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Fluorescence fluctuations from a multilevel atom in a nonstationary phase-diffusion field:
Deterministic frequency modulation
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It is well known that a field's quantum noise can have a profound effect on the fluctuations of laser-induced
fluorescencéLIF). However, though previous studies have led to a good understanding of this process in the
case of stationary fields, many of the important applications of LIF employ some form of laser modulation,
yielding a field of nonstationary stochastic character. Here, we discuss the results from numerical experiments
that examine the influence of a nonstationary field on the LIF noise. Specifically, we consider a phase-diffusion
field and LIF from a beam of alkali-metal-like atoms with ground and excited-state Zeeman splitting when the
field undergoes deterministic frequency modulation. Our computational results show that deterministic modu-
lation at high Fourier frequencie@.e., 10 MH2 can significantly increase the LIF noise at low Fourier
frequenciege.g., 1 Hz, and that the amount of LIF noise amplification depends on a complicated interplay
among the laser’s linewidth, the modulation frequency, the modulation index, and the multilevel atomic
system’s energy-level spacing. Interestingly, we find that certain values of the atom’s Zeeman splitting signifi-
cantly decrease the magnitude of LIF noise.
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I. INTRODUCTION [12] in order to improve the signal-to-noise rafi3,14] or
to stabilize the field’s emission wavelendth5]. Here, we
For quite some time, researchers have known that the cgonsider the problem of LIF from a beam of alkali-metal-like
herence characteristics of a radiation field have importangtoms with nuclear spi through numerical experiments,
consequences for the basic field—atom interacfibp Ini- ~ when the finite-linewidth single mode field exciting the at-
tially, studies of the stochastic-field—atom problem focused®®ms undergoes deterministic frequency modulation. Though
on relatively straightforward quantities; finding, for example, @S noted above, previous studies have shown that the laser’s
that a singlemode laser’s quantum noise not only influence@hase fluctuations induce fluorescence intensity fluctuations,
the widths and amplitudes of the Mollow fluorescent triplet©Ur focus here is on the manner in which nonstationarity can
[2], but also the triplet's asymmetfig]. However, starting amplify this effect; in particular, how rapid modulation af-

around the late 1980’s, theoretical and experimental atten'[iof"?cts fluorescence noise at very low Fourier frequencies. This

began to turn towards more complex issues. For example, i uestion has particular relevance to double-resonance spec-
a careful study comparing theory and expe}iment Anders,onros.COpy’ trace detection, and laser c;oollng and trapping ex-
et al. [4] examined the variance of laser-induced fluores periments, where the laser's phase is modulated rapidly for

. . purposes of wavelength stabilization and the atomic signal is
cence(LIF) from an atomic beam, while Camparo and Lam- averaged over some long time interval. We note that in state-

bropoulos found that correlated frequency and amplitudey the art atomic clocks, laser state preparation and state de-
fluctuations give rise to resonant frequency st Addi-  (ection are of paramount significance, and recent experimen-
tionally, Yabuzakiet al. [6] showed that when a laser beam t5) results suggest that the performance of these devices may
passes through a resonant medium, the high-frequency Fole influenced by an interplay between the laser’s determin-
rier spectrum of transmitted laser-intensity fluctuationsistic modulation and the stochastic-field—atom interaction
(~ GHz regime carries detailed information on the medi- [16].
um’s energy level structure, and that this effect can be used As will be discussed more fully below, we quantify the
as a new type of high-resolution spectroscdpy Yabuza- fluorescence noise in terms of the fluorescence fluctuations
ki's “phase-noise(PM) to amplitude-nois§AM)” conver-  Allan deviation[17] o,g/e(7) at averaging times on the
sion process is also significant at very low Fourier frequenorder of one second; and investigate the manner in which the
cies (=1Hz) [8,9], where it plays an important role in signal-to-noise $/N) ratio of LIF depends on modulation
limiting the performance of laser-pumped atomic clocksfrequency, modulation index, and Zeeman splitting. In the
[10]. following section, we develop an adiabatic approximation to
Notwithstanding the progress that has been made in urthe modulated, stochastic-field—atom interaction problem,
derstanding the stochastic-field—atom interaction over thevhich assumes that the deterministic and stochastic fre-
past years, in a number of these studies the field has corrquency fluctuations of a phase-diffusion field are slow com-
sponded to a stationary stochastic proddd3. In particular,  pared to the atom’s intrinsic response time. The purpose of
in most previous studies of LIF fluctuations t(@ochasti- this approximate theory is to provide a conceptual frame-
cally averagejl detuning of the field from resonance was work for the interpretation of the more accurate numerical
independent of time. However, in many areas of spectrosresults presented later. Then in Sec. I, we outline our model
copy the mean frequency of a resonant field is modulatedlkali-metal-like system and the stochastic density-matrix
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Modulation . ' iQ
oot [y +iA(Y) oyt 7(022_011):0- (1b)

