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Theory confronts experiment in the Casimir force measurements:
Quantification of errors and precision
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We compare theory and experiment in the Casimir force measurement between gold surfaces performed with
the atomic force microscope. Both random and systematic experimental errors are found leading to a total
absolute error equal to 8.5 pN at 95% confidence. In terms of the relative errors, experimental precision of
1.75% is obtained at the shortest separation of 62 nm at 95% confidence(dev@d% confidence the
experimental precision of 1% is confirmed at the shortest separafionindependent determination of the
accuracies of the theoretical calculations of the Casimir force and its application to the experimental configu-
ration is carefully made. Special attention is paid to the sample-dependent variations of the optical tabulated
data due to the presence of grains, contribution of surface plasmons, and errors introduced by the use of the
proximity force theorem. Nonmultiplicative and diffraction-type contributions to the surface roughness correc-
tions are examined. The electric forces due to patch potentials resulting from the polycrystalline nature of the
gold films are estimated. The finite size and thermal effects are found to be negligible. The theoretical accuracy
of about 1.69% and 1.1% are found at a separation 62 nm and 200 nm, respectively. Within the limits of
experimental and theoretical errors very good agreement between experiment and theory is confirmed charac-
terized by the root-mean-square deviation of about 3.5 pN within all measurement range. The conclusion is
made that the Casimir force is stable relative to variations of the sample-dependent optical and electric
properties, which opens new opportunities to use the Casimir effect for diagnostic purposes.
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I. INTRODUCTION Most theoretical papers on the Casimir effect deal with
idealized boundary conditions and perfectly shaped test bod-
In the last few years the Casimir effddi], which is a rare ies. Over the past four decades only a few have considered
macroscopic manifestation of the boundary dependence d¢he corrections to the Casimir force such as due to the finite
the quantum vacuum, has attracted much experimental arfgPhductivity of the boundary met&k3-25, distortions of
theoretical attentionsee monograph§2—4] and reviews the surface shapi6,27 and nonzero temperatuf&a,29.

lations depends on the presence of material bodies. In pafgrce measurements demands careful treatment of all these

ticular, the tangential component of the electric field vanishe£0rrections. Both the individual corrections and their com-
on the surfaces of two parallel plates made of ideal mgtal PiN€d effect have to be evaluateske Ref[6] for review).

s smal e metls ae s eads o changes i the 1 SUScaten f e1ore an recsion 1 e e
zero-point oscillation spectrum compared to the case of free P

unbounded space and results in the attractive Casimir forcCrUCiaI for using the Casimir effect as a new test for extra-
X P dimensional physics and other extensions to the Standard
acting normal to the surfaces of the plates.

The Casimir effect find licat . Model. Nevertheless, there is no general agreement on the
e Casimir effect finds many applications in quantumg ieyeq levels of experimental precision and the extent of

field theory, condensed matter physics, elementary-particlgy eement between theory and experiment. In the literature a
physics, and gravitation and cosmolo§g—6]. Recently \ariety of measures to characterize the experimental preci-
many measurements of the Casimir force have been pegjon is used and the extent of agreement between measure-
formed [7—16] Their results have already been applled inments and theory ranges from ]_[%10,11,16 to 15%[13]
nanotechnology for the actuation of the novel microelectrogepending on the measurement scheme and configuration.
mechanical devices, based entirely on the modification of th&ery often, the confidence levels and numerous background
properties of quantum vacuujh7], and for constraining pre- effects which may contribute to the theoretical results are not
dictions of extra-dimensional physics with low compactifica- considered.
tion scale§14,16,18—-22 In the present paper we perform a reanalysis of the ex-
perimental data on the Casimir force measurements between
Au surfaces[11] and make a comparison with theory. In
*On leave from North-West Technical University, St. Petersburg,doing so we carefully calculate the original experimental

Russia. precision without relation to the theory, including the random
TEmail: umar.mohideen@ucr.edu absolute error at a 95% confidence level, and the absolute
*On leave from Noncommercial Partnership “Scientific Instru- systematic error. The total absolute error of these Casimir

ments,” Moscow, Russia. force measurements in the experiment of Ral] is found
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to be equal taA'°'~8.5 pN at 95% confidence. This corre- _ 1A

sponds to approximately 1.75% precision at the closest sepa- FoP(z)= 5 kZ FeP(z). (1)
ration a~62 nm (the 1% precision at the closest separation -

indicated in Ref[11] is obtained at 60% confidenceAs a An estimate for the variance of this mean is determined

second step, the accuracy of the theoretical computations @fy [32]

the Casimir force for the experimental configuratidd] is

determined. Special attention is paid to the possible sample- ’ 1 _
dependent variations of the optical tabulated data due to the Se(z) = n(n=1 kZl [FeP(z)—FP(z)1%. (2
presence of grains, contribution of the surface plasmons, and -

errors introduced by the use of the proximity force theoremcaicylations using the measurement dgE§*P(z;)} show
The influence of the surface roughness is carefully investinais—(z,) do not depend sensitively a. The largest value
gated including the nonmultiplicative contributions and re-s-—2 g pN is taken below as an estimate for the variance of
cently discussed diffraction-type effedt30,31). The contri-  the mean force within the whole measurement range.
bution of electric forces due to patch potentials resulting According to Student’s test for the truth of a hypothesis
from the polycrystalline nature of the Au film is calculated [32], if the inequality

for the experimental configuratiofil] at different separa-

tions. The finite size and thermal effects are also considered |F&*P{2)—F(2)| ,

and found negligible in the experimental configuration of Txaztl,(m)a ©)
Ref.[11]. The conclusion reached is that at the present state F

of our knowledge the accuracies of theoretical computationgs fyffilled, the hypothesis tha(z) is the true value of the

in application to the experimental configuration of Réfl]  casimir force at a separatianmust be rejected at a given

are achievable on the level of 1.69% at a separaion confidence levek (this is a two-tailed test as the deviations

