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Entanglement for excitons in two quantum dots in a cavity injected with squeezed vacuum
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The dynamical behavior of entanglement for excitons in two quantum dots placed in a cavity driven by a
broadband squeezed vacuum is studied in the low exciton density regime. It is found that the excitons in two
quantum dots can evolve into a pure entangled state only when the dissipation of the cavity and exciton modes
is negligible. When the injected field into the cavity is a squeezed vacuum, the excitons will be in a two-mode
Gaussian entangled mixed state even in the long time limit. Analytical expressions are derived, showing the
dependence of the entanglement property of the excitons in two quantum dots on the squeezing properties of
the initial state prepared in the cavity and the strength of two-photon correlations of the squeezed vacuum
injected into the cavity.

DOI: 10.1103/PhysRevA.69.014301 PACS number~s!: 03.67.Mn, 68.65.Hb, 42.50.Dv
ha
in
s

l
a

te

tu
th
pu
e
ip
h

do
to
le
o
ts

a
i-
-
le

nd
te
d

t
as
le

d
of
pe

n
um

r

is
r-
te. It
n
lve

tion
in

wo-
he
dy-
will
erty
-
the

um
that
he
th

few
ion-
the
ean
ten-
tum
then

ton
two
tion
The
e of
e

Quantum entanglement constitutes the single most c
acteristic property that makes quantum mechanics dist
from any classical theory. Entangled states are not only u
to test fundamental quantum-mechanical principles such
Bell’s inequalities@1# but also play a central role in practica
applications of the quantum information theory such
quantum computation@2#, quantum teleportation@3#, and
quantum cryptography@4#. How to create an entangled sta
in a proper way is thus an important issue.

Recently, there has been growing interest in the quan
information properties of semiconductor quantum dots in
quest to implement quantum-dot scalable quantum com
ers. This interest is stimulated to some extent by recent
perimental advances in the coherent observation and man
lation of quantum dots, including the demonstration of t
quantum entanglement of excitons in a single dot@5#, the
observations of Rabi oscillations of excitons in a single
@6#, and the demonstration of a quantum dot as single-pho
source @7#. Sanderset al. @8# have discussed the scalab
solid-state quantum computer based on the electric dip
transitions within coupled single-electron quantum do
Imamoglu@9# proposed a scheme to realize a controlled-NOT

gate between two distant quantum dots via the cavity qu
tum electrodynamic~CQED! techniques. In a recent invest
gation by Liuet al. @10# into the generation of bipartite en
tangled coherent excitonic states in a system of two coup
quantum dots and CQED with dilute excitons, they fou
that bipartite maximally entangled coherent excitonic sta
can be generated when the initial cavity field is in an o
coherent state. This investigation was extended by Liuet al.
@11# and Wanget al. @12# to study multipartite entanglemen
in a system ofN quantum dots embedded in a cavity. It h
been pointed out that at certain times, multipartite entang
excitonic coherent states or multiqubitW state can be create
by initially preparing the cavity field in a superposition
coherent state or in the Fock state with one photon, res
tively.

In this Brief Report, we study the generation of an e
tangled excitonic state in a system of two identical quant
dots embedded in a single-mode cavity, injected with
broadband squeezed vacuum in the low exciton density
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gime. The time-dependent Wigner function for excitons
solved analytically when the cavity field is initially in cohe
ent squeezed state and the excitons in their vacuum sta
is found that if the dissipation of the cavity and excito
modes is neglected, the excitons in two quantum dots evo
into a pure entangled state periodically. When the dissipa
of the cavity and exciton modes is included, the excitons
two quantum dots can be entangled and evolve into a t
mode mixed entangled state even in the long time limit if t
field injected into the cavity is a squeezed vacuum. The
namical behavior of the entanglement between excitons
turn out to be strongly dependent on the squeezing prop
of the initial field in the cavity and on the strength of two
photon correlations of the squeezed vacuum injected into
cavity.