Here, theo;;’s are the density-matrix elementg; and y,
are the longitudinal and transverse relaxation rates, respec-
tively, and we haveA(t)=Ay+ Mo, Sin(wt)+ &t)=A(t)
+4&(t), wherem is the modulation indexp,, the modulation
frequency, ands(t) the mean-zero random frequency fluc-
tuations.
Since our interest is in the density-matrix behavior when
the atoms are in equilibrium with the fluctuating field, we
FIG. 1. Conceptual illustration showing the manner in which would like to set the first terms on the left-hand side of Egs.
deterministic frequency modulation can influence LIF noise in the(1) to zero. In order to understand the conditions under
adiabatic limit of the atom’s response. On a time scale that is shonvhich this is reasonable, we write the equilibrium density-
compared to the modulation period, the stochastic frequéiney ~ matrix elements approximately as
phasg fluctuations of the laser give rise to stochastic fluorescence

—— Fluorescence —»

-—— Field frequency —»

fluctuations, and these have an “instantaneous” variance that de- da; (1)
pends on the field and atom detuning at some particular moment. gj(h)=Zjj+Asifopt+0)+8(t)———| , (2
Due to the nonlinear nature of the atom’s response to the field, the dA X

instantaneous variance is modulated, and this gives rise to nonsta-

tionary fluorescence fluctuations, more specifically wide sense, pQNhereTrij(t)EEij +Asin(wt+6). In essence, we arrive at
riodically stationary fluorescence fluctuations. Consequently, if theeq, (2) by assuming that we can write the temporal evolution
fluorescence is averaged over a time that is long compared to thgf the density matrix as the sum of a deterministic compo-
modulation period, the averaged fluorescence will appear to havRent and a stochastic component. We obtain the deterministic
the character of a stationary process whose variance depends on %mponent from the first-order terms of a Fourier expansion,

modulation depth of the field and the atomic linewidth. and the stochastic component by expancﬁri],gin a Taylor

. . ) _ series about the instantaneous detumingassuming that the
equations that we solve in order to generate a time series cg(t) are in some sense smflig]. Notice that in writing Eq.
simulated fluorescence fluctuatiori®etails on the numeri- (2) we have already invoked an adiabatic approximation,
cal approach are discussed in an append®esults will b gjnce we assume that the frequency fluctuations have little
presented in Sec. IV and interpreted using the adiabatic aRstact on the evolution ofr,;, and that a Taylor series ex-
proximation. We conclude with a summary of our findings ] o ', ' Lo _
and a brief discussion of their significance for precision lasePansion usingr;; has meaning. Sinc®;; =0 by definition,
spectroscopy.
: . daij(t)
Tij (t)EAwm COS(me- 0) + 5(t) —d

II. THE ADIABATIC APPROXIMATION

Prior to discussing the results from the detailed numerical déy;(t)
computations, it is useful to have some conceptual frame- +6(t) ——— ()
work in which to understand those results. Therefore, in this dA |5

section we develop a semiquantitative theory of the modu-
lated, stochastic-field—atom interaction problem, emphasizComparing the terms in E@3) to y; »o; , which determines
ing that the theory is primarily of interpretive value. Briefly, the minimum rate of density-matrix evolution on the left-
if we assume that the deterministic and stochastic frequendjand side of Egs(1), we can ignore the first term on the
variations of the field are in some sense slow, then the atom#®ght-hand side of Eq(3) under the(deterministi¢ adiabatic
basic interaction with the field will be independent of thoseapproximationw,< 1y, . This, of course, means that; is
fluctuations to first order. This is illustrated conceptually inSmall, and hence that the last term on the right-hand side of
Fig. 1, where the “instantaneous” variance of fluorescenceEd. (3) can also be ignored, at least for fields with reasonably
fluctuations(i.e., the variance over a very short time inter- small (effective rms values ofs (i.e., narrow-linewidth
val), arising from the laser’s instantaneous frequency noisefjelds) [18]. Consequently, under a deterministic adiabatic
varies periodically as the laser is modulated about resonancapproximation ; should have a magnitude of at most
To develop the adiabatic approximation, we consider thes(t) d"di,-(t)/dZ 3.
two-level atom density-matrix equations in the rotating In order to estimate the magnitude of this term, we first
frame (and with the rotating-wave approximatiprwhere recognize that d?rij(t)/dZ |7 should be of order {2
A(t) is a time-dependent field/atom detuning afidis a +02)"Y2_ Further, given that the time scale of the field-

constant Rabi frequency atom coupling is on the order of a Rabi period, we estimate
the magnitude of5 as V(53), where/(53) is the root-
o9t Y1095~ IM[ 05:Q2* ]=0, (1a  mean-square value of the field’s frequency fluctuations
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within a bandwidth(Q). In other words, since the atom will Here, we have normalized the density matrix so thaj
not respond to fluctuations that occur on a time scale much-o,;= 0. Equating terms of similar order and carrying
faster than the Rabi period, the maximum rateddfiaving  through the algebra, we eventually obtain

significant affect on atomic evolution should be on the order
of a time-averaged rms value of the frequency fluctuations

(1) S —
(i.e., V(53)) per Rabi periodi.e., pef)~1). 2()==3(Ok(t)=— &)