=62 nm and 1.1% at a separatiar 200 nm. F(2) from F®"(2) in two directions are possibleEquiva-
The paper is organized as follows. In Sec. Il the experifently, if the inequality

mental precision of the Casimir force measurements at dif-

ferent confidence levels is determined. Section Il is devoted |F&*P(z) —F(2)|

to the computations of the Casimir force with account of E—— S LY (4)

finite conductivity and grain structure of the metal layers. SF

g;ffai‘ii'gnf’t;;zugf?ggsssis'”Sct'sgig‘g i;hgenc‘?r:\";‘_“l'rt]'ps"g?_“‘\’/ebz?ﬁis fulfilled, the hypothesis tha(2) is the true value of the

" . . . é:asimir force should be accepted at a confidence Igvel
traditional and alternative thermal corrections are discussed. ; _

. . .
Also the possible role of the electric forces due to the patch Usually in the tables for Studenttdistribution (see, e.g.

potentials and finite size effects are estimated. Section Vg s [32.33) the values oft,=t (f) are presented, where
contains the final numbers on theoretical accuracy and thszl'_ a/,2=(1+ﬁ)/2 f=n—1 is the number of deg,]rees of

comparison of theory with experiment in the Casimir forcefreedom andh is the number of measurements=< 27 in our

measurement between two gold surfaces by means of : _ - 0 .
atomic force microscopgll]. In Sec. VII the final conclu- agéiiécxgo“z'g%?n p0;9(\;3 éf;}ép%trr:gs;?ng :,:g; a:a?)ISe/s(t) ?;))nﬂ
: P

sions and some discussion are provided. —2.056[33]. Then from Eq.(4) it follows

n

|FeXP{z) — F(z)| <A™@MFe*Pl=git,(f)~5.8 pN, (5)
Il. EXPERIMENTAL PRECISION IN THE CASIMIR
FORCE MEASUREMENTS BETWEEN TWO whereA "9 eXPlis the random absolute error of the Casimir
GOLD SURFACES force measurements. If we considgr=0.6 (hypothesis is
In Ref. [11] precision measurements of the Casimir forcelrue at 60% confidengethen p=0.8 andt,(f)=0.856. In
between gold coated bodies, a plane plate and a sphere, wdpis case th_e rangom ?bsolute error of the Casimir force mea-
performed using an atomic force microscope. The Casimipurements is\""FXP=2.8x0.856 pN=2.4 pN. Note that
force was measured by averaging 30 scans over a surfadeone would like to havet,(f)=1 orty(f)=2 (i.e. devia-
separation region between 62—350 nm with 2583 points eadfPns of the true force value on elther.5|de of the mean not
(see Ref[11] for all the details of the measurement proce-greater than one or twsg), the confidence levels op
dure. In the analysis below we neglect data from three scang 0-66 or 3=0.94, respectively, should be chosen for the
due to excessive noise and use the data from thenre@z ~ Number of measurements=27. _ _
scans to find the quantitative characteristics of the experi- NOW let us consider the systematic errors. The main con-
mental precision in the Casimir force measurements at diftributions to the systematic error in the experiment of Ref.
ferent confidence levels. [11] are given by the error in force calibratiah$YSFe*Pt
We start with the random error and calculate the mearr=1.7 pN, by the noise when the calibration voltage is ap-
values of the measured force at different separatigns plied to the cantileven\3Y*F®*P'~0.55 pN, by the instru-
within the region from 62 to 350 nm mental sensitivityA3Y*F¢*P~0.31 pN, and by the restric-
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tions on computer resolution of dats’SFe*P=0.12 pN. . &2 s g
The maximal value of the systematic error is given by g =ki+ 2 k Eki+8(|§)c—, (10
4
ASYSEEXPL= Y ASYSEEXPLLD 7 pN. (6) Wheree(w) is the dielectric permittivity of the gold layers
i=1 on the sphere and the plate, ands the closest separation

distance between them. The thickness of gold coatings, used
Finally, the maximum total absolute error of the Casimirin Ref.[11] (86.6 nn), is much greater than the skin depth of
force measurements in the experiment of Ret] is equalto  the electromagnetic oscillations for all frequencies which
expt_ A randexpt, A syskexpt make a significant contribution to the computation of the
AFSXPI= ATANIEEXPLE ASYSEEXPI- 8.5 pN (7)  casimir force. This allows one to use the properties of the

_ _ bulk gold in all computations of the Casimir force.
at 95% confidencéto be conservative, the errors are added Tpe accuracy of Eq(9) is restricted by the accuracy of

linearly rather than quadraticajlyAt 60% confidence the e proximity force theorem, which is, however, very high
total absolute error of the Casimir force measurements gy, the experimental parameters of REEL]. The error, in-
AF®*P=5.1 pN. These absolute errors with their confidence,quced by the proximity force theorem, is less tHAR
levels are valid within the whole measurement range from 6%36,37]. Taking into account the large value of sphere radius
to 350 nm. From Eq(5) it follows that the true value of the R=95.65um, used in Ref[11], the upper limit of this error
Casimir force belongs to the confidence interval is 0.06% at the shortest separatiosn 62 nm and 0.2% at

