/K>1, there are
Under some certain conditions, both spontaneous spin pdwo stable fixed points and an unstable one (G K)**
larization in a thermal gas and spontaneous magnetization n(y/K)?3>1 and only one stable fixed point f¢G/K)?
a ferromagnetic system support bistability, and they just only-(y/K)?3<1. Saddle-node bifurcations occur at the points
depend on the related parameters. In the following, we find aatisfying (G/K)?3-(y/K)?3=1. In the left column of Fig.
character of the spontaneous spin polarization in laset, we show the values for the longitudinal component of the
coupled two-component BECs: phase dependence. That iixed points in the equal-phase mode with different ratios
the spontaneous spin polarization in coupled two-componeng/K and G/K. For the antiphase mode, the parametric de-
BECs depends not only on the related parameters but also grendence of fixed points and stationary states is very differ-
the relative phase between two condensates. ent. WhenG/K=-1, only one fixed point appears and it is
Now, let us analyze the spontaneous spin polarization in gtable. WherG/K < -1, two stable fixed points and an un-
coupled two-component BEC. It is well known, for a stable one exist foG/K)?3-(y/K)?3>1 and only one
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stable fixed point emerges fofG/K)?3-(y/K)%3<1. 10
Saddle-node bifurcations also occur at the points satisfyinc
(GIK)?3-(y/K)?3=1. The fixed points of the antiphase %
mode with different ratiogy/K andG/K are exhibited in the g o) esemsie Antiphase mode
right column of Fig. 1. ’

In Fig. 1, the fixed points between a pair of bifurcation
points with same rati@/K are unstable and the values for
d(y/K)/dw at the bifurcation points equal zero. From the
previous analysis, we find bistability exists in either the 2 0 2 44 2 0 2
equal-phase mode or the antiphase mode when the paran.- G/K

eters ObeXG/K)2/3_(7/K)ZI3>1' The appearance of bista- FIG. 2. The static Hopf bifurcation and the spontaneous spin
bility indicates the existence of spontaneous spin polarizatioRojarization.
in this coupled two-component BEC system. When

|[K/G|<1 and y/K goes through the bifurcation points,

which satisfy(G/K)?3-(y/K)?3=1, the spin polarization of The bifurcations obtained by analyzing the equilibria with
either the equal-phase mode or the antiphase mode is discotxed parameters are static bifurcations. For a real physical
tinuous at the bifurcation points. This transition of the spinSYS€m, some parameters can be accurately tuned by turning

polarization is reminiscent of a first-order phase transition. nknobs of the expenmenta_tl apparatus. When the parameters
resembles the first-order phase transition of spontaneo e swept through a static bifurcation point, an interesting

magnetization in a ferromagnetic system below the Curif%)iaenomenon emerges: the system starting close to the ini-

N lly stable equilibrium does not immediately react to the
temperature that takes place when the direction of the MaYsitrcation. Furthermore, it remains for some time close to

net!c f|¢|d is varied. The dlfference_ls that.spontaneous Ma%te unstable equilibrium, then quickly falls into one of the
netization only occurs at the zero field point, however, sponpeyly formed stable equilibria. This has been named bifur-
taneous spin polarization occurs in the region between a paftion delay which has been found in a variety of physical
of .blfurcatl_on pomts. [ncreasmtlg(/G| to 1, the spontaneous systemg19]. The bifurcation delay, which might lead to hys-
spin polarization vanishes, which corresponds to a seconderesis, is the response to bistability.
order phase transition of the spin polarization. In a similar ~ Slowly varying some parameters, the coupled two-
way spontaneous magnetization disappears in a ferromagomponent BEC system also exhibits the phenomenon of
netic system when the temperature is increased to the Curlsifurcation delay. For the equal-phase mode with fixed effec-
temperature. Thus, the rati/ G corresponds to the tempera- tive detuningy=0, slowly sweeping up the ratiG/K from
ture in a ferromagnetic system af/ G| =1 takes the role of R, with sweeping rate (i.e., G/K=Ry+rt,1>r>0), choos-
Curie temperature. ing Ry<1 and the initial state close to the stable equilibrium,
Similar to the case of thermal atoms, spontaneous spithe system evolves along the unstable equilibrium for a pe-
polarization can be induced by adjusting the coupling lasergiod of time after the ratio sweeps through the static bifurca-
Additionally, because the collisions among ultracold atomgion point(G/K=1), then it quickly goes into a small oscil-
can be controlled easily, spontaneous spin polarization ifgtion around one of two new stable equilibria. The
Bose condensed atoms can also be induced by adjusting tg&uilibrium, which the system evolves around finally, is de-
collision strength through bifurcation. This seems to adjusf€Mined by the state at the static bifurcation point. The sys-
the temperature of a ferromagnetic system. Tuning the couem evolves around the up branch when this state is close to