In the case that the field corresponds to a phase-diffusion, o[ Ao+ Mwm Sin(wt) (v, v1)Q?
singlemode laser, we hay&9] X (y§+[AO+ Mo SN @t) 12+ (72/71)Q2)2
(8(t)8(t+7))= e "I, @) (11)

wherey, is the (essentially Lorentzian laser linewidtffull o ) )
width at half maximurhand 3 is the bandwidth of the field's Note that this is equivalent to the equation we would have
frequency fluctuation20]. Thus, obtained by solving Eqg1) in the steady state, replaciny
, in the solution withA in order to obtainey, and then
np JQIZ do _ 37 ptan? 2) (5) definingoty as 5(t) doty/dA |5 . This is basically the pro-
—appite’  w’t 2B)" cedure outhned by K|tch|ng:t al.in their intuitive, “passive
) ) _ susceptibility” description of the manner in which laser
Since in general we expeg>() (for example, in the case phase-noise maps onto an atomic system’s evolUt2s}.
of a single mode diode lasep~10° MHz while Q  From this perspective, the present work clarifies the various

(%)=

ko

~10-100 MHZz[21]), Eq. (5) reduces to approximations that are invoked in the Kitching model. Fur-
Q ther, from a statistical point of view, it is worth noting that
(Eﬁ); VL__ (6) the sign 0f0'(212) is really determined by the sign af(t).
a

Consequently, for the nearly white frequency fluctuations of
interest here, we reexpress Efjl) asoby(t) = 8(t)| ()| to
simplify our analysis later.

While Eq.(11) expresses the moment-to-moment fluctua-

& 7) tions of o»,, our interest is in the low-frequency behavior of

- a( y§+ QZ)’ the excited-state populatiofe., fluorescengefluctuations.
. We therefore define two new random processeS,(t)].
so that for weak fieldsi.e., {1<vy,) and/or sufficiently andé(t),, which are averages over a relatively long time
narrow-linewidth lasersgi.e., y. <vy,, ) we can ignore this
term relative toy, ,o; . Consequently, under fully adiabatic

Therefore, in order of magnitude we expect
daj;(t)

o) —
dA

" . X R 1 [(t+72
t hich f < h - N+
conditions, which we now define as,,, y . <v,, we have [0212)(»{)] — ;ft » 0(212)(»[ ydt’, (123
Y1025~ IM[02,Q*]=0, (89)
i _ 1 (t+72
[72+|A(t)]0'21+ (crzz 011)=0. (8b) 5(t)TE;f /2 o(t’)dt’. (12
t— 7/

To proceed with the solutions of Eq®), we now employ
a perturbation approadi22], writing the density-matrix ele- Here, 7~ might correspond to the bandwidth limit of a fluo-

ments as rescence measurement system or the bandwidth of a feed-
1 (1)1 (2 back loop in an atomic clock. Employing E¢l1) in Eq.
O'ij:(Tij +O'|] +0—Ij +-ee (9) (lZa), we get

Basically, we consider the stochastic portion of the field as a

separate perturbation on the atom, so that the various terms

| i i ic [oRm]== S(t")|(t")|dt’
in Eq. (9) correspond to increasing orders of the stochastic 22 T o

portion’s contribution to density-matrix evolution. Substitut-

ing Eq. (9) into Egs.(8) and retaining only terms up to first 1( (t=r2+T ) )
order in stochasticity, we obtain = ftﬂ S(t")|x(t")]dt
ri(0+ o) =Im{(sf)+08)0*], (109 L 22T
+J S(t)|k(t)|dt’ +---F, (13
t—7/2+T

[v2+i(B+8)]0%)+ (2 +iB) ol

whereT=2x/w,,. However, due to the periodicity af(t),

=— B[2(a<0>+a<1>)—a] (10b)
2 22 " Y22 o Eq. (13) can be rewritten as
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- 1 (t—r2+T Examining the general character of the adiabatic solu-
[Uélz)(t)]TZ;f [k(t){o(t")+8(t"+T) tions, we first note from Eq(173 that for mw,#0, N
= always has a finite, potentially large, value, regardless of
F O+ 2T) -+ St + (/T —1)T]}dt’. second-order effects, even whe® 27/ w,. Due to our fo-

cus on periodically stationary fields, the preceding discussion
(14 indicates that averaging over the modulation period produces
a wide-sense stationary LIF process from an underlying non-

Er':ges(':glteh?’vﬁfsbisn%&olztngZ?iﬂrlnttﬁereiotgjlgggisure.meﬁﬁtionary LIF proceskassuming, of course, that tié¢t) are
3 9 1 " 9 perlOd\Nide-sense stationajyFurther, as suggested by Fig. 1 and
(e.9.,7~1sec,T<10"" sec, ands $10_sec), the term quantified by Eq.(11), rapid modulation of the laser fre-
in brackets can be approximated ag'T)4,, which then  guency results in rapid modulation of the LIF fluctuations’
yields instantaneous variance. However, since most experiments are
5 concerned with time scales much longer than the modulation
e O , - period, these periodically varying changes in the LIF noise
[ng)(t)]fw?fo |«(t)]dt'= 5[] (15 are not observed in the experimental data. Rather, the rms
noise of the measured LIF signal corresponds to a weighted
Thus, the variance qung(t)]T, and hence the variance of mean of the instantaneous LIF variances, with the weighting
LIF, is given by the variance of the laser’s frequency fluc-factor contributing through the time-independent quantity
tuations averaged over 5., amplified by the factofx]2. [k]7. The second point to note from E¢L73 is that the
For the cas&\,=0, we have from Eq(11) for the rms significant modulation parameter it the modulation fre-

noise of the atom’s excited-state populatidp quency _by itself, but rather the _amp_litude c_)f the frequency
modulationmw,,. Thus, fields with widely different modu-
/<§2> T lation frequencies will have similar effects if their frequency-
TT fo [(t")]dt’