_ _ separationz=200 nm (note that in Ref[36] the Casimir

Fe*P{z) — AF®XPS F(2)<F®*P{z) + AF®*P! (8 force for the configuration of a sphere above a plate was

precisely computed on the basis of the first physical prin-

with a chosen confidence probability. . ciples which makes it quite reliable as a test of the proximity
Another important characteristic of the experimental pre<orce theorem

cision is the relative error of the Casimir force measurements | Refs. [38,39 the computations of the Casimir force
SF*P(z) = AF®*PYFe*P{(2) which is evidently separation- were performed using Eq$9) and (10), and optical tabu-
dependent. At the shortest separation62 nm the value of lated data for gold40] (note that the transition coefficient
the mean force i§°*P'=485.8 pN which leads to a relative from energies to frequencies is given by 1-e¥.52
error of 5F*P(z)~1.75% computed at 95% confidence. If X 10" rad/s). The imaginary part of the dielectric permittiv-
we restrict ourselves with a 60% confidence, the relative erity, obtained using the complex refractive index from the
ror of the Casimir force measurements at the shortest septables[40], was used to compute the dielectric permittivity
ration SF®*PY(z)=5.1/485.8-1% is obtained as was indi- along the imaginary frequency axis by means of the disper-
cated in Ref.[11] without the detailed analysis of the Ssion relation. Atw<1.9X 10'* rad/s, where the tabulated
confidence levels. If we choose 95% confidence, the relativélata are not immediately avaliable, they were usually ob-
errors of the Casimir force measurements at separations 28ined (see, e.g., Refd.38,39) by the extension from the
nm, 100 nm, and 200 nm are 2.46%, 5.9%, and 37.3%, re€gion of higher frequencies by means of the Drude dielec-
spectively. At 60% confidence the relative errors of the Cadric function

simir force measurements at the same separations are 1.47%, 5

3.5%, and 22.4%, respectively. 9
’ ™ resp y e(w)=1— —F (11)
o(w+iy)
I1l. CALCULATION OF THE CASIMIR FORCE )
INCLUDING THE FINITE CONDUCTIVITY where the plasma frequency for Au isv,=1.37
AND GRAIN STRUCTURE OF GOLD LAYERS X 10 rad/s, andy=5.32x 10" rad/s is the relaxation pa-

i ) rameter describing the nonelastic electron-phonon interaction
For the configuration of a large sphere of a radk&bove  (hote that in the frequency region under consideratjon
a plate the Casimir force can be obtained by means of the: ) This procedure was used to calculate the Casimir force
Lifshitz formula, derived originally for two parallel plates jncjyding the effect of finite conductivity corrections of gold
[34], along with use of the proximity force theoref85] (see a few examples of the calculations in Sec. IV, Table Il
AR and comparison between experiment and theory in Sec. VI
_nR([= * _.2 ~2zq Later in this section we discuss the influence of possible
Fe(2)= 3 JO ky dk, fo de{in[1-rj(g k. )e =] sample to sample variations of the optical tabulated data on
) oy the values of the Casimir force and the applicability region
+In[1-ri(&k )e =} (9 of Egs.(9) and(10) involving the dielectric permittivity de-
pending only on frequency.
Here the reflection coefficients for two independent polariza-  First, we would like to note that in the separation region
tions are given by 200 nm<z< 350 nm the computational results obtained by
) Eq. (9 combined with the optical tabulated data, are almost
e(if)g—k exactly those obtained by the substitution into E3).of the
e(ié)q+k plasma dielectric function for the metal

2
. ri(Ek)=

q-k}|?

g+k

(k)=
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@
o(@)=1- 2, (12)
w

h(nm)

In fact, both computations lead to results differing by less &
than 0.5% within the mentioned separation region. What thiss |
means is that the real part efdepending on only», deter-
mines the total value of the Casimir force in this region. The
value of w,=2+7Ne/\Jm*, whereN is the density of con-
duction electronsm is their effective mass, is determined
by the properties of the elementary cell. It cannot be influ-
enced by properties of sample such as the crystallite grairs
size or the presence of a small concentration of impurities.' ° 5.0

This is the reason why the sample to sample variations of the 10.0 o °

optical tabulated data cannot influence the value of the Ca x(”m)'

simir force (9) at separationg=200 nm.

In the separation region 62 rrz<<200 nm there are sig- FIG. 1. 15<15 um? atomic force microscope image of the Au
nificant deviations depending on whether the Casimir forceoating on the plate. The topography of the coating on the sphere is
(9) is calculated using the optical tabulated data or by use asimilar.
the plasma dielectric functiof12). In fact, in this separation
region the small imaginary part @fis influential and should The main sample to sample dependence of the parameter
be taken into account. There is enough tabulated data in the is determined by the sizes of grains and the density of
optical Tables to compute the Casimir force, so that it is noimpurities. To calculate this dependence we use the follow-
necessary to use any extension of data. Note that the charaog formula for the relaxation parameter in the region of
teristic frequency corresponding to the largest separation infrared optic§42,44]
=200 nm is w,=c¢/(2z)=7.5x 10" rad/s (i.e., tabulated
data for frequencies several times smaller are avaijlable 2
the same time, the characteristic frequency corresponding to v= ‘*’p( C1tC _2> : (14)
the shortest separation is,= 2.42x 10° rad/s<w,, so that “p
the region under consideration belongs to that of infrare
optics [41]. Within the region 62—-200 nm one may expect
some small dependence of the optical tabulated data on tl

5.0

dl'h|s formula leads to an approximate representation of the
dielectric permittivity of Au along the imaginary frequency

size of the grain, presence of impurities, etc. If this is indee 's given by

the case, the use of the tabulated data, which are not relevant 2 3 )

to the particular samples used in experiment, might lead to e(i&) =1+ “p_%p 1—Cp— (15)
the errors in computation of the Casimir for(®. g8 w? '