The model under consideration consists of two quant
dots that are placed in a single-mode cavity. We assume
the radiusR of each quantum dot is much larger than t
Bohr radiusaB of excitons, but smaller than the waveleng
l of the cavity field, i.e.,aB!R<l. For example, for Cds
material,aB53 nm, R520 nm, andl'500 nm, for GaAs,
aB510 nm,R550 nm, andl'800 nm@13#, the above con-
dition is satisfied. We also assume that there are only a
electrons excited from the valence-band to the conduct
band in each quantum dot. Then the exciton number in
ground state for each quantum dot is low, so that the m
distance between two excitons is much larger than the ex
sion of an exciton. In this case, the excitons in each quan
dot can be approximated as a dilute boson gas and can
be described by boson operators@10–13#. In this approxima-
tion, all nonlinear interaction terms such as exciton-exci
interaction can be neglected. As the distance between the
quantum dots is also assumed to be large, the interac
between any two excitons can also be safely ignored.
excitons are assumed to be resonant with the eigenmod
the cavity field. In the rotating-wave approximation, th
Hamiltonian for the system can be written as

H5H01Hint5va†a1v(
j 51

2

bj
†bj

1(
j 51

2

A2gj~bj
†a1a†bj !, ~1!
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wherea† anda are the creation and annihilation operators
the cavity field with frequencyv, bj

† and bj represent the
creation and annihilation operators of the excitons in thej th
quantum dot. The parametersgj are the coupling constant
between thej th quantum dot and the cavity field. In order
simplify the calculation, the two dots are assumed to be id
tical and equally coupled to the cavity field:g15g25g. We
also assume that the cavity mode is coupled to a broadb
squeezed reservoir through the lossy output mirror of
cavity. Then the density operatorr(t) of the photon-exciton
interaction system in the interaction picture obeys the eq
tion

~d/dt! r52 i @Hint ,r#1Lar1Lbr, ~2!

with

Lar5ga~N11!~2ara†2a†ar2ra†a!1gaN~2a†ra

2aa†r2raa†!2gaM ~2a†ra†2a†2r2ra†2!

2gaM* ~2ara2a2r2ra2!,

Lbr5ge~Ne11!(
j 51

2

~2bjrbj
†2bj

†bjr2rbj
†bj !

1geNe(
j 51

2

~2bj
†rbj2bjbj

†r2rbjbj
†!. ~3!

HereLbr andLar denote, respectively, the dissipation of t
exciton modes and the dissipation of the cavity mode wh
is coupled to a broadband squeezed vacuum@14#. The pa-
rameterge represents the decay rate of the excitons, andga
is the decay rate of the cavity field,N andM5uM ueiu char-
acterize the broadband squeezed vacuum injected into
cavity, such thatuM u2<N(N11). The equality condition
holds for the minimum uncertainty squeezed states.

The master equation~2! can be solved analytically by us
of the method of the characteristic function. Introducing tw
new boson operatorsb6 , which are defined asb65(b1

6b2)/A2, the characteristic function for the field-excito
coupling system in the Wigner representation can be
pressed as

x~ja ,j1 ,j1 ,t !5Tr@r exp~2ja* a1jaa†2j1* b11j1b1
†

2j2* b21j2b2
† !#. ~4!
01430
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Using the standard operator correspondence we find tha
characteristic function obeys

x~ja ,j1 ,j2 ,t !

5expH tH 2 igS j1*
]

]ja*
2ja

]

]j1
1ja*

]

]j1*
2j1

]

]ja
D

2gaF ja

]

]ja
1ja*

]

]ja*
12~N11!ujau2

2~M* ja
21Mja*

2!G2ge (
j 56

F j j

]

]j j
1j j*

]

]j j*

12~Ne11!uj j u2G J J x~ja ,j1 ,j2,0!. ~5!