No= modulation amplitudes are equivalent.
Ay=0
0 [ll. MODEL SYSTEM DENSITY-MATRIX THEORY
2\(82) (T2 (y21 1) Q?Mwp, SIN( @t ) i i
_ T j ool Y2/ 71 Wm ®Om t In order to accurately study the multilevel, stochastic-
T 0 (y5+mlwssif(wnt)+(y,/y,)Q%)2% " field—atom interaction problem, we now consider the specific

case of laser-induced fluorescence from a thermal beam of

(16 alkali-metal-like atoms as illustrated in Figi@, and, in par-

which yields after carrying out the integration ticular, the important special case of LIF associated with the
Cs 6°Sy(Fq=4)—6"P3(Fe=5) cycling transition that

2 2 produces a large number of resonantly scattered photons per
No= (8)70 Meon 72/712)(”2' S)Aeg{ 5 ! . atom. However, in the case of the real cesium ai@m,
™ r (I'"—=moy, Cs'33 with nuclear spin equal to 7/2 the study of density-
Mo matrix evolution could conceivably involve 399 simulta-

n tanh ! m) } , (173 neous, stochastic differential equations, which would have to

Moyl r be repeated for some numbr.g., 10 different atomic ve-

locity groups. Obviously, some simplification of the problem
is required in order to make it computationally manageable,
8 3 ; ¢ i /€ : and so we have chosen to replace the real cesium atom with
?e%:gl ):A‘Iesglt )k:e, tguiirg&e?/v Ijvter:((:naﬂsifInrf\et(;?sff;r;gtilr? a figgitious (stablé 1=1/2 isotope that nonetheless has the
W/cn?, so thatQ=Ag4\/1/21. In situations without modu- gi;:g'fgzr.gn&gﬁff'c ma%rgeﬁ?]:siczh tha\:vﬂ;?] O’i ,\,,:IEZ
lation, such thaimw,=0, the excited-state rms population — 276 g MHz. ©

noiseN, is We further confine our consideration to a situation in
which the laser beam is linearly polarized with its polariza-

wherel?=| y3+m?wh+ (y2/y1) (1121 ) AZgl. In writing Eq.
(178, we have defined the saturation intensity as 2.5

N, = \/<E§> T Y 1dt tion direction perpendicular to the atomic beam’s quantiza-
AT o | «(t")] tion axis. Thus, the laser inducésn-= *1 transitions(i.e.,
Mam=0 + ¢ polarized ligh}. The problem thereby requires the solu-
2 tion of 33 simultaneous, stochastic differential equati@is
_ V(82 a0Ao( 2l 1) (1121 ) AZ, (17  ter including the constraint of normalizatiors illustrated
[Ya+AG+(y2ly) (1121 AZ % in Fig. 2(b), the laser induces excited and ground state co-

. herencegshown as dashed lines in the figuia our ficti-
indicating that[o(zlz)(t)JT, and hence LIF noise, is zero on tious isotope corresponding to two, three, and four-photon
resonance. Note, however, that Efj7b) only accounts for transitions. It is worth noting that in the case of the red®s
first-order effects in the expansion of E®); on resonance, atom coherences are generated that correspond to ten-photon
higher-order terms in the expansion will yield a finite LIF transitions. Since, as a general rule, the order of the photon
noise level on resonance. process determines the highest order field-correlation func-
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( ) TABLE |. Parameters used in the numerical computations of an
Fluorescent signal alkalilike (i.e., cesiumlik¢ beam interacting with a nonstationary
A stochastic field
LI
e \\: /’ 4
~aan s Parameter Value

—— B-field

Cesium EinsteinA coefficientAg, 5.16 MHz
atoms LA Initial population inF =1 ground stater, 0.75
Saturation intensity 13.1 mW/cni
Ground- and excited-state Zeeman splitting 1.4 MHz/G
Oven temperature 100°C
Stochastic field Most probable atomic speed, 2.2x10* cm/sec
> Field-atom interaction length 0.4 cm
Static magnetic field, 500 mG
Laser intensityl 25 mWi/cnt
Laser frequency’s modulation amplitudew /27 2 MHz
Laser linewidthy, 1 MHz
Laser line shape wing parameter 103y,
Laser 8l d (1) 1078

where the perturbatiok’ on the right-hand-side of Eq18)
corresponds to laser excitation with