To investigate this possibility, we consider the pure imagi-
nary part of the dielectric permittivity in the region of the where c;=0.0039 andc,=1.5. It is easily seen, that the
infrared optics given by42] substitution of Eq(15) into Eq. (9) leads approximately to
the same result as the use of the optical tabulated data. The
errors due to use of E15) in Eq. (9) instead of the optical
Ime=——, (13 tabulated data at separations 62 nm, 70 nm, 100 nm, and 150
nm, are 0.45%, 0.23%, 0.09%, and 0.04%, respectively.
Equation(15) gives the possibility to estimate the influ-
wherev is the relaxation parameter at high frequencies in theence of the sizes of grains in the polycrystalline metal film in
region of infrared opticgnote that it does not coincide with the experiment of Ref11] on the value of the Casimir force
the relaxation parametey of the Drude model11) which  (9). For this purpose, the experimental data of Ré8] are
describes the volume relaxation in the region of the normalised where the reflectanétof Au films is measured as a
skin effec). The value ofv is determined by the processes of function of the characteristic sizes of the grains.
elastic scattering of the electrons on impurities, on the The analysis of the atomic force microscopy images
boundary surfaces of the metal and of the individual grainsthe one in Fig. 1 but on % 1 um? area shows that the mean
and on other electrorjg2,43. The scattering of electrons on size of grains in Ref[11] is about 90 nm(the sizes of the
phonons also contributes to the value af However, the typical grains are 77 nm, 103 nm, 94 nm, 68 nm, 88 nm, 121
frequency of the electromagnetic field is so high thas nm, etc). According to Ref.[45], the largest deviations of
>kgTp, WhereTy is the Debye temperature, so the fre- the reflectance from the one given by the tabulated [dtih
guency of the electron-phonon collisions is the same as it itakes place at shorter wavelengths. The shortest separation of
at T=Tp [42]. It is important to note that of all the above z=62 nm in the experimerjtLl1] corresponds to the charac-
processes, only the contribution of the electron-electron colteristic wavelengthh.=2mc/w.=4mz~780 nm. For the
lisions to v is frequency dependefiand increases as?). films containing grains of 45 nm sizéhe largest ones stud-
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ied in Ref.[45]) the reflectance at~750—800 nm is 0.8% TABLE I. Fractionsy; of the surface area covered by roughness
less than the one calculated from the tabulated @hatte that ~ With heightsh;.
for smaller grains the difference of the reflectance obtained

from the tabulated data is gregtefaking into account that : hi (nm) Vi
the reflectance in the region of the infrared optics is given by 1 0 1.06<10°3
[46] 2 1 5.086< 102
1 3 2 0.33511
R=1—4Re—— —, (16) 4 3 0.45863
Je  @p 5 4 0.13695
6 5 1.586< 102
we find that the new value for the coefficientin Egs.(14) 7 6 1.24<10°3
and (15) due to grains of 45 nm size t5,=0.0059. Substi- 8 7 1.6x10*
tuting the approximate Eq15) (with ¢, instead ofc,) into 9 8 4x107°
Eg. (9), one finds the values of the correction factor to the 10 9 2x107°
Casimir force7,=0.439 atz=62 nm and7.=0.465 atz 11 10 x10°®
=70 nm. Comparing this with the results of the same ap- 12 1 1><1072
proximate computations using; (7-=0.441, respectively, 13 12 1><10:5
77@:0.467), one can conclude that the grains of 45 nm size 14 13 J><10_5
lead to less than 0.5% decrease of the Casimir force magni- 15 14 1x10
tude. Note that this is in fact the upper bound for the influ- 16 15 1.2¢10°°
ence of crystallite grain size on the Casimir force in the 17 16 8x10°°

experiment of Ref[11], as the actual sizes of grains in Ref.
[11] were two times greater than 45 nm.

The above calculations of the Casimir force including therations less than um [6]. At the shortest separations, the
effect of the real properties of Au films were performed onroughness correction contributes 20% of the measured force
the basis of the Lifshitz formulé9), which does not take into in experiments of Ref48,15,14. In the experiment of Ref.
account the effects of spatial nonlocalityave vector depen- [11], however, the roughness amplitude was decreased and
dence of the dielectric permittivily These effects may influ- the roughness contribution was made less than 1% of the
ence the Casimir force value in the region of the anomalougheasured force even at shortest separations. To obtain this
skin effect which is important for large separatioms conclusion the simple stochastic model for the surface
>2.36 um [47], a region not relevant to the experiment of roughness and the multiplicative approach to take into ac-
Ref.[11]. Another separation region, where nonlocality maycount different corrections were used. Here we obtain more
lead to important contributions to the van der Waals force, igxact results for the contribution of surface roughness to the
z<\,/(47)~10.9 nm {, is the plasma wavelengtiwhich Casimir.force taking into account both nonmultiplicative and
corresponds taw.>w, [48]. Such high characteristic fre- correlation effects. .
quencies lead to the propagation of surface plasmons. The The topography of the Au coatings on the plate and sphere
effect of the surface plasmons, however, does not contributé/as investigated using an atomic force microscope. A typical
in the experiment of Ref[11] as the largest characteristic three-dimensional image resulting from the surface scan of
frequency there, calculated at62 nm, is 5.7 times less 15X 15 um? area is shown in Fig. 1. As seen in this figure,
thanw,, [note that the frequency region ¢5,10w) contrib- th_e rough_ness_ls mos_tly repres_ented _by the stochastically dis-
utes only 0.19% of the Casimir force value at separation tributed distortions with the typical heights of about 2—4 nm,
=62 nm|. The contribution of the surface plasmon for Au of and rare pointlike peaks with the heights up to 16 nm. In
about 2% at a Separatimq: )\p: 137 nm, obtained recenﬂy Table | the fraC“OhS)i of the surface area, shown in Flg 1,
in Ref.[49], can be explained by the use in Rpf9] of the ~ With heightsh; are presentedi€1,2, ...,17). These data
spatially nonlocal dielectric permittivity in the frequency re- allow one to determine the zero roughness levglrelative
gion of infrared optics where it is, in fact, lockd1,42,46 1O Whiph the mean value of th_e function, despribing rough-
[we would like to point out that at the separatipr X, the — N€SS, is zerd@note that separations between different bodies
characteristic frequency of the Casimir effect is equal not tdn the Casimir force measurements are usually measured be-
w,, as one might expect, bub,/(4m)]. As a result, the tween the zero roughness levet):
surface plasmons do not give any contribution to the Casimir

