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Reexamination of high-energy above-threshold ionization„ATI …:
An alternative strong-field ATI model
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The multiphoton strong-field phenomenon of high-energy above-threshold ionization~or high-order ATI! of
an isolated atomic system exposed to an intense monochromatic linearly polarized laser field is considered
analytically and studied numerically within the framework of an alternative nonrelativistic strong-field ap-
proach developed earlier for theoretical treatment of high-order harmonic generation process. The related
proposed alternative strong-field ATI model is fully quantum mechanical and mainly based on theKeldysh
approximationcombined with making use of theessential statesmethod~along with thepole approximation!.
Applying together these two methods allows for representation of the total ATI amplitude in a closed and
compact analytical~the so-calledfactorized! form quite transparent for interpretation and available for direct
numerical calculations. To demonstrate the model applicability, a number of certain photoelectron spectra
produced by various atomic species~mostly noble gas atoms and negative ions! have been calculated numeri-
cally and shown to reproduce the well-known conventional semiclassical rule for the extent of high-energy
plateau and position of its cutoff energy. All the calculated photoelectron spectra as well as the specific details
of respective angular distributions~viz., their sidelobes or so-calledrings! corresponding to a certain photo-
electron peak within a high-energy plateau region~formed primarily byrescatteredphotoelectrons! demon-
strate a very credible behavior within a broad and most interesting region of the problem parameters. More-
over, they all are also in an excellent or fairly good accordance with typical ones measured in standard ATI
experiments or calculated by other authors within different~analytically more sophisticated or computationally
very demanding! approaches and methods developed earlier.
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I. INTRODUCTION

The above-threshold ionization~ATI ! process in atomic,
molecular, and other systems exposed to an intense ele
magnetic~em! laser field is probably the most fundamen
and intriguing strong-field phenomenon of modern stro
field atomic, molecular, and optical~AMO! physics. Due to
various possible related promising applications, this phen
enon attracted a lot of theoretical and experimental atten
during the last two decades@1,2#. Currently, the ATI process
is commonly recognized as an essentially multiphoton p
cess along the course of which the laser-irradiated sys
~atom, molecule, etc.! absorbs a numberN of incident pho-
tons of fundamental frequencyv well over the minimal one
N0 required to overcome the ionization potentialI p (N
.N05@ I p /v#11@1, here @x# denotes an integer part o
variablex and theatomic system of unitsis used throughou
this paper unless stated otherwise!. The underlying physica
mechanism, initially identified as thedirect ATI process@3#,
is related to the fact that, prior to final escaping, the opti
atomic electron, being released to atomic continuum sta
is still under the influence of the atomic binding potent
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and, therefore, able to absorb a number of additional~extra!
photons of the incident laser radiation field. Accordingly,
typical ATI photoelectron spectrum is generally observed
a sequence of few equidistant peaks separated from
other by a fundamental laser frequencyv and corresponding
to the number of extra photons absorbed. In the first exp
ments@4# ~see also, e.g., Ref.@5# for review!, the incident
laser fields of relatively low or moderate intensity we
mostly used and, therefore, the heights of these photoe
tron peaks were found quickly dropping off with increasin
photoelectron energy; however, more~additional! photoelec-
tron peaks of higher energies were observed to appear
further increasing of the incident laser intensity. Soon af
the first discovery and experimental observation, this p
nomenon was realized and conceived as highly nonlin
particularly, this phenomenon can not be described yet
any finite-order perturbation theory with respect to em int
action with the incident laser field of very high intensi
@1,5#. Furthermore, beginning from a critical value of las
intensity I .I c ~so thatUp>v, hereUp is the ponderomo-
tive energy or cycle-averaged kinetic energy of oscillati
motion of a free electron driven by an incident laser fie
only! the nonperturbative character of ATI process becom
especially obvious and prominent. Particularly, in a laser
diation field of very high intensity a few lowest-energy ph
toelectron peaks~i.e., corresponding to several least net nu
d-
©2004 The American Physical Society06-1
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bers of incident photons absorbed to overcome the ioniza
threshold! were found to have considerably smaller heig
~or even be highly suppressed! compared to peaks of highe
energies corresponding to a larger number of absorbed
tons ~the so-calledstrong-field suppressionof low-energy
ATI peaks@5#!.