- 1 . .
V(t)=—p-E(t)=— 5(,&-)7)'50(@"”“r e, (19

and the last term on the right-hand side of Efg) corre-
sponds to spontaneous emissidAs usual, we make the
rotating-wave approximation in solving these equatipns.
Here, Hy is the atomic Hamiltonian in the absence of the
optical field, which includes the atom’s static magnetic-field
FIG. 2. (a) lllustration of the modeled LIF experiment: cesium interaction;E, andw are the laser electric-field strength and
atoms travel into and out of a fluorescence detection region anfrequency, respectively, such th&,=(Eq)[1+{(t)] and
experience a static magnetic field oriented perpendicular to the lases = (w) + 5(t). For these random processes, #{¢) corre-
polarization. (b) lllustration of the density matrix couplings that lation function is given by Eq.4), and for £(t) [with
occur in our fluorescence simulation. Solid lines correspond to Iase(rg(t»:o] we have
one-photon transitions; dashed lines correspond to coherences that
the laser-atom interaction creates.

Coherence

ki

<§(t)§(t+7)>:7LT§eXF<_T_g>- (20)

tion of significance for the stochastic-field—atom interaction,
there is the potential for LIF to depend on very high-order
correlation functions of the laser field. To include the effects . L . .
of a static magnetic fiel, on the Zeeman energy-level Inf Er?‘ (|20), 7 1S re'fltﬁd tt()) thde r_ealapve |nten§|t]}_/ nmg?ll\lN)
spacing, we note that in both thés‘l,z(Fg:l) state and the ° the laser in a 1-Hz bandwidtfi.e., we define as
62P4(F.=2) state of our fictitious isotope the Zeeman ' ms/(1)) such thatsl md (1) =47y, .

splitting is 1.4 MHz/G. We model our optical field as a sin- Following Cohen-Tar)noudﬁZS], the.matnx elements of
glemode diode lase(i.e., a phase-diffusion field with small the spontaneous emission term are given by

relative intensity noisg and for the work reported here we

always set3=10y, . Unless otherwise noted, the param- EmITIE.mY=—A. (F.m.lo|EF.m’ 21
eters of Table | are employed in all of the numerical experi- (FemelT[Feme) e Femelo|Feme). (213
ments.

We write the density matrix evolution as Acq
(Feme|T'|Fgmg)=— 7<Feme|o|Fgmg), (21b

('7'=—i—[(H0+V),a']+F(0'), (19

) and
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(Fgmg|T'[Fgmg) = 0.05 @ 110 <
Jo Fo 112 L e 000 183
:Aeg[\]e][Fg][Fe]{F J 1] ﬁﬁ P — 6 é%
9 g g.g -0.05 - 142%
c—= (3]
% 2 (_)2F9+q—mg—mé( Fg 1 Fe) 58-—0.01 = ] 2 ;gg
d.me,,m;, Mg 9 Me © —0.15 L—— odmmmmsimm—————— &
-20 -10 0 10 20
Fo 1 Fe Laser detuning [MHz]
X[, ,)(Feme|a|Femé) , (219
Mg 4 Me 0.3 5 _
E 0.2 - 4 -%
where[K]=(2K+1). Since, in general, atomic coherences g‘g‘ 0.1 P N
play an important role in the laser-induced generation of LIF 5 g 0 _'g Q
noise(e.g., the atomic absorption cross section is defined by o —o01 - - 2 g*
the imaginary part of certain off-diagonal density matrix el- a® ’ — 9 2
ements, it is worth stating explicitly that according to Eq. 6 02 %
(2109, atomic coherences among the excited state Zeeman —0.320 1 200
sublevels do not simply disappear as a result of spontaneous - Laser detuning [MHz]
decay; they are to some extent transferred to the ground state
[26]. 2.0 @ g& ] 10 _
Solving the density matrix equations numerically, we 8_. 10k —F % — 8 '%
compute the temporal evolution of three physical quantities: SL L i N 3
two moments of the ground-state population distribuf®@r as ok . g‘éz
(i.e., the dipole moment corresponding to ground state orien- %g - 14 8
tation, (F, ,) and the quadrupole moment corresponding to 2= -1.0 2 2§
ground-state alignmenf3F3 ,—F3)) and the total-excited P N I &b
state populatiomp,. Since the fluorescence signal is propor- 20 -10 0 10 20
tional to p., the fluctuations inp, relative to its average Laser detuning [MHz]