force in the experimental configuration of REf1]. 1

Zl(Ho—hovi:o. (17)
IV. SURFACE ROUGHNESS CORRECTION TO THE

CASIMIR FORCE AND ITS CALCULATION USING

DIFFERENT APPROACHES Solving Eq.(17), one obtainHy~2.734 nm. If the rough-

ness is described by the regularonstochastic functions
It is well known that surface roughness corrections mayAf(x,y), where|f(x,y)|<1, for the roughness amplitude it
play an important role in Casimir force calculations at sepafollows A=h"#*~H;=13.266 nm.
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In the framework of the additive approach the values of TABLE Il. Corrections factors to the ideal Casimir force at dif-
the Casimir force including the effect of finite conductivity ferent separations due to finite conductivify, surface roughness
F.(2), obtained in Sec. lll, Eq9), can be used to calculate 7:. and both finite conductivity and surface roughnesgs (and
the effect of roughness. For this purpose, the value of r;’cfr ir_] the method of the g_eometrical averaging and in the multi-
should be geometrically averaged over all different possibl@licative approach, respectivgly
separations between the rough surfaces weighted with the
probability of each separatidi®,8,16

z=62 nm z=70 nm z=80 nm z=90 nm

17 e 0.4430 0.4681 0.4964 0.5218
er(2) .,2: T ol o~ hi—hy) (18 Ter 0.4436 0.4687 0.4669 0.5223

0.4440 0.4689 0.4670 0.5223

m
. . N/
Note that Eq.(18) is not reduced to a simple multiplication —-
of the correction factors due to finite conductivity and sur-

face roughness but takes into account their combimeth- ~1.18 nm the fourth order term in E0) practically does

multiplicative) effect. not contribute even at shortest separations and can be ne-
An alternative method of calculating the corrections due P

. . lected as was done in R¢f.1].
to the stochastic surface roughness was used in [R&f. 9
According to the results of Ref50], the Casimir force be- Both Eqgs.(18) and (20) used above are based on the

tween a plate and a sphere made of ideal metal and Coverg&)proxmatlon of a_ddmve summatlon_and .do not take into
. : . . account the diffraction-type effects which arise in the case of
by a stochastic roughness with an amplitudg is given by

roughness described by the periodic functions with small pe-
riods A<z [30] or by the stochastic functions with small
, (19 correlation lengtf31]. To estimate the value of the correla-
tion length in our case, we consider the set of cross sections

where Fo(2) = — 7°4cR/(360%) is the Casimir force be- ©Of the roughness image shown in Fig. 1.
tween perfectly shaped plate and sphere of ra@ughen . N Fig- 2 two typical cross sections are presented, one at
the Casimir force including both the finite conductivity of the fxed X (&) and the other one at fixed (b). We have per-

boundary metal and surface roughness can be calculated dgrmed the Fourier "’.‘”a'VSiS of the functions, as in Fids) 2
and 2b), along the lines of Refl27]. It was found that the

2

A
1+6 —
V4

A 4
+ 45( —St)
z

Fi(2)=Fo(2)

Agi\? A Fourier harmonics, giving the major contribution to the re-
Fer(2)=Fc(2) 1+6(7 +45(7) , (200 sult, are characterized by significantly greater periods than
the mean distance between the neighboring peaks in Figs.
i.e., by means of the multiplicative procedure. 2(a) and 2b) which is equal, approximately, to 180 nm.
The variance of the random process describing the sto- 10 obtain an estimate for the upper limit of the contribu-
chastic roughness is found by the formula tion of the diffraction-type effects in the above roughness
analysis, we use the correlation length,,,=200 nm
7 (slightly larger than the mean distance between peaks
5§t:i21 (Ho—hi)?v;. (21)  consider the periodic function with this perigdiearly, the

diffraction-type effects are greater for a periodic function

Using data from Table I, one obtains the values for variancdVith a periodl ¢, than for th? random funpt|on with a cor-

5.~0.837 nm and for the amplitude of a random procesgelanon Iengthlcorr): With this the diffraction-type 'effects

A.=\25,~1.18 nm. This value is slightly larger than the can be computed in the framework of the functlonal ap-

one obtained in Ref.11] on the basis of less complete data proach developedl in Ref30]. At a shortest separayqn

on roughness topography. =62 nm one obtalnzllcorr%0.3l. Then for the coefficient
Now we are in a position to compare the contribution of Ceorr IN the expression

the surface roughness computed by BEd), taking into ac-

count the combined effect of the roughness and finite con- Ag)?

ductivity, and by the multiplicative procedure of EQ). In nforr=1+60corr(7) , (22

Table 1l the results for the correction factorg=F_./Fg,

n=FIFq, ncy=F¢/Fo, andn'gfrz 7e7, are presented at

the shortest separatiors=62 nm, 70 nm, 80 nm, and 90 taking the diffraction-type effects into account, from Fig. 2

nm, where the roughness corrections play some role. As igf Ref.[30] it follows c .~ 1.1. As a result, using the upper

seen from Table II, both approaches lead to practically coinlimit for the contribution of the diffraction effects one ob-

cident results for the roughness correction factors due to th&ins »:°''~1.0024, i.e., only 0.02% difference with the

combined effect of finite conductivity and surface roughnessvalue of 5, in Table 1l obtained by neglecting the diffraction

This means that for such small roughness as in Rdi.the  effects. At larger separations the diffraction effects lead to

multiplicative procedure is quite satisfactorfor larger larger contribution to the roughness corrections. For ex-

roughness amplitudes, however, the nonmultiplicative contriample, at a separatios=90 nm we havez/|.,,,~0.45,

butions may be essenti§B,16]). Note also that forAs;  Ccor~1.28, andzni®"~1.0013, i.e., 0.03% difference with
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FIG. 2. Typical cross sections of the atomic force microscop
image of the Au coating on the plate with) constantx and (b)
constanty.

the result of Table Il. At larger separations, however, the

roughness correction itself is even more negligible than
the shortest separations.