Assuming initially that the field is in a coherent squeez
stateuCF&5exp@a0(a2a†)#exp@(r/2) (a2e2if2a†2eif)#u0& @14#
and the excitons in the two quantum dots in vacuum sta
u0b1

,0b2
&5u0b1

,0b2
&, we can obtain the time-depende

characteristic function for the field-exciton coupling syste
explicitly as a Gaussian function when we setga5ge5g.
Conversely, if we setgaÞge , the time-dependent characte
istic function does not take the form of a Gaussian functi
which is a key form to discuss the properties of purity a
entanglement@16#. In particular, for a practical cavity,ga
'1011 Hz @9#, and for the large size quantum dots such
CdS or GaAs, the excitonic decay ratege may also reachga
@13#, so the assumption ofga5ge is reasonable. In order to
discuss the entanglement between the excitons in the
quantum dots, we only consider the case ofga5ge in the
following.

After having the characteristic function for the field
exciton coupling system, the corresponding Wigner funct
for the excitons in the bare excitonic representation can
expressed in a compact form as

We~a1 ,a2 ,t !5 @1/~2p2Aa1a2a3!# exp~2 1
2 a†Da!,

~6!

in which a†5$@a1* 2 ( ia0/A2) e2gtsingt#e2ic, @a1

1 (ia0/A2) e2gtsingt#eic, @a2* 2 ( ia0/A2) e2gtsingt# e2ic,
@a21 ( ia0/A2) e2gtsingt#eic}, a1 and a2 are the complex
parameters corresponding to the annihilation operatorsb1
and b2 of the excitons, respectively,a15h11uh2u, a25h1
2uh2u, a35 1

2 @Ne(12e22gt)1 1
2 #, and
h15~N1Ne11! f 12~N2Ne! f 21 1
2 e22gt~cosh 2r sin2gt1cos2gt!, ~7!

h25e2 iu@ uM u~ f 22 f 1!1 1
2 sin2gt sinh 2re22gtei (u2f)#5uh2uei2c, ~8!

D5
1

4 S 1/a1 1 1/a2 1 1/a3 1/a1 2 1/a2 1/a1 1 1/a2 2 1/a3 1/a1 2 1/a2

1/a1 2 1/a2 1/a1 1 1/a2 1 1/a3 1/a1 2 1/a2 1/a1 1 1/a2 2 1/a3

1/a1 1 1/a2 2 1/a3 1/a1 2 1/a2 1/a1 1 1/a2 1 1/a3 1/a1 2 1/a2

1/a1 2 1/a2 1/a1 1 1/a2 2 1/a3 1/a1 2 1/a2 1/a1 1 1/a2 1 1/a3

D , ~9!
1-2



ion

rix

n

m

to
e

pu
to

ns
ip
n
ixe
in

o

ha
-
ow
he
at
if

e
e-
e
es

i-

p

ity
-
m
ate
-

ed

ns
di-
ts
in
to
de

tes
s
its

two

en-
de-

-

an-
gle-
ex-
as

r.
in

mir-

tive
le-

two
the
on-
al
tion
on-
be-
ent

y, is

ists
nd

BRIEF REPORTS PHYSICAL REVIEW A69, 014301 ~2004!
where f 15 1
2 (12e22gt), f 25Re$@g/2(g2 ig)# (1

2e22(g2 ig)t)%.
The time-dependent Weyl-Wigner characteristic funct

for the excitons in the two quantum dots is defined as

xe~b1 ,b2 ,t !5Tre@Tra~r~ t !!exp~b1b1
†2b1* b11b2b2

†

2b2b2!#5exp~2 1
2 b†Vb!, ~10!

whereb†5(b1* ,b1 ,b2* ,b2) is a four-vector and the matrix
V is a 434 covariance matrix for the two modes. The mat
V can be obtained from the matrixD through the relation
between the Weyl-Wigner characteristic functio
xe(b1 ,b2 ,t) and the Wigner functionWe(a1 ,a2 ,t) as de-
fined by Eq.~6!. They are related by a Fourier transfor
which leads toD5EV21E, in which E5diag@1,21,1,21#
is a diagonal 434 matrix. From this the matrixV can be
expressed explicitly. Evidently, the matricesD andV are in-
dependent of the amplitudea0 of the initial coherent
squeezed field. This means that the properties of the exci
in two quantum dots such as the purity and the entanglem
related to the matricesD andV are independent ofa0.