; TP ; ; ; ; «f,_the up branch; otherwise, the system evolves around the
pling laser with fixed intensity to a certain detuning satisfy- ’ ’ . :
ing y=0, the bifurcation and the spontaneous spin polarizagown branch. Whe,> 1, slowly sweeping down the ratio

tion caused by the ultracold collisions can be obtained. Fopwrough the static bifurcation point with initial state close to

. : . one of two stable equilibria, the system evolves near the
the equal-phase mode, only one stable fixed poim0 exists o . e
if G/K<1 and two new stable fixed pointsw, stable equilibrium before it sweeps through the static bifur

—— . o cation point, then it goes into a small Rabi oscillation around
=2y1-(G/K) ? appear with the original one=0 becomes  ,q ordFi)nary equilibr?un(wz 0). For the same sweeping rate,
unstable ifG/K>1. This means a Hopf bifurcation takes jyeraging the small oscillations, the process of sweeping up
place whenG/K=1. The system goes from the Rabi regime gng down generates a loop in the plane extende@/hy and
(G/K<1) into the spontaneous spin polarization regime,y The area enclosed in the loop increases with the sweeping
(G/K>1) through this Hopf bifurcation. However, for the rate. This means that the energy exchanged between the at-
antiphase mode, the Hopf bifurcation occurs@tK=-1.  oms and the environments increases with the sweeping rate.
There is only one stable fixed point=0 for G/K>~-1and  The bifurcation delay in the equal-phase mode with different
two stable fixed pointsv, = +1-(G/K)™ with an unstable sweeping rate is shown in Fig. 3. For the antiphase mode, a
one atw=0 for G/K<-1. Correspondingly, the parametric similar behavior can be observed near the static bifurcation
regime sustaining spontaneous spin polarization satisfigsoint G/K=-1.

G/K<~-1. The Hopf bifurcations in both equal-phase mode

-0.5

B. Phase-dependent bifurcation delay

and antiphase mode are shown in Fig. 2. The solid lines are C. Experimental possibilities
stable equilibrigstationary statgsthe dot lines are unstable Based upon the works of JILE5]and LENS[6], we now
equilibria. discuss experimental possibilities of observing spontaneous
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tively. For zero effective detuning, Hopf bifurcation and
bifurcation delay can be induced by a Feshbach resonance in
either the equal-phase mode or the antiphase mode. The sys-
tem falls into the spontaneous spin polarization regime from
the Rabi regime after a bifurcation occurs. The appearance of
bifurcation delay indicates the existence of metastability and
hysteresis. Because of the inherent quantum coherence and
superposition of two condensates, this kind of quantum
metastability and hysteresis might open the door to storage
quantum data with Bose condensed atda(.