To conclude, the surface roughness contribution in the

experiment of Ref[11] does not exceed 0.24% of the Ca-
simir force at the shortest separatian=62 nm. The

diffraction-type effects, which were not taken into account in

Egs. (18) and (20), are shown to contribute less than one
tenth of this result.

V. CONTRIBUTIONS OF THE THERMAL CORRECTIONS,
RESIDUAL ELECTRIC FORCES, AND FINITE SIZES
OF THE PLATE

Although the experiment of Refl1l] was performed at
room temperaturel =300 K, all the above computations

were done at zero temperature. The thermal Casimir force

F.(z,T) is given by Eq.(9) where integration in continuous

¢ is changed to a summation over the discrete Matsubara

frequenciest,=2wkgTI/h according to

[’

J, o

27ksT
=5

1=0

—
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leading to the Lifshitz formula for the thermal Casimir force.
Here prime refers to the addition of a multiple 1/2 near the
term with |=0. WhenT—0, F.(z,T)—F.(z,0)=F.(2),
whereF.(z) is given by Eq.(9).

The magnitude of the relative thermal correction to the
Casimir force can be computed by the formula

Fe(z,T)—Fc(2) _ ATFC(ZIT)
F(z) Fd2)

Recently, there has been extensive discussion in the litera-
ture on the correct calculation procedure for the thermal Ca-
simir forceF,(z,T) [47]. In Refs.[51,57 the dielectric per-
mittivity of the plasma mode{12) was substituted into the
Lifshitz formula forF.(z,T). This approach, which was later
called “traditional” [15], leads to the thermal corrections
AYF., 8YF.. It is consistent with thermodynamics and
agrees with the limiting case of the ideal metal. In the region
of infrared optics the same results were obtained in the
framework of the impedence approach which does not con-
sider the fluctuating electromagnetic field inside the metal
and takes into account the realistic properties of the metal by
means of the Leontovich boundary conditiev,53. Within
the separation distances of REf1], the traditional thermal
corrections are very small. As an example, at a separation
=100 nm and T=300 K one hasé{F.~0.007%, and
8YF.~0.03%, 0.1% at separations af=200 nm and 300
nm, respectivel({54] (in comparison, in the case of ideal
metals the same corrections, found in the framework of the
thermal quantum field theory, are equal to 0.003%, 0.024%,
and 0.08%, respectively, i.e., the results for real metals ap-

proach the results for ideal ones with the increase of separa-

o1F(z,T)= (23

etion [29,54)). Thus, the traditional thermal corrections are

negligible in the measurement range of experinjéit (the
contribution of the relaxation processes to the magnitude of
these corrections, which can be computed by taking into ac-
ount the small real part of the surface impedance, is much
ess than the corrections

Alternatively, in Refs.[55,56 the dielectric permittivity
of the Drude mode(11) was used to calculaté.(z,T).
this approach there is no continuous transition between the
cases of real and ideal metal. At the high temperature limit
the Casimir force between real metals was found equal to
one-half of the result obtained for the ideal mediadepen-
dent of how high the conductivity of real metal).isThe
thermal corrections, computed in the framework of the alter-
native approact55,56), are quite different from those ob-
tained from the traditional approach. To find the magnitude
of these correctiongb4], one should substitute into E3),

ArF(zT)=AMF (2, T)=AYF (2, T)

kBT

f y dyln[1-r2(0y)e™],
(24

whererf(o,y) is obtained by the substitution of E{.2) into
Eq. (10). After calculations, one obtains values of the alter-
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native relative thermal correction that increases from 13 e

8YF.~1.1% and 1.3% at separations o 62 nm and 70 0U=—[2 (Vi—V)?| ~80.8 mV. (27)
nm, respectively, to &"F.~8% at a separationz V2=

=350 nm.

Another alternative thermal correction suggested in litera Using the atomic force microscopy images discussed in
- on sugg - Sec. lll, the extremal sizes of grains in gold layers covering
ture [57] is also based on the substitution of the Drude di- . ;
X . ; o the test bodies were determined,;;=68 nm, and X\
electric function(11) into the Lifshitz formula forF.(z,T) ~121 nm. This leads tok..~0092 nmrl and K..
but with a modified zero-frequency contribution for the per- ' max =~ min

: : . S ~0.052 nm!. Note that these grain sizes are of the same
endicular modéin Ref.[57] this contribution is postulated . : :
Fo be of the samée value [as %or an ideal mefhe aIIDternative order as the thickness of the film. The computations by Eqg.