Gaussian operators which are projectors represent
states@15#. The condition for a Gaussian Wigner function
represent a pure state may be written concisely asAdetD
54. The Gaussian operator corresponding to Eq.~6! is a
projector provided that

a3Aa1a25 1
8 . ~11!

From this condition, we can find that only ifg50 andgt
5np or (n11/2)p(n50,1,2, . . . ), theexcitons evolve into
a pure state. This means that the pure state for the excito
two quantum dots can only be generated when the diss
tion is absent and the field is decoupled from the excito
The presence of the dissipation always produces a m
state for excitons no matter whether or not the cavity is
jected with squeezed vacuum. However, the separability
the resulting mixed state for the excitons depends strongly
the property of the field injected into the cavity.

A separability criterion for two-mode Gaussian states
been established by Simon@16#. It relies on the partial trans
position map acting on the two-party state. It has been sh
that this criterion is equivalent to judging whether or not t
quantum state isP representable. A two-mode Gaussian st
is P representable, and hence, separable, if and onlyV
2 1

2 I>0, whereI is the 434 unit matrix andV is the cova-
riance matrix for the Weyl-Wigner characteristic function d
fined in Eq. ~10!. The two-mode state for the excitons d
scribed by Eq.~6! is therefore separable if and only if all th
eigenvalues ofV2 1

2 I are non-negative. The four eigenvalu
are

l1,25Ne~12e22gt!, l65h16uh2u2 1
2 . ~12!

The eigenvaluesl1 andl2 are degenerate. It is easily ver
fied that the first three eigenvaluesl1 , l2, andl1 are posi-
tive, so they are not important for establishing the nonse
rability of the state. The fourth eigenvaluel2 can be
negative to determine the nonseparability of the state.
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First we consider that the coupling between the cav
field and the dots is strong~for example, the coupling con
stantg'7.631011 Hz may be possible to obtain in a syste
of large area quantum dots with cavity, and the decay r
g'1011 Hz @9,13#!, so that the dissipation effect is ne
glected. In this case,l2 is simplified to

l25 1
2 ~e22r21!sin2gt. ~13!

We note that, if the initial field in the cavity is a squeez
field ~i.e., rÞ0), except at time pointsgt5np(n
50,1,2, . . . ), l2 is negative, which means that the excito
in two quantum dots are entangled periodically, interme
ated by the interaction with the cavity field. At time poin
gt5(n11/2)p, the entanglement between the excitons
two quantum dots reaches its maximum. This is similar
the case of two quantum dots interacting with a single-mo
cavity field initially prepared in odd or even coherent sta
@10#. In fact, atgt5np, the excitons in two quantum dot
evolve into their ground state and the field evolve into
initial coherent squeezed state. And atgt5(n11/2)p, the
field evolves into a vacuum state and the excitons in the
quantum dots in a pure entangled state exp@(a0 /A2)(b1

1 b22b1
†2b2

†)# exp$(r /4) @(b11b2)2e2 if2(b1
†1b2

†)2eif#%
3u0b1

,0b2
&. So atgt5np or gt5(n11/2)p, the excitons in

two dots are in pure states as mentioned above. The
tanglement between the excitons in two quantum dots
pends on the squeezing degreer of the initial field and is
independent of the amplitudea0. With increasing of the
squeezing degreer of the initial field, the entanglement evi
dently increases. Forr 50, which means that the initial field
is in a coherent state, the excitons in two quantum dots c
not be entangled. That is to say, the appearance of entan
ment between excitons in two quantum dots requires the
istence of the nonclassical property of the cavity field,
pointed out by Kimet al. @17# in the case of a beam splitte

Second we assume that the cavity field is initially
vacuum state, i.e.,r 50 anda050, but the cavity mode is
coupled to a broadband squeezed vacuum through lossy
ror. In this case, the eigenvaluel2 becomes

l25~N2uM u!~ f 12 f 2!1Ne~ f 11 f 2!. ~14!