value constitute our measure of the LIF signal-to-noise ratio. o
We determine the noise at an averaging time of one second F!G- 3. (@ Ground-state f=1) polarization,(b) ground-state
using the Allan variancél7], so that our signal-to-noise ra- (F=1) alignment, andc) fluorescencearbitrary unit$ for a nu-
tios correspond to values in a one-hertz bandwidth. Furthe?nencal experiment with the nominal conditions of Table | except
details of the numerical computations may be found in the®" | =120uWien?, wy=0, M=0, andBo=0.
appendix. . ) . . i
Figure 3 shows the average values of orientation, alignobservations, the important point to notice from Figs. 3 and 4
ment and fluorescence, along with the standard errors of i§ that the nonzero polarization and nonzero alignment imply
one-second average, as a function of laser detuning; th®at optical pumping occurs in this system, even though we
nominal conditions of Table | apply except fot are dealing with a cycling transition. Consequently, as the
=120 uW/cn?, w,=0 andB,=0. Figure 4 shows the same laser frequgncy randomly deviates from its average value,
quantities and nominal Table | conditions except for LIF'qu.ctuan'ng will arise from st.ochas.uc' varla}tlons in the
— 100 uW/cn? (i.e., wy#0 andBy#0). In the case of Fig. excitation efficiencyand stochastlc_ varlgtlo_ns in the_mo-
3, where we have a weak optical field, no modulation and ngnents of the ground state’s population distribution. This cou-
Zeeman splitting, there is a complete absence of polarizatioRling Of excitation efficiency and optical pumping is not cap-
in the ground state, though an alignment does develop due ,_yred in anallyse_s that are .|Imlt(.3d to two—IeyeI atoms, though
our excitation with = polarized light. Further, the full it is a complication that arises in real multilevel atoms.
width at half maximum(FWHM) of the fluorescence is 5.95
MHz, which is within 4% of the expected result for a two- IV. RESULTS OF THE NUMERICAL EXPERIMENTS
level atom(i.e., A+ ¥, [28]). Note that the standard error
in the alignment and fluorescence has a minimum on reso- Influence of field nonstationarity on long-term LIF naoise
nance as one might expect from the adiabatic approximatiorkigure 5 shows the Allan deviation of the fractional fluores-
Examining Fig. 4, we see that as a consequence of theence fluctuations,g,-(7), as a function of averaging time
nonzero magnetic field, the ground state develops a polariza= In Fig. 5a) we consider weak-field conditionge., |/l
tion when the laser is off resonance. Moreover, in combina~0.01), while in Fig. %b) we consider strong-field condi-
tion with the nonzero laser modulation the alignment andions(i.e.,/Is~2); all other parameters are as listed in Table
fluorescence signals broadgére., the fluorescence FWHM is 1. In each figure, the solid line corresponds to the case of no
now 8.04 MH2. Note that the standard error of the fluores- laser-frequency modulation, while the data points and dashed
cence no longer has a minimum on resonance, but has lme correspond to LIF noise in the presence of the nonsta-
much more complicated appearance. Notwithstanding thes@nary field. There are two points to note with regard to Fig.
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= -1.0— 2 § tions o ,r/e(7) for the laser tuned on resonang@ee., A;=0): (a)
—2.0 L —comass® | »n =100 uWicn?, (b) =25 mWi/cnt; all other parameters as in
220 -10 0 10 20 Table I. In each graph the solid line corresponds to LIF without
Laser detuning [MHz] laser-frequency modulation while the data points correspond to LIF

with laser-frequency modulation.
FIG. 4. (a) Ground-state F=1) polarization,(b) ground-state

(F=1) alignment, andc) fluorescencéarbitrary unit$ for a com- . _ .
puter experiment with the nominal conditions of Table | except for . Though theS/N ratio for wy/2m= 10_MHZ rem_a'ns ,rela'
| =100 W/cn?. tively high for a range of modulatlon amplltude(se.,

Mo, /27<5 MHz), one should interpret this result cau-
5. First, independent of laser intensity, the nonstationaryiously. Basically, at this very high modulation frequency the
character of the field has a dramatic effect on the Allan deatoms’ response is nonadiabatic, implying that the atoms do
viation, increasing the LIF noise by about 200% for the fig-not easily follow the laser’s deterministic frequency varia-
ures’ specific conditions. Additionally, even though the field
is nonstationary, the LIF noise is whifee., the Allan devia-

tion decreases with averaging time @8 as predicted by the 8 85000

adiabatic approximation. As previously noted within the 2

adiabatic approximationaiF,F(r) corresponds to a mean T 25000

square of the fluorescence fluctuations averaged over a & 20000

modulation period. Since the field is periodically stationary, 8

the averaging gives the LIF fluctuations stationary character, @

and for averaging times much greater than the modulation §

period the nonstationary character of the field simply ampli- §

fies the white-noise level of the LIF. w o1 1 | | |

Signal-to-noise ratio and laser-frequency modulation am- 0 5 10 15 20 25

plitude Figure 6 shows the signal-to-noise ratio of the LIF Frequency modulation amplitude, mopy, [MHz]

(R0=0) as a functlon“ O_f Ias?r-frequency modulation ampli- FIG. 6. LIF signal-to-noise ratio for the laser tuned to resonance
tudemaop,, where the _S|gnal corresponds to the dc level of as a function of the laser-frequency modulation amplitude; param-
fluorescence [29]. Diamonds correspond t0ww/27  eters are given in Table | except as noted: diamonds correspond to
=100 kHz; circles correspond t@,/2m=1MHz, and tri-  , />—100 kHz, circles correspond t,/27=1 MHz, and tri-
angles correspond t@/27 =10 MHz. As predicted by the angles correspond te,/27=10 MHz. The long dashed line run-
adiabatic approximation, fow,<Aggy, the S/N ratio does ning through the triangles is simply an aid to guide the eye, while
not depend so much on the value of the modulation frethe vertical double-dashed line indicates,=A.q. The solid line
quency, but on the amplitude of the laser-frequency modularepresents the signal-to-noise ratio predicted by the adiabatic ap-
tion mwy, . proximation.
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tions. Hence, it is not surprising that the noise is relativelyatomic vapoy, then it might be possible to take advantage of
low. Nevertheless, the laser’s frequency is modulated witmonadiabaticity to improve th& N of the atomic beam’s LIF

intent, presumably to generate an ac signal that can be use¢hile maintaining a large ac signal for laser stabilization
to stabilize the laser wavelength. If the modulated signal isurposes.