: e (26) using the above data lead to the “patch effect” electric
thermal correction of Ref57] is given by[54] forcesF /R~ — 1.15x 10-8 N/m and— 1.25x 10-2° N/m at
— A2 _A(D) separationg=62 nm andz= 100 nm, respectively. Compar-
ArFe(2 =47 Fe(2 T)~A1 Fo(z,T) ing the obtained results with the values of the Casimir force
kTR [ at the same separations /R~ —5.06x 10~ ® N/m, respec-
5 f ydyln(1—e™). (250 tively, —1.48<10 ® N/m), we conclude that the electric
8a® Jo force due to the patch potentials contributes only 0.23% and
) ) ] . 0.008% of the Casimir force at separations 62 nm, re-
As a result, the relative alternative thermal correction of th'%pectively,z: 100 nm[at a separatioa=200 nm the patch
kind takes valuesé(Tz)FC~(2.1.—2.2)% at all separations effect contributes only (% 10~ /)% of the Casimir forck So
from z=62 nm toz=350 nm, i.e., slightly larger than the 3 rapid decrease of the contribution of the electric force with
experimental precision at the shortest separations. an increase of a separation is explained by the exponential
As was shown in Refl58], both alternative thermal cor- decrease of the integral in E(6) if one substitutes the
rections of Refs[55,56 and of Ref.[57] are not consistent physical values of the integration limits based on the prop-
with thermodynamics leading to the violation of Fhe .Nernstemes of gold films used in experiment of REL1].
heat theorem. Recently they were found to be in disagree- A more important contribution of the patch electric forces
ment with the precision measurement of the Casimir forcqnay be expected in the scanning of a sharp tip of the atomic
using a microelectromechanical torsional oscilldtb8,16.  force microscope at a height of about 10-20 nm above a
In Sec. VI we will discuss the influence of the alternative pjate. In this case the electric forces are comparable with the
thermal corrections on the comparison of theory and experiyan der Waals forces complicating the theoretical interpreta-
ment in the Casimir force measurement of Réfl]. tion of force-distance relatior$0].
In the rest of this section we discuss the probable contri- | gt ys finally estimate the theoretical error caused by fi-
bution of the residual electric forces and the finite sizes ohjteness of the plate used in the experiment of Ret].
the plate on the Casimir force. As was noted in RRet], the  Equation(9) was derived for the plate of infinite radius. In
electrostatic force due to the residual potential difference begct. the radius of the plate used in the experiméi is
tween the plate and the sphere has been lowered to negligibje= 5 10-3m. In this case, the Casimir force can be ob-
levels of <1% of the Casimir force at the closest separa-tained by the following formuld61]:
tions. Recently in Refl59] it was argued, however, that the

+

spatial variations of the surface potentials due to the grains ; 28 1 -3

of polycrystalline metal(the so-called “patch potentials” F."(2)=F.(2)B(2)=|1- —=| 1l-———= F.(2).
may mimic the Casimir force. Here we apply the general R® V1+L9R

results of Ref[59] to the experiment of Refl11] and dem- (28)
g?t;slj;%[relsthat the patch effect does not make significant cong, calculate8(z), we putz=350 nm (to make this factor

maximally distinct from unity and obtain

According to Ref[59], for the configuration of a sphere
above a plate the electric force due to random variations in 353
patch potentials is given by B(z)~1-8——~1-2.2x10 17
L

Fo(2)=— , (26) i.e., the finiteness of the plate size is too small to give any

meaningful contributions to the Casimir force.

4meq0’R (kmak?e ¥2dk
K2 K2 f sinhkz

max min Kmin
where o, is the variance of the potential distributioky,,y
(kmin) are the magnitudes of the extremal wave vectors cor-
responding to minima{maxima) sizes of grains, and is

the dielectric permittivity of free space. The work functions Now we are in a position to list all the sources of errors in
of gold areV;=5.47 eV, V,=5.37 eV, andV;=5.31 eV the theoretical computation of the Casimir forgg, given
for different crystallographic surface orientatior{¢00), by Eq.(18), to find the final theoretical accuracy and to con-
(110, and(112), respectively. Assuming equal areas of thesesider the comparison of theory and experiment.
crystallographic planes one obtains The main error, which arises from Ed9) and(18) when

VI. THEORETICAL ACCURACY AND COMPARISON
OF THEORY AND EXPERIMENT
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one substitutes the experimental data, is due to the errors mall error of about®F_ . ~0.06% (Sec. Il). The correc-
determination of separationand sphere radiuB. In terms  tions due to the surface roughness are already incorporated in
of dimensionless variable§, ;(z) is proportional toR and  the theoretical expressida8) but the diffraction-type effects
inversely proportional ta® which results in may contribute up tﬁ(“)FC,,%O.OZ% (Sec. IV). The effect
of electric forces due to the patch potentials contribute a
AF., AR Az maximum 8)F,~0.23% at the shortest separations, as
- =R T3 (29 h in Sec. V. The corrections due to the surface
F., R z was shown in Sec
’ plasmons and finite size of the plate are negligible for the

In Ref. [11] the absolute separations were determined byseparation distances and experimental configuration used in
means of the electric measurements which allowed the deteRef.[11] (see Secs. llland V' _
mination of the average separation distance on corggct Special attention should be paid to the thermal corrections
with the absolute erra&®'z,~1 nm. Contrary to the opinion {0 the Casimir force. According to the results of Sec. V, the
expressed in Refl62], this error, however, should not be contribution of the traditional thermal correction at the short-

transferred to all separations leading to rather large contribuSt separation is negligible. At larger separations it may be
tion into SF,, of about 3\°'z,/z~4.8% at the shortest incorporated into the theoretical expression for the force. As

separations. Note that we are comparing not one experime#@ the alternative thermal corrections of Ref§5-57,
tal point with one theoretical value, but the experimentaIWh'Ch contribute of about 1-2 % of the Casimir force at the
force-distance relation with the theoretical one computed ofeparatiorz=62 nm, they have been already ruled out both
the basis of a fundamental theory. Thus, an additional figxPerimentally and theoreticallsee Sec. Y. If we would
should be made, witlz, as a fitting parameter changing include any of these corrections into the theoretical expres-
within the limits (zo—A®'zy,zo+A®'z;) to achieve the sion for the Casimir force, this results in the increase of the

SYF,,

ment and theory l:_)e_compensate?j by shi_fts of the separation distance in the
limit of error A®'z,. In view of the above, we exclude the
1M B 1/2 contributions from these hypothetical corrections from our
ow=\11 2’1 [Fer(z)—FP(z)]} (30)  error analysis.

