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Theory confronts experiment in the Casimir force measurements:
Quantification of errors and precision

F. Chen,1 G. L. Klimchitskaya,2,* U. Mohideen,1,† and V. M. Mostepanenko2,‡

1Department of Physics, University of California, Riverside, California 92521, USA
2Departamento de Fı´sica, Universidade Federal da Paraı´ba, C.P. 5008, CEP 58059–970, João Pessoa, Brazil

~Received 30 October 2003; published 26 February 2004!

We compare theory and experiment in the Casimir force measurement between gold surfaces performed with
the atomic force microscope. Both random and systematic experimental errors are found leading to a total
absolute error equal to 8.5 pN at 95% confidence. In terms of the relative errors, experimental precision of
1.75% is obtained at the shortest separation of 62 nm at 95% confidence level~at 60% confidence the
experimental precision of 1% is confirmed at the shortest separation!. An independent determination of the
accuracies of the theoretical calculations of the Casimir force and its application to the experimental configu-
ration is carefully made. Special attention is paid to the sample-dependent variations of the optical tabulated
data due to the presence of grains, contribution of surface plasmons, and errors introduced by the use of the
proximity force theorem. Nonmultiplicative and diffraction-type contributions to the surface roughness correc-
tions are examined. The electric forces due to patch potentials resulting from the polycrystalline nature of the
gold films are estimated. The finite size and thermal effects are found to be negligible. The theoretical accuracy
of about 1.69% and 1.1% are found at a separation 62 nm and 200 nm, respectively. Within the limits of
experimental and theoretical errors very good agreement between experiment and theory is confirmed charac-
terized by the root-mean-square deviation of about 3.5 pN within all measurement range. The conclusion is
made that the Casimir force is stable relative to variations of the sample-dependent optical and electric
properties, which opens new opportunities to use the Casimir effect for diagnostic purposes.
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I. INTRODUCTION

In the last few years the Casimir effect@1#, which is a rare
macroscopic manifestation of the boundary dependenc
the quantum vacuum, has attracted much experimental
theoretical attention~see monographs@2–4# and reviews
@5,6#!. The spectrum of the electromagnetic zero-point os
lations depends on the presence of material bodies. In
ticular, the tangential component of the electric field vanis
on the surfaces of two parallel plates made of ideal meta~it
is small if real metals are used!. This leads to changes in th
zero-point oscillation spectrum compared to the case of
unbounded space and results in the attractive Casimir f
acting normal to the surfaces of the plates.

The Casimir effect finds many applications in quantu
field theory, condensed matter physics, elementary-par
physics, and gravitation and cosmology@2–6#. Recently
many measurements of the Casimir force have been
formed @7–16#. Their results have already been applied
nanotechnology for the actuation of the novel microelect
mechanical devices, based entirely on the modification of
properties of quantum vacuum@17#, and for constraining pre
dictions of extra-dimensional physics with low compactific
tion scales@14,16,18–22#.

*On leave from North-West Technical University, St. Petersbu
Russia.

†Email: umar.mohideen@ucr.edu
‡On leave from Noncommercial Partnership ‘‘Scientific Instr

ments,’’ Moscow, Russia.
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Most theoretical papers on the Casimir effect deal w
idealized boundary conditions and perfectly shaped test b
ies. Over the past four decades only a few have conside
the corrections to the Casimir force such as due to the fi
conductivity of the boundary metal@23–25#, distortions of
the surface shape@26,27# and nonzero temperature@28,29#.
Comparison of the theory with the results of modern Casi
force measurements demands careful treatment of all th
corrections. Both the individual corrections and their co
bined effect have to be evaluated~see Ref.@6# for review!.

The quantification of errors and precision in the measu
ments and theoretical computations of the Casimir force
crucial for using the Casimir effect as a new test for ext
dimensional physics and other extensions to the Stand
Model. Nevertheless, there is no general agreement on
achieved levels of experimental precision and the exten
agreement between theory and experiment. In the literatu
variety of measures to characterize the experimental pr
sion is used and the extent of agreement between mea
ments and theory ranges from 1%@8,10,11,16# to 15% @13#
depending on the measurement scheme and configura
Very often, the confidence levels and numerous backgro
effects which may contribute to the theoretical results are
considered.

In the present paper we perform a reanalysis of the
perimental data on the Casimir force measurements betw
Au surfaces@11# and make a comparison with theory. I
doing so we carefully calculate the original experimen
precision without relation to the theory, including the rando
absolute error at a 95% confidence level, and the abso
systematic error. The total absolute error of these Cas
force measurements in the experiment of Ref.@11# is found

,
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to be equal toD tot'8.5 pN at 95% confidence. This corre
sponds to approximately 1.75% precision at the closest s
ration a'62 nm ~the 1% precision at the closest separat
indicated in Ref.@11# is obtained at 60% confidence!. As a
second step, the accuracy of the theoretical computation
the Casimir force for the experimental configuration@11# is
determined. Special attention is paid to the possible sam
dependent variations of the optical tabulated data due to
presence of grains, contribution of the surface plasmons,
errors introduced by the use of the proximity force theore
The influence of the surface roughness is carefully inve
gated including the nonmultiplicative contributions and
cently discussed diffraction-type effects@30,31#. The contri-
bution of electric forces due to patch potentials result
from the polycrystalline nature of the Au film is calculate
for the experimental configuration@11# at different separa-
tions. The finite size and thermal effects are also conside
and found negligible in the experimental configuration
Ref. @11#. The conclusion reached is that at the present s
of our knowledge the accuracies of theoretical computati
in application to the experimental configuration of Ref.@11#
are achievable on the level of 1.69% at a separatioz
562 nm and 1.1% at a separationz5200 nm.

The paper is organized as follows. In Sec. II the expe
mental precision of the Casimir force measurements at
ferent confidence levels is determined. Section III is devo
to the computations of the Casimir force with account
finite conductivity and grain structure of the metal laye
The role of roughness including the nonmultiplicative a
diffraction-type effects is studied in Sec. IV. In Sec. V bo
traditional and alternative thermal corrections are discus
Also the possible role of the electric forces due to the pa
potentials and finite size effects are estimated. Section
contains the final numbers on theoretical accuracy and
comparison of theory with experiment in the Casimir for
measurement between two gold surfaces by means o
atomic force microscope@11#. In Sec. VII the final conclu-
sions and some discussion are provided.