derived from the atomic beam’s LIF, then nonadiabaticity

In order to proceed further with the interpretation of the

implies that the ac signal will be small, possibly negating anynumerical results, we define the adiabatic fluorescence signal

positive influence of the fast frequency modulation on the
(do) signal-to-noise ratio. However, if the correction signal
for laser stabilization were derived from a separate atomi
system with a broader atomic bandwidghg., LIF from an

|
2,

2
€g

|

2, A2 2 2
+AH| =] =—]|A
v2rReT (2|s> 0

3

Yo+ A3+ mPw? +

Fa asAqgTalo]r, whereTy is the most-probable flight
{ime of the atoms through the laser-atom interaction region.

Then, solving Eqs(10) for [E@]T we obtain

(22

From the parameters of Table I, and witp=1/2(A.q

parameters except for magnetic-field strength correspond to

+ ), we find thatF,= 135, which is within about 5% of Table | values. What is striking about the results is that for a

the numerical adiabatic result &f,=129. (For the nominal

limited range of magnetic-field strengths tBéN ratio in-

500 mG field, the several ground-to-excited state transitionsreases dramaticall§i.e., between 300 and 400%and as

are shifted by=0.7 MHz.) In order to compute the signal- shown in Fig. Tb), where we plot the signal and noise sepa-
to-noise ratio, we now recognize that Zeeman shifts of theately, the effect appears to be due to a strong reduction in
resonant transitions will cause the noise to be dominated blF noise over this particular range &f;¢eman

N, at small values ofmw,,. For conceptual purposes, we
therefore write theS/N ratio as

Fa

(SINy=——"—.
AengI(N0+ NA)

(23

Substituting from Eqs(17a, (17b), and(22), and using the
parameters of Table[30], we get the solid curve of Fig. 6
for the noise in a one hertz bandwidth. As expected, at low
modulation amplitudes the agreement between the numerical
results and the adiabatic approximation is quite good, show-
ing in both cases a rapid fall off i6/N up to approximately
Mw/27m~5 MHz. Even the leveling-off of th&/N ratio for
Mo, /27=5 MHz is captured by the adiabatic approxima-
tion, though its validity conditions are clearly violated. Note
that if we had not included thl , term in Eq.(23), ignoring
for the sake of argument effects of shot noise, the signal-to-
noise ratio would have diverged at low modulation ampli-
tudes, which suggests that the Zeeman splitting of a multi-
level atom can play an important role in determining LIF
noise.

Signal-to-noise ratio and Zeeman splittinys suggested
by the results shown in Fig. 6 at low modulation amplitudes,

80000
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o
£
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n
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<
) [T D : -
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the multilevel nature of the stochastic-field—atom interaction g5 7. (a) Signal-to-noise ratio as a function of Zeeman split-

problem can have a significant influence on 8iBl ratio. To
explore this issue further, we examined tBE&N ratio as a
function of Zeeman splittin@\ 7eeman The results are shown
in Fig. 7(a), where diamonds correspond tw/27
=2 MHz and circles correspond tow/27=0; all other
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ting as determined in the computations by the magnetic field
strength A,=0); parameters for the calculation are as indicated in
Table | except for the modulation amplitudéa) LIF signal and
noise plotted separately fonw,,= 0, showing that the enhancement
in the S/N ratio is driven by a decrease in LIF noise.
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S/N ratio. At relatively high values of the magnetic-field
strength, where the computations of Figb)7indicate an
increase in LIF noise, the situation is less clear. Qualitatively,
it seems reasonable to presume that an inherent noise-
mitigation property of thé/ system becomes less effective as
the (=) and (+) branches take on independent-transition
character, as would occur at very large values of the Zeeman
splitting.

V. SUMMARY

In this work we have investigated the interaction of a
nonstationary field with a multilevel atom. In particular, we
examined the fluctuations in laser-induced fluorescence from
an alkali-metal-like atom when it interacts with a singlemode
field undergoing deterministic frequency modulati@®e., a
periodically stationary field Two of our key findings are
that (1) though at low Fourier frequencies the nonstationary
(i.e., modulatefl character does not appear explicitly in the
LIF fluctuations, it does amplify theifwhite-noise magni-
tude and(2) in the adiabatic regime of the stochastic-field—
atom interaction the important modulation parameter is the
amplitude of the deterministic frequency excursiams.,
Mwy,). Additionally, for the multilevel atom we found that
the LIF noise is significantly reduced at a critical value of the
Zeeman splitting. Though we developed a heuristic explana-
tion for the phenomenon, an accurate understanding of its
FIG. 8. (a) lllustration of the multipleV systems in the present origin will require a more careful analytical examination of

problem.(b) lllustration of the manner in which LIF noise might be LIF noise in aV system. As is well knownly systems and
suppressed in ¥ system as discussed in the text. systems are subtle, leading to effects such as coherent-
population trapping and electromagnetically induced trans-