The upper limit for the total theoretical error at a separa-
- tion z=62 nm can be found by the summation of the above
whereF®*P{z) was defined in Eq(1), F.,(z;) were com-  contributions
puted by Eq.(18), and M is the number of experimental
points under consideration. If, as usual, we consider two hy- - 0 0
potheses as equivalent when they lead to the rms deviations 5Fc,r_i=21 6VF ¢, ~1.69%, (31
differing for less than 10%, this results in decrease of the

error in determination of absolute separations UpA®  which is a bit more accurate than the total experimental rela-

~0.15 nm. tive error at the shortest separation equal to 1.75% at 95%
It is important to underline that the verification of the confidence(see Sec. )l

hypothesis is performed within different separation intervals  Note that with the increase of separation the experimental

(ie., the total numbeM=N=2583 experimental points relative error quickly increases to 37.3% at a separation

within the whole separation range from 62 to 350 v, =200 nm. At the same time, the theoretical error is slowly

=1270 points belonging to the interval 62—210 nm, &hd  decreasing with increasing separation. Thusz=a200 nm

=600 points at separations less than the plasma wavelengthe above contributions to the theoretical error of the Casimir
Ap=136 nm). The above value fdrz is almost one and the force computations take value$V)F.,~0.38%), 5?)F,

same in all the separation intervals. The obtained values 0£0.59%, §®F_ ~0.21%, &%F,,~0.026%, 5©F,

the rms deviations between theory and experimentsie ~0.000%. As a result, the total theoretical error at
~3.4 pN, 0157¢7~3.2 pN, andogy=3.8 pN. These values =200 nm iS6F ¢, ~1.1%.

are rather homogeneous demonstrating good agreement be-The obtained results demonstrate very good agreement
tween theory and experiment independently of the choseBetween theory and experiment within the limits of both ex-

separation region. _ perimental and theoretical errors.
The radius of the sphere was measured more precisely

than in Ref.[11] with a result R=191.3+0.3 um. Using
this together withAz=0.15 nm, one obtains from ER9) at
the shortest separatiorﬁl)Fc',~0.88%. In this paper we have performed a detailed comparison of
Now let us list the other contributions to the theoretical experiment and theory in the Casimir force measurement be-
error of the Casimir force computations at the shortest sepdween the gold coated plate and sphere by means of an
ration z=62 nm and indicate their magnitude. According to atomic force microscopgll]. The random error of the ex-
the results of Sec. Ill, the sample to sample variations of thgerimental values of the Casimir force was found to be
optical tabulated data may lead to the decrease of the Ca'"2"IFe*P~5.8 pN at 95% confidencéat 60% confidence
simir force magnitude for no more thai®)F. ,~0.5%. The  the valueA"™"9FeXP<2 4 pN was obtained Together with
use of the proximity force theorem z&62 nm leads to very the systematic errakSYSF®XP~2.7 pN, this leads to the to-

5

VIl. CONCLUSIONS AND DISCUSSION
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tal absolute error of the Casimir force measurements in Rekst separation, and this contribution quickly decreases with
[11] AF®*P'=8.5 pN at 95% confidence. In terms of the an increase of separation. Several other effestish as ther-
relative errors, the experimental precision at the shortest ranal corrections, corrections due to the finiteness of the plate,
ported separation is equal to 1.78%8%) at 95%(60%) con-  and due to the deviation from the proximity force theoyem
fidence level. were investigated and found to make only negligible contri-
In order to find the theoretical accuracy of the Casimirbutions.
force calculations in the experimental configuration of Ref. The final theoretical accuracy of the Casimir force calcu-
[11], many corrections to the ideal Casimir force were anaidations in the experimental configuration of Ré¢fll] is
lyzed. The correction due to the finite conductivity of gold 1.69% at the shortest separatiar-62 nm and 1.1% at a
was computed by the use of the optical tabulated data of theeparatiorz=200 nm. In the limits of both experimental and
complex refractive index. The results were compared withtheoretical errors, very good agreement between theory and
those computed by the use of the plasma dielectric functioexperiment was demonstrated characterized by the rms de-
and found to coincide for the surface separation range 200wiation of about 3.5 pNless than 1% of the measured force
350 nm. At shorter separations the use of the optical tabuat a shortest separatipwhich is almost independent of the
lated data more accurately represents the dielectric propeseparation region and the number of the experimental points.
ties. A special model was presented, which allows one tdhe above analysis does not support the conclusion of Ref.
take into account the sample to sample variations of the og-62] that to achieve a 1% precision in Casimir effect experi-
tical tabulated data due to the sizes of grains and impuritiesnents it is necessary to measure the separation on cagtact
It was shown that the error introduced by the grains of 45 nnwith atomic precision.
size (even smaller than those in the experiment of REL)) The obtained results demonstrate that in fact the Casimir
does not exceed 0.5% of the Casimir force. The influence oforce is more stable, than one might expect, to some delicate
the surface plasmon in the separation region of the experproperties of the metallized test bodies such as the variations
ment[11] was found to be negligible. of the optical data, patch potentials, correlation effects of
The surface roughness of the test bodies, used to measu@ughness, etc. These properties may change from sample to
the Casimir force, was carefully investigated by means of theample leaving the basic character, and even the values of the
atomic force microscope with a sharp tipped cantilever in-Casimir force within some definite separation region, almost
stead of a large sphere. The obtained profiles of roughnessichanged. The stability of the Casimir force opens new
topography allowed calculation of the roughness correctionspportunities to use the Casimir effect as a test for long-
to the Casimir force in the framework of both multiplicative range hypothetical interactions and for the diagnostic pur-
and nonmultiplicative approaches. The minor differences irposes. For example, some kind of the inverse problem could
the size of the effect are found only at the shortest separatiome utilized, i.e., the measured force-distance relations be ex-
The correlation length of the surface roughness on the tegtloited to determine the fundamental characteristics of solids
bodies was estimated and the diffraction-type effects werésuch as the plasma frequency
computed. At the shortest separation the roughness correc-
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diffraction-type effectgand 0.22% with no account of dif-
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