II. EXPERIMENTAL PRECISION IN THE CASIMIR
FORCE MEASUREMENTS BETWEEN TWO

GOLD SURFACES

In Ref. @11# precision measurements of the Casimir for
between gold coated bodies, a plane plate and a sphere,
performed using an atomic force microscope. The Casi
force was measured by averaging 30 scans over a su
separation region between 62–350 nm with 2583 points e
~see Ref.@11# for all the details of the measurement proc
dure!. In the analysis below we neglect data from three sc
due to excessive noise and use the data from the restn527
scans to find the quantitative characteristics of the exp
mental precision in the Casimir force measurements at
ferent confidence levels.

We start with the random error and calculate the me
values of the measured force at different separationszi
within the region from 62 to 350 nm
02211
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F̄expt~zi !5
1

n (
k51

n

Fk
expt~zi !. ~1!

An estimate for the variance of this mean is determin
by @32#

sF̄
2
~zi !5

1

n~n21! (
k51

n

@Fk
expt~zi !2F̄expt~zi !#

2. ~2!

Calculations using the measurement data$Fk
expt(zi)% show

thatsF̄(zi) do not depend sensitively onzi . The largest value
sF̄52.8 pN is taken below as an estimate for the variance
the mean force within the whole measurement range.

According to Student’s test for the truth of a hypothe
@32#, if the inequality

uF̄expt~z!2F~z!u

sF̄

.ta8[t12(1/2)a ~3!

is fulfilled, the hypothesis thatF(z) is the true value of the
Casimir force at a separationz must be rejected at a give
confidence levela ~this is a two-tailed test as the deviation
F(z) from F̄expt(z) in two directions are possible!. Equiva-
lently, if the inequality

uF̄expt~z!2F~z!u

sF̄

<t12(1/2)a ~4!

is fulfilled, the hypothesis thatF(z) is the true value of the
Casimir force should be accepted at a confidence leveb
512a.

Usually in the tables for Student’st distribution~see, e.g.,
Refs. @32,33#! the values oftp[tp( f ) are presented, wher
p512a/25(11b)/2, f 5n21 is the number of degrees o
freedom, andn is the number of measurements (n527 in our
case!. Choosingb50.95 ~hypothesis is true at 95% confi
dence! we obtain p50.975 and find from tablestp( f )
52.056@33#. Then from Eq.~4! it follows

uF̄expt~z!2F~z!u<D randFexpt[sF̄tp~ f !'5.8 pN, ~5!

whereD randFexpt is the random absolute error of the Casim
force measurements. If we considerb50.6 ~hypothesis is
true at 60% confidence!, then p50.8 andtp( f )50.856. In
this case the random absolute error of the Casimir force m
surements isD randFexpt52.830.856 pN'2.4 pN. Note that
if one would like to havetp( f )51 or tp( f )52 ~i.e. devia-
tions of the true force value on either side of the mean
greater than one or twosF̄), the confidence levels ofb
50.66 or b50.94, respectively, should be chosen for t
number of measurementsn527.

Now let us consider the systematic errors. The main c
tributions to the systematic error in the experiment of R
@11# are given by the error in force calibrationD1

systFexpt

'1.7 pN, by the noise when the calibration voltage is a
plied to the cantileverD2

systFexpt'0.55 pN, by the instru-
mental sensitivityD3

systFexpt'0.31 pN, and by the restric
7-2
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THEORY CONFRONTS EXPERIMENT IN THE CASIMIR . . . PHYSICAL REVIEW A 69, 022117 ~2004!
tions on computer resolution of dataD4
systFexpt'0.12 pN.

The maximal value of the systematic error is given by

DsystFexpt5(
i 51

4

D i
systFexpt'2.7 pN. ~6!

Finally, the maximum total absolute error of the Casim
force measurements in the experiment of Ref.@11# is equal to

DFexpt5D randFexpt1DsystFexpt'8.5 pN ~7!

at 95% confidence~to be conservative, the errors are add
linearly rather than quadratically!. At 60% confidence the
total absolute error of the Casimir force measurement
DFexpt'5.1 pN. These absolute errors with their confiden
levels are valid within the whole measurement range from
to 350 nm. From Eq.~5! it follows that the true value of the
Casimir force belongs to the confidence interval

F̄expt~z!2DFexpt<F~z!<F̄expt~z!1DFexpt ~8!

with a chosen confidence probability.
Another important characteristic of the experimental p

cision is the relative error of the Casimir force measureme
dFexpt(z)5DFexpt/F̄expt(z) which is evidently separation
dependent. At the shortest separationz562 nm the value of
the mean force isF̄expt5485.8 pN which leads to a relativ
error of dFexpt(z)'1.75% computed at 95% confidence.
we restrict ourselves with a 60% confidence, the relative
ror of the Casimir force measurements at the shortest s
ration dFexpt(z)55.1/485.8'1% is obtained as was indi
cated in Ref. @11# without the detailed analysis of th
confidence levels. If we choose 95% confidence, the rela
errors of the Casimir force measurements at separation
nm, 100 nm, and 200 nm are 2.46%, 5.9%, and 37.3%,
spectively. At 60% confidence the relative errors of the C
simir force measurements at the same separations are 1.
3.5%, and 22.4%, respectively.

III. CALCULATION OF THE CASIMIR FORCE
INCLUDING THE FINITE CONDUCTIVITY

AND GRAIN STRUCTURE OF GOLD LAYERS

For the configuration of a large sphere of a radiusR above
a plate the Casimir force can be obtained by means of
Lifshitz formula, derived originally for two parallel plate
@34#, along with use of the proximity force theorem@35#

Fc~z!5
\R

2pE0

`

k' dk'E
0

`

dj$ ln@12r i
2~j,k'!e22zq#

1 ln@12r'
2 ~j,k'!e22zq#%. ~9!

Here the reflection coefficients for two independent polari
tions are given by

r i
2~j,k'!5F«~ i j!q2k

«~ i j!q1kG2

, r'
2 ~j,k'!5S q2k

q1kD 2

,
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q2[k'
2 1

j2

c2
, k2[k'

2 1«~ i j!
j2

c2
, ~10!

where«(v) is the dielectric permittivity of the gold layer
on the sphere and the plate, andz is the closest separatio
distance between them. The thickness of gold coatings, u
in Ref. @11# ~86.6 nm!, is much greater than the skin depth
the electromagnetic oscillations for all frequencies wh
make a significant contribution to the computation of t
Casimir force. This allows one to use the properties of
bulk gold in all computations of the Casimir force.

