PHYSICAL REVIEW A 69, 015802 (2004
Scheme for direct measurement of the Wigner characteristic function in cavity QED
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We propose a simple scheme for the reconstruction of the single-mode cavity field by considering the
resonant atom-cavity interaction in the presence of a strong classical field. With the aid of the strong classical
field, it is easy to realize the displacement operator for the cavity field correlated to the internal state of the
atom. It is shown that the measurement of the population of the lower internal state directly yields the Wigner
characteristic function of the cavity field.
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In recent years there has been great interest in the prepaasy to realize the displacement operator for the cavity field
ration and measurement of quantum stafigsCavity QED,  correlated to the internal state of the atom. In this paper, we
with Rydberg atoms crossing superconducting cavities, offeshow that such physical system can be used to measure the
an almost ideal system for the generation and measuremeWfigner characteristic function of single-mode cavity field,
of nonclassical states and implementation of small scal@nd the phase of classical field acting as a tunable parameter
quantum information processifig]. In the context of cavity IS important for the measurement of cavity field.

QED' numerous theoretical Schen[% for generating vari- We consider a two-level atom interacting with a Single-
ous nonclassical states were proposed, which led to experipode cavity field and driven additionally by an external clas-
mental realization of Schdinger cat statf4] and Fock state  sical field. In the rotating-wave approximation, the Hamil-
[5] in a cavity mode. Thus, it is desirable to have a powerfutonian is(assumingi =1) [12]

tool to prove that the cavity field has indeed been prepared in

the desired state. Several measurement schemes for the cav- ~— wq; t oot Cie—iot

ity fields have been proposed by probing quantum states with H= 5" 02+ wca@'a+g(o_e?“ '+ o, e )
two-level atoms and subsequently measuring the atomic state

[6]. But only a few of the proposals have a strikingly simple +Q(a'o_+ao,), 1)
data analysis. Wilkens and Meystre proposed a scheme for

directly measuring the Wigner characteristic function of awhere a,=|e)el—|g){gl,oc.=|e)g|, and o_=]|g){e],
cavity field via the nonlinear atomic honodyne detecfidh  with |g) and|e) being the ground and excited states of the
In Ref. [8], Kim et al. made a similar proposal based on two-level atom.w,, is the atomic transition frequencg.and
current experimental conditions. In R¢@], Lutterbach and ' are the annihilation and creation operator of the single-
Davidivich presented a scheme for direct measurement Cﬁ’]ode Ca\/ity field of frequencwcav_ Q is the atom-cavity
Wigner function of cavity field, which has been experimen-interaction strengthg and ¢ are the amplitude and phase of
tally demonstrated in a cavify0]. This scheme is based on the classical fieldw, is the frequency of the classical field.
the dispersive interaction of a single atom with the cavityHere we should mention the physical system proposed by
field. However, diSperSive interaction requires that the detUnA|sing and Carmichad]l?,] on the Sing|e atom Cavity QED
ing between the atoms and the cavity is much bigger than thgystem with a strongly driven cavity field, which was later
atom-cavity coupling strength. Thus, the quantum dynamicgtudied by Mabuchi and Wisemda4]. Although these au-
operates at a low speed. In Rf1], Bardroffet al.proposed thors consider a strongly driven cavity rather than a strongly
a simple and fast scheme for direct measurement of thgriven atom, there is a canonical mapping between the two
Wigner characteristic function of the motion state of acases, so both systems are in fact essentially identical.
trapped ion. This scheme can be applied to measure the |n a frame, which rotates with the classical wave fre-

quantum state of a cavity field via realizing a displacemenyyency o, , the associated Hamiltonian of the system be-
operator for the cavity field correlated to the internal state otomes

the atom. Such displacement operation has been suggested
by Davidovichet al. in the context of quantum switches us-
ing a dispersive atom-cavity interaction, but the experimentalH= — o, + safa+ g(g_ei¢+ c.e 9 +0(ate_+as,),
realization of the scheme is difficult. 2

In this paper, we propose an alternative scheme to directly @
measure the characteristic function of the Wigner function of
single-mode cavity field. The physical system is a two-leveWhereA=wo— o andé=ow—-w, .
atom interacting with a single-mode cavity field in the pres- In the following we assume that the atom, the cavity, and
ence of a Strong classical field. Recenﬂy, Solahal. stud- the dl’iving classical field are all resonat= 6=0. In this
ied such physical model for generating atom-field entanglegase, the Hamiltoniat®) can be written as
states and field superposition stafgl?]. These authors ' '
showed that, with the aid of the strong classical field, it is H=g(oc_e¢*+o, e ') +Q(a'oc_+aoc,). 3)
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To see how quantum dynamics is modified by a strong claswhereA, B, and ¢ are real numbers, ané’>+B2=1. Thus
sical field, we first move into the dressed state picture obthe state of the whole systetatont-cavity) is
tained by rotating atomic states with transformation