FIG. 3. Bifurcation delay in the equal-phase mode for different  |n this paper, we have focused on the phenomena in the
values of the sweeping rate as labeled on the lines. case of constant parameters. Now, we give a brief discussion

about the effects of the implicit time dependence of the pa-

spin polarization and bifurcation delay predicted above. Usfameters. In the weak coupling case, the spatial functions
ing the developed experimental technid6es], one can pre- ®;(r) weakly depend on the population difference. Thus
pare two BECs in théF=1,mz=-1) and |2,1) hyperfine these functions weakly rely on time implicitly when the
spin states of’R, which are coupled by introducing a two- population difference varies with time. The numerical results
photon pulse with the two-photon Rabi frequerf@yand a  in Ref. [11] show that the overlap between two condensates
finite detuningd. In the case of pure condensates, which hakeeps nearly unchanged and the chemical potential differ-
been analyzed in this work, controlling the parameteend  ence is approximately a linear function of the population
v can be realized by adjusting Rabi frequency and detuninglifference when populations are varied. This indicates that
of the coupling lasers, respectively. Tuning the param@ter the parameters slowly fluctuate around some certain con-
can be accomplished by varying the scattering lengths witlstants with very small amplitudes when the population oscil-
Feshbach resonancfgj. The time-evolution of longitudinal lates. Thus the real population oscillation slightly departs
and transverse spin components can be measured with tfi®m the one with constant parameters.
state-selective absorption imaging and Ramsey interference, We also note that bistability and antiphase mode are rela-
respectively{17]. tive to population self-trapping states antl states in a

Thus, to observe spontaneous spin polarization, one justouble-well Bose condensates or a nonlinear difh8}. The
needs to choose proper fixed values for the Rabi frequencgppearance of bistability means the existence of metastable
Q, detuning 8, and scattering lengths satisfying/K)?®  self-trapping states. But not all self-trapping states exhibit
-(y/K)?®>1. To observe bifurcation delay, one has to fix bistability, such as running-phase self-trapping states. Addi-
the Rabi frequency) and detunings and slowly vary the tionally, there exist distinct differences in physical models,
scattering lengthgor fix the scattering lengths and detuning analysis methods and discussed phenomena. For the physical
and slowly tune the Rabi frequencthrough a static bifur- models, two condensates in a double-well potential are well
cation point. There are two ways to observe these behaviorspatially separated, thus mean-field interaction between two
one way is by directly observing the stationary states, th&ondensates is negligible. However, mean-field interaction
other way is by observing small oscillations around stationbetween two hyperfine-state condensates plays an important
ary states. Observing stationary state behavior may not b@le due to their significant overlap. For the analysis meth-
easy, because the relaxation time of a pure condensate @§ls, the authors of Ref18] solve the equations of motion
much longer than that of a thermal gas and the time scale dpr some certain initial conditions with a numerical approach
this relaxation process, which is relevant to real experimenta@r analyze stationary states of symmetric case. In this paper,
systems including finite temperature thermal clouds, is stilfrom the viewpoints of bifurcation, we exactly analyze not
an open problem. Fortunately, because the averaged center@ily the fixed points themselves but also their stability for
small oscillations is very close to the surrounded stationarg@rbitrary parameters. For the discussed phenomena, the

state, the averaged center becomes a good understudy. Works in Ref.[18] are applied to population self-trapping
and macroscopic quantum tunnelling, our work firstly ex-

plores the spontaneous spin polarization and bifurcation de-
lay in laser pumped Bose condensed dilute atomic gases.

Summary, due to the coherent ultracold collision among
condensed bosonic atoms, the bifurcation and the spontane-
ous spin polarization in coupled two-component BECs rely The work was supported by the foundations of MPI-PKS
on both relative phase and physical parameters. These phaad the Chinese NSFQGrant Nos. 10275023 and
nomena are different from those only determined by physical 0274093, and the National Fundamental Research Program
parameters, we name them as phase-dependent bifurcatig®Brant No. 2001CB309300We thank Dr. Joachim Brand in
and phase-dependent spontaneous spin polarization, resp@&tPI-PKS and Dr. Jian Feng of WIPM for useful comments.
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