The accuracy of Eq.~9! is restricted by the accuracy o
the proximity force theorem, which is, however, very hig
for the experimental parameters of Ref.@11#. The error, in-
troduced by the proximity force theorem, is less thanz/R
@36,37#. Taking into account the large value of sphere rad
R595.65mm, used in Ref.@11#, the upper limit of this error
is 0.06% at the shortest separationz562 nm and 0.2% at
separationz5200 nm ~note that in Ref.@36# the Casimir
force for the configuration of a sphere above a plate w
precisely computed on the basis of the first physical pr
ciples which makes it quite reliable as a test of the proxim
force theorem!.

In Refs. @38,39# the computations of the Casimir forc
were performed using Eqs.~9! and ~10!, and optical tabu-
lated data for gold@40# ~note that the transition coefficien
from energies to frequencies is given by 1 eV51.52
31015 rad/s). The imaginary part of the dielectric permitti
ity, obtained using the complex refractive index from t
tables@40#, was used to compute the dielectric permittivi
along the imaginary frequency axis by means of the disp
sion relation. Atv,1.931014 rad/s, where the tabulate
data are not immediately avaliable, they were usually
tained ~see, e.g., Refs.@38,39#! by the extension from the
region of higher frequencies by means of the Drude diel
tric function

«~v!512
vp

2

v~v1 ig!
, ~11!

where the plasma frequency for Au isvp51.37
31016 rad/s, andg55.3231013 rad/s is the relaxation pa
rameter describing the nonelastic electron-phonon interac
~note that in the frequency region under considerationg
!v). This procedure was used to calculate the Casimir fo
including the effect of finite conductivity corrections of go
~see a few examples of the calculations in Sec. IV, Table
and comparison between experiment and theory in Sec.!.
Later in this section we discuss the influence of possi
sample to sample variations of the optical tabulated data
the values of the Casimir force and the applicability regi
of Eqs.~9! and ~10! involving the dielectric permittivity de-
pending only on frequency.

First, we would like to note that in the separation regi
200 nm,z,350 nm the computational results obtained
Eq. ~9! combined with the optical tabulated data, are alm
exactly those obtained by the substitution into Eq.~9! of the
plasma dielectric function for the metal
7-3
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CHEN et al. PHYSICAL REVIEW A 69, 022117 ~2004!
«~v!512
vp

2

v2
. ~12!

In fact, both computations lead to results differing by le
than 0.5% within the mentioned separation region. What
means is that the real part of« depending on onlyvp deter-
mines the total value of the Casimir force in this region. T
value ofvp52ApNe/Am* , whereN is the density of con-
duction electrons,m* is their effective mass, is determine
by the properties of the elementary cell. It cannot be infl
enced by properties of sample such as the crystallite g
size or the presence of a small concentration of impurit
This is the reason why the sample to sample variations of
optical tabulated data cannot influence the value of the
simir force ~9! at separationsz>200 nm.

In the separation region 62 nm,z,200 nm there are sig
nificant deviations depending on whether the Casimir fo
~9! is calculated using the optical tabulated data or by us
the plasma dielectric function~12!. In fact, in this separation
region the small imaginary part of« is influential and should
be taken into account. There is enough tabulated data in
optical Tables to compute the Casimir force, so that it is
necessary to use any extension of data. Note that the ch
teristic frequency corresponding to the largest separatioz
5200 nm is vc5c/(2z)57.531014 rad/s ~i.e., tabulated
data for frequencies several times smaller are available!. At
the same time, the characteristic frequency correspondin
the shortest separation isvc52.4231015 rad/s!vp , so that
the region under consideration belongs to that of infra
optics @41#. Within the region 62–200 nm one may expe
some small dependence of the optical tabulated data on
size of the grain, presence of impurities, etc. If this is inde
the case, the use of the tabulated data, which are not rele
to the particular samples used in experiment, might lead
the errors in computation of the Casimir force~9!.

To investigate this possibility, we consider the pure ima
nary part of the dielectric permittivity in the region of th
infrared optics given by@42#

Im «5
vp

2n

v3
, ~13!

wheren is the relaxation parameter at high frequencies in
region of infrared optics~note that it does not coincide wit
the relaxation parameterg of the Drude model~11! which
describes the volume relaxation in the region of the norm
skin effect!. The value ofn is determined by the processes
elastic scattering of the electrons on impurities, on
boundary surfaces of the metal and of the individual gra
and on other electrons@42,43#. The scattering of electrons o
phonons also contributes to the value ofn. However, the
frequency of the electromagnetic field is so high that\v
@kBTD , where TD is the Debye temperature, so the fr
quency of the electron-phonon collisions is the same as
at T5TD @42#. It is important to note that of all the abov
processes, only the contribution of the electron-electron
lisions ton is frequency dependent~and increases asv2).
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The main sample to sample dependence of the param
n is determined by the sizes of grains and the density
impurities. To calculate this dependence we use the follo
ing formula for the relaxation parameter in the region
infrared optics@42,44#

n5vpS c11c2

v2

vp
2D . ~14!

This formula leads to an approximate representation of
dielectric permittivity of Au along the imaginary frequenc
axis given by

«~ i j!511
vp

2

j2
2

vp
3

j3 S c12c2

j2

vp
2D , ~15!

where c150.0039 andc251.5. It is easily seen, that th
substitution of Eq.~15! into Eq. ~9! leads approximately to
the same result as the use of the optical tabulated data.
errors due to use of Eq.~15! in Eq. ~9! instead of the optical
tabulated data at separations 62 nm, 70 nm, 100 nm, and
nm, are 0.45%, 0.23%, 0.09%, and 0.04%, respectively.

Equation~15! gives the possibility to estimate the influ
ence of the sizes of grains in the polycrystalline metal film
the experiment of Ref.@11# on the value of the Casimir force
~9!. For this purpose, the experimental data of Ref.@45# are
used where the reflectanceR of Au films is measured as a
function of the characteristic sizes of the grains.