P(O):lq,a><q’a|Pc- (12
i
R=exp{%(o+ —0o_) exp{%poz) . (4)  After an interaction time, the density operator for the whole
system is
Using the relation p(t)=3[(Ae '¢2+ B2 1) exp —igt—ikX/2)|+)
Ro.R'=3e"“[o,x (0, —0_)], (5 +(Ae™ ¢ — B ) expligt+ikX,/2)|—)] pe
we can see that, in this picture, the Hamiltoni@hbecomes X[(A€¥2+Be '¢2 1 hexp(igt+ikX,/2)(+]
Q +(A¥2—Be "¢ 10 exp —igt—ikX,/2)(—|],
H'=RHR'=go,+ g{aTe"“’[oz—(m—o_)] (13
+ae¢lo,+ (o —0-)]} (6)  Where
Making a further interaction picture transformation of the |+>—i(ei‘f’/2| )+ i92)e)) (14)
Hamiltonian by the unitary operatof(t)=exp(go;t), we -/ 2 9= ’
have
0 X,=a'e '*+ae?, (15)
"_ to—i _ 2igt __ —2igt
H"= E{a e o, (0.e7%—0_e 79)] andk=Qt. In Eq.(13), the cavity field is entangled with the
: it ot atomic state. We can remove this entanglement by detecting
+aeflo,+ (o e?—g e 7]} (7)) the atomic state. Measuring the population of the lower in-

. o . ternal statgg), we find the probability
Assumingg>(), one can eliminate the term that oscillates
2 2

with high frequencies in Hamiltonia(v) and obtain the ef- 1 A°—-B
fective interaction Py(0)=5+—

+ @) Tisin(gt+kX,)pc]. (16

We see that the probability( ) is directly related to the
Wigner characteristic function of cavity fie[d5]

Tr[coggt+kX,)p.]+ABsin(6

Q _ _
Heff=5(afef'“’+ a€®)o,, (8)

which is precisely as in Refl2] except that it retains the

phasee of the classical field. In Ref.14], Mabuchiet al. k.o)=TrexnikX 1
have also obtained the same effective Hamiltonian by using x(k.e) Lexp(ikX)pe] a7
same procedure as here. through
The time evolution operator of HamiltonidB) is s
1 -B
Py(0)= §+ 5 cogkg/Q))+ABABsIn( 6

. 9

ot .
Uesi(t) =ex —|7(ae *+a€?) o,

ABsin(6

In the standard picturéi.e., the one corresponding to the T e)sinkg/DRe x(k.¢) ]+
Hamiltonian(2)], the time evolution operator is 2 02

+¢)sin(kg/Q) — 5 cos{kg/ﬂ)}lm[x(kgp)].

(18)

U =RT(t)Ue (1) TT(O)R

. . Ot .
=exd —igt(o_e'*+ am"“’)]exr{ —i—=(a'e’i®
2 Therefore, we obtain the Wigner characteristic funcfib@]

+ae?) (o_e+o.e 9. (10) X(k,(p)=e‘9k’“{ Py(—¢—m2)+Py(—p+m/2)—1
A2—B2
One possible application of the scheme is to reconstruct the
unknown quantum statg, of single-mode cavity field. We i Po(— e+ m/2)—Py(— ¢+ 77/2)] (19)
assume that the atomic stdt,) is initially prepared in a 2AB
superposition of the ground and excited states
. Thus a measurement &%(6) for two phases- ¢ = 7/2 di-
|W,)=A|g)+B¢€"e), (1)  rectly yields the Wigner characteristic function of the initial
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state at the pointl, ¢). With regard to the argumektitcan  With the aid of strong classical field, it is easy to realize such
be varied by changing the evolution time. The parametey @ displacement operation for the cavity field. It is shown that
phase of classical field, which is a tunable parameter. the phasep of classical field acting as a tunable parameter is

In summary, we proposed a scheme to directly measurénportant for the measurement of cavity field. The scheme
the Wigner characteristic function of the single-mode cavityonly requires the resonant atom-cavity interaction so that the
field. The scheme is based on the displacement operation fouantum dynamics operates at a high speed, which is impor-
the cavity field correlated to the internal state of the atomtant in view of decoherence.
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