As a working hypothesis to explain the increase in theParency [31]. Notwithstanding the physical origin of the
SIN ratio, we first recognize that because of the multileve(C'itical decrease in LIF noise, its observation may have im-
nature of the problem and the laser’s polarization, we arortant implications f_or precision spectroscopy. Specifically,
dealing with multiple situations o¥/-system excitation as " the area of atomic clocks, where short-term frequency
drawn in Fig. 8a). Consequently, as illustrated in Fig(h, stability is typically determmed by th&/N ratio, the present
when the Zeeman splitting is not too large tirminally refsults suggest t_hat operation of a beam clock at an appro-
on-resonandelaser excites two coherently coupled transi- Priaté magnetic-field strength could lead to factors of 3 10 5
tions; these are offset from the laser frequencyH soomal improvement |n.fr§quency stability. It will be interesting to
and — |Aseemal, With the average excitation efficiency for see if this pfed|ctlon holds true for the next generation of
the two branches of th¥ system given bys,. If the laser compact cesium beam clocks employing diode lasers for op-
frequency randomly decreases Iy, the excitation effi-

tical pumping and LIF detectiofB82].
ciency for the(—) branch of theV system increases to ",
while the excitation efficiency for thé+) branch decreases ACKNOWLEDGMENTS

to e *. Though individually the excitation efficiencies for the The author would like to thank R. Lutwak for several

(—) and(+) branches may change dramatically, the overallsiimylating discussions regarding various aspects of the non-
excitation efficiency(giving rise to the LIF signalmight  gtationary, stochastic-field—atom interaction problem. This
only change slightly fronz, to (). Consequently, we argue \york was supported by U. S. Air Force Space and Missile

that theV system has bu_iIt into.it an intrinsic apility to m.iti-. Systems Center under Contract No. F040701-00-C-0009.
gate PM-to-AM conversion noise in the LIF signal. This is

consistent with Eq(17b), whereN, for a two-level system
depends on the sign d. In order to explain the appearance
of Fig. 7(a), we note that at small Zeeman splittings the In our numerical algorithm, we run a “fast” time scale
multiple V systems are degenerate; thus the noise cancelland a “slow” time scale. Basically, the fast time scale corre-
tion property of theV system is attenuated and the atomsponds to a specific ensemble of atoms’ temporal evolution
produces LIF noise in the manner of a two-level atom. Atas it crosses the field-atom interaction region, while the slow
somewhat stronger magnetic-field strengths, with the Zeetime scale corresponds to the bandwidth of the measurement
man degeneracy lifted, thé system’s intrinsic noise mitiga- system. For some particular moment of the slow time sizale
tion process becomes effective, giving rise to an enhancede consider the propagation of an ensemble of atoms

APPENDIX
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through the field-atom interaction region, with the ensembléeraction region. Using Gaussian quadrafi8§| to numeri-
composed of a number of different velocity groyps., we  cally integrate over the velocity distribution for the thermal
consider our ensemble as the $e(v)}]. Each member of beam[36], we obtainp(ts), py(ts), andF(ts).

the set corresponds to a subensemble of atoms in one of ten At each value of the slow time we generate a new real-
different velocity groups. We begin by generating a realiza4ization. Since these realizations are uncorrelated, we are es-
tion of our random field33], and for each velocity group we sentially assuming that the bandwidth of the measurement
solve the density matrix equations over the group’s lasersystem corresponds to a timescale that is long compared to
atom interaction timé_/v; here,L is the length of the inter- the field’s correlation time. We basically consider our deter-
action region and is the atomic speed for the particular minations ofp4(ts) andpy(ts) as the outputs of a zero-order
velocity group.(Our minimum atomic velocity i, equals sample-and-hold37] of duration Ty, sampling at the rate
4x10° cm/sec and our maximum equals@yf, wherevy,, 0.1y, whereTy is the maximum flight time through the

is the most probable velocity for a given alkali-oven tem-interaction regiori.e.,L/v y;,). We analyze the time series of
perature). The density matrix equations are solved using athese sample-and-hold outputs, or the fluoresceng),
variable step-size fourth-order Runge-Kutta-Fehlbergwhich is an average ovdr;, using the Allan variancéNote
routine [34], and each atomic velocity group in the set that our instantaneous values @f(ts) andpq(ts) are unbi-
sees the same realization of the field. For each velocitysed estimates of the average values of these quantities over
group we integrate the fluorescence sigra{ts,v,t;) the durationTy.] Though our simulation corresponds to
=Acgpe(ts,v,t;), over the interaction time;, and also measurements with “dead time,” since the sampling time is
record the values of ground state dipole and quadrupoleen times longer than the averaging tifig, the dead-time
population distributionspy(tiy,v) and pq(tin,v) respec-  bias function is unity because the LIF stochastic process cor-
tively, as the atomic velocity groups exit the field-atom in- responds to white noige8].
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