The analysis of the atomic force microscopy images~as
the one in Fig. 1 but on 131 mm2 area! shows that the mean
size of grains in Ref.@11# is about 90 nm~the sizes of the
typical grains are 77 nm, 103 nm, 94 nm, 68 nm, 88 nm, 1
nm, etc.!. According to Ref.@45#, the largest deviations o
the reflectance from the one given by the tabulated data@40#,
takes place at shorter wavelengths. The shortest separati
z562 nm in the experiment@11# corresponds to the charac
teristic wavelengthlc52pc/vc54pz'780 nm. For the
films containing grains of 45 nm size~the largest ones stud

FIG. 1. 15315 mm2 atomic force microscope image of the A
coating on the plate. The topography of the coating on the sphe
similar.
7-4
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THEORY CONFRONTS EXPERIMENT IN THE CASIMIR . . . PHYSICAL REVIEW A 69, 022117 ~2004!
ied in Ref.@45#! the reflectance atl;750–800 nm is 0.8%
less than the one calculated from the tabulated data~note that
for smaller grains the difference of the reflectance obtai
from the tabulated data is greater!. Taking into account tha
the reflectance in the region of the infrared optics is given
@46#

R5124 Re
1

A«
5

n

vp
, ~16!

we find that the new value for the coefficientc1 in Eqs.~14!

and ~15! due to grains of 45 nm size isc̃150.0059. Substi-
tuting the approximate Eq.~15! ~with c̃1 instead ofc1) into
Eq. ~9!, one finds the values of the correction factor to t
Casimir forceh̃c

A50.439 atz562 nm andh̃c
A50.465 atz

570 nm. Comparing this with the results of the same
proximate computations usingc1 (hc

A50.441, respectively,
hc

A50.467), one can conclude that the grains of 45 nm s
lead to less than 0.5% decrease of the Casimir force ma
tude. Note that this is in fact the upper bound for the infl
ence of crystallite grain size on the Casimir force in t
experiment of Ref.@11#, as the actual sizes of grains in Re
@11# were two times greater than 45 nm.

The above calculations of the Casimir force including t
effect of the real properties of Au films were performed
the basis of the Lifshitz formula~9!, which does not take into
account the effects of spatial nonlocality~wave vector depen
dence of the dielectric permittivity!. These effects may influ
ence the Casimir force value in the region of the anomal
skin effect which is important for large separationsz
.2.36mm @47#, a region not relevant to the experiment
Ref. @11#. Another separation region, where nonlocality m
lead to important contributions to the van der Waals force
z,lp /(4p)'10.9 nm (lp is the plasma wavelength! which
corresponds tovc.vp @48#. Such high characteristic fre
quencies lead to the propagation of surface plasmons.
effect of the surface plasmons, however, does not contrib
in the experiment of Ref.@11# as the largest characterist
frequency there, calculated atz562 nm, is 5.7 times less
thanvp @note that the frequency region (5vc,10vc) contrib-
utes only 0.19% of the Casimir force value at separatioz
562 nm]. The contribution of the surface plasmon for Au
about 2% at a separationz5lp5137 nm, obtained recently
in Ref. @49#, can be explained by the use in Ref.@49# of the
spatially nonlocal dielectric permittivity in the frequency r
gion of infrared optics where it is, in fact, local@41,42,46#
@we would like to point out that at the separationz5lp the
characteristic frequency of the Casimir effect is equal no
vp , as one might expect, butvp /(4p)]. As a result, the
surface plasmons do not give any contribution to the Cas
force in the experimental configuration of Ref.@11#.

IV. SURFACE ROUGHNESS CORRECTION TO THE
CASIMIR FORCE AND ITS CALCULATION USING

DIFFERENT APPROACHES

It is well known that surface roughness corrections m
play an important role in Casimir force calculations at se
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rations less than 1mm @6#. At the shortest separations, th
roughness correction contributes 20% of the measured f
in experiments of Refs.@8,15,16#. In the experiment of Ref.
@11#, however, the roughness amplitude was decreased
the roughness contribution was made less than 1% of
measured force even at shortest separations. To obtain
conclusion the simple stochastic model for the surfa
roughness and the multiplicative approach to take into
count different corrections were used. Here we obtain m
exact results for the contribution of surface roughness to
Casimir force taking into account both nonmultiplicative a
correlation effects.

The topography of the Au coatings on the plate and sph
was investigated using an atomic force microscope. A typ
three-dimensional image resulting from the surface scan
15315 mm2 area is shown in Fig. 1. As seen in this figur
the roughness is mostly represented by the stochastically
tributed distortions with the typical heights of about 2–4 n
and rare pointlike peaks with the heights up to 16 nm.
Table I the fractionsv i of the surface area, shown in Fig. 1
with heightshi are presented (i 51,2, . . .,17). These data
allow one to determine the zero roughness levelH0 relative
to which the mean value of the function, describing roug
ness, is zero~note that separations between different bod
in the Casimir force measurements are usually measured
tween the zero roughness levels@6#!:

(
i 51

17

~H02hi !v i50. ~17!

Solving Eq.~17!, one obtainsH0'2.734 nm. If the rough-
ness is described by the regular~nonstochastic! functions
A f(x,y), whereu f (x,y)u<1, for the roughness amplitude
follows A5hi

max2H0513.266 nm.

TABLE I. Fractionsv i of the surface area covered by roughne
with heightshi .

i hi ~nm! v i

1 0 1.0631023

2 1 5.08631022

3 2 0.33511
4 3 0.45863
5 4 0.13695
6 5 1.58631022

7 6 1.2431023

8 7 1.631024

9 8 431025

10 9 231025

11 10 131025

12 11 131025

13 12 131025

14 13 131025

15 14 131025

16 15 1.231025

17 16 831026
7-5
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In the framework of the additive approach the values
the Casimir force including the effect of finite conductivi
Fc(z), obtained in Sec. III, Eq.~9!, can be used to calculat
the effect of roughness. For this purpose, the values ofFc
should be geometrically averaged over all different poss
separations between the rough surfaces weighted with
probability of each separation@6,8,16#

Fc,r~z!5 (
i , j 51

17

v iv jFc~z12H02hi2hj !. ~18!

Note that Eq.~18! is not reduced to a simple multiplicatio
of the correction factors due to finite conductivity and s
face roughness but takes into account their combined~non-
multiplicative! effect.