The second term in the above equation is always posi
reflecting the thermal excitons is harmful for the entang
ment between excitons in two quantum dots. Sincef 12 f 2
>0, l2 may be negative only whenuM u.N. Therefore, the
appearance of the entanglement between excitons in
quantum dots requires that the two-photon correlation of
broadband squeezed vacuum injected into the cavity is n
classical, sinceuM u5N corresponds to the maximal classic
correlations between pairs of photons. The linear interac
between the excitons and the cavity field transfers the n
classical two-photon correlation into the entanglement
tween the excitons in two dots. The maximal entanglem
happens atuM u5AN(N11), which, corresponding to the
broadband squeezed vacuum being injected into the cavit
an ideal squeezed vacuum. ForNe50, except att50, the
excitons in two quantum dots can be entangled if there ex
a nonclassical two-photon correlation of the broadba
1-3
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squeezed vacuum injected into the cavity. In the long ti
limit, the excitons are in a steady-state mixed entangled s
The negativityl2 of this two-mode Gaussian entangled sta
in the long time limit is equal to (N2uM u)g2/2(g21g2).
Increasing the coupling constantg, the entanglement in
creases. Ifg is much larger than the dissipation rateg,
l2(`) approaches its saturation value (N2uM u)/2. Clark
and Parkins@18# intensively discussed the relation of th
pure state and the entangled state of two atoms with
squeezing state of the reservoir, and found that the entan
ment between the two atoms only needs the two-photon
relation of pairs in the reservoir obeying 0,uM u
<AN(N11). But here the entanglement between the ex
tons in two dots requiresN,uM u<AN(N11). This differ-
ence is caused by that here the excitons in two quantum
are treated as dilute boson gas.

Figure 1 displays the time evolution of the negativityl2

for the case in which the cavity field is initially in a squeez
vacuum and the cavity mode is also damped by a broadb
squeezed vacuum. The long time behavior ofl2 is indepen-
dent of the nature of the initial field and is governed by t
property of the broadband squeezed vacuum injected into
cavity. The short time behavior ofl2 is decided by the prop
erties of both the initial preparation in the cavity and t
broadband squeezed vacuum injected into cavity. If the r
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FIG. 1. l2 vs gt for different relative phasesu2f, in which
g510g, N54, M52A5, andr 51.0, andu2f5p ~solid!, p/2
~dashed!, and 0~dotted!.
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tive phase angle between the squeezing angles for the br
band squeezed vacuum and the initial coherent sque
state in the cavity is chosen asu2f5p, then, forNe50,
l2 becomes

l25~N2uM u!~ f 12 f 2!1 1
2 ~e22r21!sin2gt. ~15!

The above equation is just a superposition of Eqs.~13! and
~14!. This is because at this relative phase angle, the lin
interaction between the cavity field and the excitons in t
dots transfers the nonclassical properties of the two fie
into the entanglement for the excitons maximally. It appe
that with an increasing squeezing degree of the initial cav
field, the maximum value ofl2 for short times can be large
than its steady-state value. The larger the squeezing degr
of the initial field is, the stronger the entanglement at sh
time. However, foru2fÞp, the entanglement between th
excitons in two dots may disappear. That is to say, whet
the entanglement between the excitons in the short time
gion is enhanced by the initial coherent squeezed stat
decided by the relative phase angle between the two squ
ing anglesu andf.

In summary, the dynamical behavior of entanglement
excitons in two quantum dots placed in a cavity driven by
broadband squeezed vacuum is studied in the low exc
density regime. The time-dependent Wigner function for e
citons in two quantum dots is solved analytically when t
cavity field is initially in a coherent squeezed state and
excitons in their vacuum state. When the dissipation of
cavity and exciton modes is included, the excitons in t
quantum dots evolve into mixed states. When the injec
field into the cavity is a squeezed vacuum, the excitons w
be in a two-mode Gaussian entangled state even in the
time limit. In the short time region, the entanglement pro
erty of excitons in two quantum dots depends on the sque
ing property of the initial state prepared in the cavity and
strength of the two-photon correlations of the squee
vacuum injected into the cavity. But in the long time lim
the entanglement property of excitons is independent of
initial state prepared in the cavity.
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