An alternative method of calculating the corrections d
to the stochastic surface roughness was used in Ref.@11#.
According to the results of Ref.@50#, the Casimir force be-
tween a plate and a sphere made of ideal metal and cov
by a stochastic roughness with an amplitudeAst is given by

Fr~z!5F0~z!F116S Ast

z D 2

145S Ast

z D 4G , ~19!

where F0(z)52p3\cR/(360z3) is the Casimir force be-
tween perfectly shaped plate and sphere of radiusR. Then
the Casimir force including both the finite conductivity of th
boundary metal and surface roughness can be calculate

Fc,r
m ~z!5Fc~z!F116S Ast

z D 2

145S Ast

z D 4G , ~20!

i.e., by means of the multiplicative procedure.
The variance of the random process describing the

chastic roughness is found by the formula

dst
2 5(

i 51

17

~H02hi !
2v i . ~21!

Using data from Table I, one obtains the values for varia
dst'0.837 nm and for the amplitude of a random proce
Ast5A2dst'1.18 nm. This value is slightly larger than th
one obtained in Ref.@11# on the basis of less complete da
on roughness topography.

Now we are in a position to compare the contribution
the surface roughness computed by Eq.~18!, taking into ac-
count the combined effect of the roughness and finite c
ductivity, and by the multiplicative procedure of Eq.~20!. In
Table II the results for the correction factorshc5Fc /F0 ,
h r5Fr /F0 , hc,r5Fc,r /F0, andhc,r

m 5hch r are presented a
the shortest separationsz562 nm, 70 nm, 80 nm, and 9
nm, where the roughness corrections play some role. A
seen from Table II, both approaches lead to practically co
cident results for the roughness correction factors due to
combined effect of finite conductivity and surface roughne
This means that for such small roughness as in Ref.@11# the
multiplicative procedure is quite satisfactory~for larger
roughness amplitudes, however, the nonmultiplicative con
butions may be essential@8,16#!. Note also that forAst
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'1.18 nm the fourth order term in Eq.~20! practically does
not contribute even at shortest separations and can be
glected as was done in Ref.@11#.

Both Eqs. ~18! and ~20! used above are based on th
approximation of additive summation and do not take in
account the diffraction-type effects which arise in the case
roughness described by the periodic functions with small
riods l,z @30# or by the stochastic functions with sma
correlation length@31#. To estimate the value of the correla
tion length in our case, we consider the set of cross sect
of the roughness image shown in Fig. 1.

In Fig. 2 two typical cross sections are presented, one
fixed x ~a! and the other one at fixedy ~b!. We have per-
formed the Fourier analysis of the functions, as in Figs. 2~a!
and 2~b!, along the lines of Ref.@27#. It was found that the
Fourier harmonics, giving the major contribution to the r
sult, are characterized by significantly greater periods t
the mean distance between the neighboring peaks in F
2~a! and 2~b! which is equal, approximately, to 180 nm.

To obtain an estimate for the upper limit of the contrib
tion of the diffraction-type effects in the above roughne
analysis, we use the correlation lengthl corr5200 nm
~slightly larger than the mean distance between peaks! and
consider the periodic function with this period~clearly, the
diffraction-type effects are greater for a periodic functi
with a periodl corr than for the random function with a cor
relation lengthl corr). With this the diffraction-type effects
can be computed in the framework of the functional a
proach developed in Ref.@30#. At a shortest separationz
562 nm one obtainsz/ l corr'0.31. Then for the coefficien
ccorr in the expression

h r
corr5116ccorrS Ast

z D 2

, ~22!

taking the diffraction-type effects into account, from Fig.
of Ref. @30# it follows ccorr'1.1. As a result, using the uppe
limit for the contribution of the diffraction effects one ob
tains h r

corr'1.0024, i.e., only 0.02% difference with th
value ofh r in Table II obtained by neglecting the diffractio
effects. At larger separations the diffraction effects lead
larger contribution to the roughness corrections. For
ample, at a separationz590 nm we havez/ l corr'0.45,
ccorr'1.28, andh r

corr'1.0013, i.e., 0.03% difference with

TABLE II. Corrections factors to the ideal Casimir force at di
ferent separations due to finite conductivityhc , surface roughness
h r , and both finite conductivity and surface roughness (hc,r and
hc,r

m in the method of the geometrical averaging and in the mu
plicative approach, respectively!.

z562 nm z570 nm z580 nm z590 nm

hc 0.4430 0.4681 0.4964 0.5218
h r 1.0022 1.0017 1.0013 1.0010
hc,r 0.4436 0.4687 0.4669 0.5223
hc,r

m 0.4440 0.4689 0.4670 0.5223
7-6
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the result of Table II. At larger separations, however,
roughness correction itself is even more negligible than
the shortest separations.

To conclude, the surface roughness contribution in
experiment of Ref.@11# does not exceed 0.24% of the C
simir force at the shortest separationz562 nm. The
diffraction-type effects, which were not taken into account
Eqs. ~18! and ~20!, are shown to contribute less than o
tenth of this result.

V. CONTRIBUTIONS OF THE THERMAL CORRECTIONS,
RESIDUAL ELECTRIC FORCES, AND FINITE SIZES

OF THE PLATE

Although the experiment of Ref.@11# was performed at
room temperatureT5300 K, all the above computation
were done at zero temperature. The thermal Casimir fo
Fc(z,T) is given by Eq.~9! where integration in continuou
j is changed to a summation over the discrete Matsub
frequenciesj l52pkBTl/\ according to

E
0

`

dj→ 2pkBT

\ (
l 50

`

8 ,

FIG. 2. Typical cross sections of the atomic force microsco
image of the Au coating on the plate with~a! constantx and ~b!
constanty.
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leading to the Lifshitz formula for the thermal Casimir forc
Here prime refers to the addition of a multiple 1/2 near t
term with l 50. When T→0, Fc(z,T)→Fc(z,0)5Fc(z),
whereFc(z) is given by Eq.~9!.

The magnitude of the relative thermal correction to t
Casimir force can be computed by the formula

dTFc~z,T!5
Fc~z,T!2Fc~z!

Fc~z!
[

DTFc~z,T!

Fc~z!
. ~23!

Recently, there has been extensive discussion in the lit
ture on the correct calculation procedure for the thermal
simir forceFc(z,T) @47#. In Refs.@51,52# the dielectric per-
mittivity of the plasma model~12! was substituted into the
Lifshitz formula forFc(z,T). This approach, which was late
called ‘‘traditional’’ @15#, leads to the thermal correction
DT

trFc , dT
trFc . It is consistent with thermodynamics an

agrees with the limiting case of the ideal metal. In the reg
of infrared optics the same results were obtained in
framework of the impedence approach which does not c
sider the fluctuating electromagnetic field inside the me
and takes into account the realistic properties of the meta
means of the Leontovich boundary condition@47,53#. Within
the separation distances of Ref.@11#, the traditional thermal
corrections are very small. As an example, at a separatioz
5100 nm and T5300 K one hasdT

trFc'0.007%, and
dT

trFc'0.03%, 0.1% at separations ofz5200 nm and 300
nm, respectively@54# ~in comparison, in the case of idea
metals the same corrections, found in the framework of
thermal quantum field theory, are equal to 0.003%, 0.024
and 0.08%, respectively, i.e., the results for real metals
proach the results for ideal ones with the increase of sep
tion @29,54#!. Thus, the traditional thermal corrections a
negligible in the measurement range of experiment@11# ~the
contribution of the relaxation processes to the magnitude
these corrections, which can be computed by taking into
count the small real part of the surface impedance, is m
less than the corrections!.

Alternatively, in Refs.@55,56# the dielectric permittivity
of the Drude model~11! was used to calculateFc(z,T). In
this approach there is no continuous transition between
cases of real and ideal metal. At the high temperature li
the Casimir force between real metals was found equa
one-half of the result obtained for the ideal metal~indepen-
dent of how high the conductivity of real metal is!. The
thermal corrections, computed in the framework of the alt
native approach@55,56#, are quite different from those ob
tained from the traditional approach. To find the magnitu
of these corrections@54#, one should substitute into Eq.~23!,

DTFc~z,T![DT
(1)Fc~z,T!'DT

trFc~z,T!

2
kBTR

8a2 E
0

`

y dy ln@12r'
2 ~0,y!e2y#,

~24!

wherer'
2 (0,y) is obtained by the substitution of Eq.~12! into

Eq. ~10!. After calculations, one obtains values of the alte

e
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CHEN et al. PHYSICAL REVIEW A 69, 022117 ~2004!
native relative thermal correction that increases fr
dT

(1)Fc'1.1% and 1.3% at separations ofz562 nm and 70
nm, respectively, to dT

(1)Fc'8% at a separationz
5350 nm.

Another alternative thermal correction suggested in lite
ture @57# is also based on the substitution of the Drude
electric function~11! into the Lifshitz formula forFc(z,T)
but with a modified zero-frequency contribution for the pe
pendicular mode~in Ref. @57# this contribution is postulated
to be of the same value as for an ideal metal!. The alternative
thermal correction of Ref.@57# is given by@54#

DTFc~z,T![DT
(2)Fc~z,T!'DT

(1)Fc~z,T!

1
kBTR

8a2 E
0

`

y dy ln~12e2y!. ~25!

As a result, the relative alternative thermal correction of t
kind takes valuesdT

(2)Fc'(2.122.2)% at all separations
from z562 nm toz5350 nm, i.e., slightly larger than th
experimental precision at the shortest separations.

As was shown in Ref.@58#, both alternative thermal cor
rections of Refs.@55,56# and of Ref.@57# are not consisten
with thermodynamics leading to the violation of the Nern
heat theorem. Recently they were found to be in disag
ment with the precision measurement of the Casimir fo
using a microelectromechanical torsional oscillator@15,16#.
In Sec. VI we will discuss the influence of the alternati
thermal corrections on the comparison of theory and exp
ment in the Casimir force measurement of Ref.@11#.

In the rest of this section we discuss the probable con
bution of the residual electric forces and the finite sizes
the plate on the Casimir force. As was noted in Ref.@11#, the
electrostatic force due to the residual potential difference
tween the plate and the sphere has been lowered to negli
levels of !1% of the Casimir force at the closest sepa
tions. Recently in Ref.@59# it was argued, however, that th
spatial variations of the surface potentials due to the gra
of polycrystalline metal~the so-called ‘‘patch potentials’’!
may mimic the Casimir force. Here we apply the gene
results of Ref.@59# to the experiment of Ref.@11# and dem-
onstrate that the patch effect does not make significant c
tributions.

According to Ref.@59#, for the configuration of a spher
above a plate the electric force due to random variation
patch potentials is given by

Fp~z!52
4p«0sv

2R

kmax
2 2kmin

2 E
kmin

kmaxk2e2kz dk

sinhkz
, ~26!

wheresv is the variance of the potential distribution,kmax
(kmin) are the magnitudes of the extremal wave vectors c
responding to minimal~maximal! sizes of grains, and«0 is
the dielectric permittivity of free space. The work functio
of gold are V155.47 eV, V255.37 eV, andV355.31 eV
for different crystallographic surface orientations~100!,
~110!, and~111!, respectively. Assuming equal areas of the
crystallographic planes one obtains
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~Vi2V̄!2G1/2

'80.8 mV. ~27!

Using the atomic force microscopy images discussed
Sec. III, the extremal sizes of grains in gold layers cover
the test bodies were determinedlmin'68 nm, andlmax
'121 nm. This leads tokmax'0.092 nm21 and kmin
'0.052 nm21. Note that these grain sizes are of the sa
order as the thickness of the film. The computations by
~26! using the above data lead to the ‘‘patch effect’’ elect
forcesFp /R'21.1531028 N/m and21.25310210 N/m at
separationsz562 nm andz5100 nm, respectively. Compar
ing the obtained results with the values of the Casimir fo
at the same separations (Fc /R'25.0631026 N/m, respec-
tively, 21.4831026 N/m), we conclude that the electri
force due to the patch potentials contributes only 0.23%
0.008% of the Casimir force at separationsz562 nm, re-
spectively,z5100 nm@at a separationz5200 nm the patch
effect contributes only (731027)% of the Casimir force#. So
a rapid decrease of the contribution of the electric force w
an increase of a separation is explained by the expone
decrease of the integral in Eq.~26! if one substitutes the
physical values of the integration limits based on the pr
erties of gold films used in experiment of Ref.@11#.

A more important contribution of the patch electric forc
may be expected in the scanning of a sharp tip of the ato
force microscope at a height of about 10–20 nm abov
plate. In this case the electric forces are comparable with
van der Waals forces complicating the theoretical interpre
tion of force-distance relations@60#.

Let us finally estimate the theoretical error caused by
niteness of the plate used in the experiment of Ref.@11#.
Equation~9! was derived for the plate of infinite radius. I
fact, the radius of the plate used in the experiment@11# is
L5531023 m. In this case, the Casimir force can be o
tained by the following formula@61#:

Fc
f in~z!5Fc~z!b~z!5F12

z3

R3 S 12
1

A11L2/R2D 23GFc~z!.

~28!

To calculateb(z), we put z5350 nm ~to make this factor
maximally distinct from unity! and obtain

b~z!'128
z3R3

L6
'122.2310217,

i.e., the finiteness of the plate size is too small to give a
meaningful contributions to the Casimir force.

VI. THEORETICAL ACCURACY AND COMPARISON
OF THEORY AND EXPERIMENT

Now we are in a position to list all the sources of errors
the theoretical computation of the Casimir forceFc,r given
by Eq.~18!, to find the final theoretical accuracy and to co
sider the comparison of theory and experiment.

The main error, which arises from Eqs.~9! and~18! when
7-8
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one substitutes the experimental data, is due to the erro
determination of separationz and sphere radiusR. In terms
of dimensionless variables,Fc,r(z) is proportional toR and
inversely proportional toz3 which results in

d (1)Fc,r5
DFc,r

Fc,r
'

DR

R
13

Dz

z
. ~29!

In Ref. @11# the absolute separations were determined
means of the electric measurements which allowed the de
mination of the average separation distance on contacz0
with the absolute errorDelz0'1 nm. Contrary to the opinion
expressed in Ref.@62#, this error, however, should not b
transferred to all separations leading to rather large contr
tion into d (1)Fc,r of about 3Delz0 /z'4.8% at the shortes
separations. Note that we are comparing not one experim
tal point with one theoretical value, but the experimen
force-distance relation with the theoretical one computed
the basis of a fundamental theory. Thus, an additiona
should be made, withz0 as a fitting parameter changin
within the limits (z02Delz0 ,z01Delz0) to achieve the
smallest root-mean-square~rms! deviations between exper
ment and theory

sM5H 1

M (
i 51

M

@Fc,r~zi !2F̄expt~zi !#J 1/2

, ~30!

whereF̄expt(zi) was defined in Eq.~1!, Fc,r(zi) were com-
puted by Eq.~18!, and M is the number of experimenta
points under consideration. If, as usual, we consider two
potheses as equivalent when they lead to the rms devia
differing for less than 10%, this results in decrease of
error in determination of absolute separations up toDz
'0.15 nm.

It is important to underline that the verification of th
hypothesis is performed within different separation interv
~i.e., the total numberM5N52583 experimental points
within the whole separation range from 62 to 350 nm,M
51270 points belonging to the interval 62–210 nm, andM
5600 points at separations less than the plasma wavele
lp5136 nm). The above value forDz is almost one and the
same in all the separation intervals. The obtained value
the rms deviations between theory and experiment aresN
'3.4 pN, s1270'3.2 pN, ands600'3.8 pN. These values
are rather homogeneous demonstrating good agreemen
tween theory and experiment independently of the cho
separation region.

The radius of the sphere was measured more preci
than in Ref.@11# with a result 2R5191.360.3 mm. Using
this together withDz50.15 nm, one obtains from Eq.~29! at
the shortest separationsd (1)Fc,r'0.88%.

Now let us list the other contributions to the theoretic
error of the Casimir force computations at the shortest se
ration z562 nm and indicate their magnitude. According
the results of Sec. III, the sample to sample variations of
optical tabulated data may lead to the decrease of the
simir force magnitude for no more thand (2)Fc,r'0.5%. The
use of the proximity force theorem atz562 nm leads to very
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small error of aboutd (2)Fc,r'0.06%~Sec. III!. The correc-
tions due to the surface roughness are already incorporate
the theoretical expression~18! but the diffraction-type effects
may contribute up tod (4)Fc,r'0.02% ~Sec. IV!. The effect
of electric forces due to the patch potentials contribute
maximum d (5)Fc,r'0.23% at the shortest separations,
was shown in Sec. V. The corrections due to the surf
plasmons and finite size of the plate are negligible for
separation distances and experimental configuration use
Ref. @11# ~see Secs. III and V!.

Special attention should be paid to the thermal correcti
to the Casimir force. According to the results of Sec. V, t
contribution of the traditional thermal correction at the sho
est separation is negligible. At larger separations it may
incorporated into the theoretical expression for the force.
to the alternative thermal corrections of Refs.@55–57#,
which contribute of about 1–2 % of the Casimir force at t
separationz562 nm, they have been already ruled out bo
experimentally and theoretically~see Sec. V!. If we would
include any of these corrections into the theoretical expr
sion for the Casimir force, this results in the increase of
rms deviation between theory and experiment which can
be compensated by shifts of the separation distance in
limit of error Delz0. In view of the above, we exclude th
contributions from these hypothetical corrections from o
error analysis.

The upper limit for the total theoretical error at a sepa
tion z562 nm can be found by the summation of the abo
contributions

dFc,r5(
i 51

5

d ( i )Fc,r'1.69%, ~31!

which is a bit more accurate than the total experimental re
tive error at the shortest separation equal to 1.75% at 9
confidence~see Sec. II!.

Note that with the increase of separation the experime
relative error quickly increases to 37.3% at a separatioz
5200 nm. At the same time, the theoretical error is slow
decreasing with increasing separation. Thus, atz5200 nm
the above contributions to the theoretical error of the Casi
force computations take valuesd (1)Fc,r'0.38%, d (2)Fc,r
'0.5%, d (3)Fc,r'0.21%, d (4)Fc,r'0.026%, d (5)Fc,r
'0.000%. As a result, the total theoretical error atz
5200 nm isdFc,r'1.1%.

The obtained results demonstrate very good agreem
between theory and experiment within the limits of both e
perimental and theoretical errors.

VII. CONCLUSIONS AND DISCUSSION

In this paper we have performed a detailed comparison
experiment and theory in the Casimir force measurement
tween the gold coated plate and sphere by means o
atomic force microscope@11#. The random error of the ex
perimental values of the Casimir force was found to
D randFexpt'5.8 pN at 95% confidence~at 60% confidence
the valueD randFexpt'2.4 pN was obtained!. Together with
the systematic errorDsystFexpt'2.7 pN, this leads to the to
7-9
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CHEN et al. PHYSICAL REVIEW A 69, 022117 ~2004!
tal absolute error of the Casimir force measurements in R
@11# D Fexpt'8.5 pN at 95% confidence. In terms of th
relative errors, the experimental precision at the shortes
ported separation is equal to 1.75%~1%! at 95%~60%! con-
fidence level.

In order to find the theoretical accuracy of the Casim
force calculations in the experimental configuration of R
@11#, many corrections to the ideal Casimir force were a
lyzed. The correction due to the finite conductivity of go
was computed by the use of the optical tabulated data of
complex refractive index. The results were compared w
those computed by the use of the plasma dielectric func
and found to coincide for the surface separation range 2
350 nm. At shorter separations the use of the optical ta
lated data more accurately represents the dielectric pro
ties. A special model was presented, which allows one
take into account the sample to sample variations of the
tical tabulated data due to the sizes of grains and impurit
It was shown that the error introduced by the grains of 45
size~even smaller than those in the experiment of Ref.@11#!
does not exceed 0.5% of the Casimir force. The influence
the surface plasmon in the separation region of the exp
ment @11# was found to be negligible.

The surface roughness of the test bodies, used to mea
the Casimir force, was carefully investigated by means of
atomic force microscope with a sharp tipped cantilever
stead of a large sphere. The obtained profiles of roughn
topography allowed calculation of the roughness correcti
to the Casimir force in the framework of both multiplicativ
and nonmultiplicative approaches. The minor differences
the size of the effect are found only at the shortest separa
The correlation length of the surface roughness on the
bodies was estimated and the diffraction-type effects w
computed. At the shortest separation the roughness co
tion contributes 0.24% of the Casimir force with account
diffraction-type effects~and 0.22% with no account of dif
fraction!.

The electric forces caused by the spatial variations of
surface potentials due to the size of grains were investig
for the experimental configuration of Ref.@11#. They were
shown to contribute 0.23% of the Casimir force at the sho
,

ep

.
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est separation, and this contribution quickly decreases w
an increase of separation. Several other effects~such as ther-
mal corrections, corrections due to the finiteness of the pl
and due to the deviation from the proximity force theore!
were investigated and found to make only negligible con
butions.

The final theoretical accuracy of the Casimir force calc
lations in the experimental configuration of Ref.@11# is
1.69% at the shortest separationz562 nm and 1.1% at a
separationz5200 nm. In the limits of both experimental an
theoretical errors, very good agreement between theory
experiment was demonstrated characterized by the rms
viation of about 3.5 pN~less than 1% of the measured forc
at a shortest separation! which is almost independent of th
separation region and the number of the experimental po
The above analysis does not support the conclusion of R
@62# that to achieve a 1% precision in Casimir effect expe
ments it is necessary to measure the separation on contaz0
with atomic precision.

The obtained results demonstrate that in fact the Cas
force is more stable, than one might expect, to some deli
properties of the metallized test bodies such as the variat
of the optical data, patch potentials, correlation effects
roughness, etc. These properties may change from samp
sample leaving the basic character, and even the values o
Casimir force within some definite separation region, alm
unchanged. The stability of the Casimir force opens n
opportunities to use the Casimir effect as a test for lo
range hypothetical interactions and for the diagnostic p
poses. For example, some kind of the inverse problem co
be utilized, i.e., the measured force-distance relations be
ploited to determine the fundamental characteristics of so
~such as the plasma frequency!.

ACKNOWLEDGMENTS

This work was supported by the National Institute f
Standards and Technology and a University of California a
Los Alamos National Laboratory grant through the LANL
CARE program. G.L.K. and V.M.M. were also partially sup
ported by CNPq and Finep~Brazil!.
ev.

.

s.

se,
@1# H.B.G. Casimir, Proc. K. Ned. Akad. Wet.51, 793 ~1948!.
@2# P. W. Milonni, The Quantum Vacuum~Academic Press, San

Diego, 1994!.
@3# V.M. Mostepanenko and N.N. Trunov,The Casimir Effect and

its Applications~Clarendon Press, Oxford, 1997!.
@4# K.A. Milton, The Casimir Effect~World Scientific, Singapore

2001!.
@5# M. Kardar and R. Golestanian, Rev. Mod. Phys.71, 1233

~1999!.
@6# M. Bordag, U. Mohideen, and V.M. Mostepanenko, Phys. R

353, 1 ~2001!.
@7# S.K. Lamoreaux, Phys. Rev. Lett.78, 5 ~1997!.
@8# U. Mohideen and A. Roy, Phys. Rev. Lett.81, 4549 ~1998!;

G.L. Klimchitskaya, A. Roy, U. Mohideen, and V.M
Mostepanenko, Phys. Rev. A60, 3487~1999!.
.

@9# A. Roy and U. Mohideen, Phys. Rev. Lett.82, 4380~1999!.
@10# A. Roy, C.-Y. Lin, and U. Mohideen, Phys. Rev. D60,

111101~R! ~1999!.
@11# B.W. Harris, F. Chen, and U. Mohideen, Phys. Rev. A62,

052109~2000!.
@12# T. Ederth, Phys. Rev. A62, 062104~2000!.
@13# G. Bressi, G. Carugno, R. Onofrio, and G. Ruoso, Phys. R

Lett. 88, 041804~2002!.
@14# F. Chen, U. Mohideen, G.L. Klimchitskaya, and V.M

Mostepanenko, Phys. Rev. Lett.88, 101801~2002!; Phys. Rev.
A 66, 032113~2002!.

@15# R.S. Decca, D. Lo´pez, E. Fischbach, and D.E. Krause, Phy
Rev. Lett.91, 050402~2003!.

@16# R.S. Decca, E. Fischbach, G.L. Klimchitskaya, D.E. Krau
7-10



F.

.

ov

s.

t.

ev

ro

ta

.

nn

o,

s.

o,

.

ev.

v.

o,

v.

s.

rint

THEORY CONFRONTS EXPERIMENT IN THE CASIMIR . . . PHYSICAL REVIEW A 69, 022117 ~2004!
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