In this context, the process ofhigh-energy above-
threshold ionization~HATI ! is a strong-field phenomenon o
much higher order of nonlinearity corresponding to a mu
larger net number of incident photons absorbed, so t
eventually, the laser-irradiated system is able to produce c
siderably faster photoelectrons of energy«p.2Up@v, i.e.,
far beyond the conventional energy region where the di
ATI process is predominant. A highly nonperturbative natu
of the HATI process becomes especially distinct and ma
fest, in particular, by existence of so-calledhigh-energy pla-
teau in high-energy photoelectron spectra@6,7# and anoma-
lous angular distributions~viz., sidelobes or so-calledrings
@8#! of faster photoelectrons revealed in experiments. Si
then the HATI process became the subject of a great num
of theoretical and experimental studies~see, e.g., Refs
@9–11# for reviews!. Such an intensive and explosive intere
is mostly fundamental due to the fact that high-precis
experiments on single atoms are feasible, which allow fo
detailed comparison between experiment and theory, in c
trast with other related strong-field phenomenon of hig
order harmonic generation~HHG! whose analysis is impede
by the existence of collective and propagation effects. Ow
to these investigations undertaken in the past ten year
was ascertained that typically produced high-energy ph
electron spectra observed in ATI experiments demonst
the similar universal generic behavior, despite a numbe
particular differences in shape and detailed structure: nam
they can be distinctly split into three different regions
photoelectron energy:~i! «p<2Up , where the heights o
photoelectron peaks variate and generally fall down,~ii !
2Up<«p<10Up , the so-called plateau region where t
heights of photoelectron peaks are of about the same o
~iii ! after plateau cutoff energy region«p.«cuto f f'10Up ,
where the produced photoelectron peaks demonstrate qu
decreasing heights and, finally, exhibit a negligibly small
tensity.

Presently, there are two different principal approaches
theoretical treatment of the ATI process and all the existi
developed, and currently applied theoretical models
methods can be accordingly divided into two main grou
The first one is based on pure numerical procedures
methods, such as the direct numerical integration of o
dimensional~1D! ~e.g., Refs.@1,12#! or 3D time-dependen
Schrödinger equation~TDSE, e.g., Ref.@13#, see also Refs
@10,11# for recent progress!, time-dependent density
functional theory approach~e.g., Ref.@14#! or the Floquet
calculations~e.g., Refs.@15,16#!. Although theseab initio
numerical approaches~see also Ref.@17#! are the most
straightforward and have a valuable advantage that there
no restrictions to be imposed on the type of the incident la
pulse~so that the respective numerical solutions can, in p
ciple, be obtained for all regimes of incident field intens
and frequency!, nonetheless, their results are computatio
01340
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ally very demanding and hardly available for transparent
terpretation. The second approach~see, e.g., Refs.@18–26#!
is based on the conventional strong-field approximat
~SFA! applied within standard single-active-electron~SAE!
S-matrix formalism. Excluding very rare exceptions~e.g.,
Refs. @21,24#!, this approach generally implies also a su
stantial exploiting of the steepest descend~or saddle-point!
method under related analytical calculations of the quantu
mechanical amplitude of the rescattering ATI process and
interpretation of final numerical results. Therefore, the lat
mentioned ATI models are essentially formulated in terms
a quantum-mechanical path integral which, due to the
plied saddle-point method, can be approximately construc
from the classical orbits of a released electron driven by
incident laser field. Only for this reason, these strong-fi
ATI models can be conditionally referred further asquasi-
classicalones due to the associated semiclassical analys
the most contributing classical orbits~‘‘pathways’’! of the
released electron in intermediate continuum states~so-called
quantum paths! that makes the latter ATI models quite co
ceivable intuitively. In the meanwhile, the underlying sem
classical analysis goes back to the well-known classical~the
so-calledtwo-step simple-man! ATI model that was, histori-
cally, the simplest version of completely classical consid
ation of strong-field processes~see, e.g., Ref.@27# and rel-
evant references cited therein! and improved later by mean
of taking the rescattering of the released electron into
count ~the so-calledthree-step simple-manmodel @28#!. In
particular, according to the three-step simple-man model,
origin of the high-energy photoelectron plateau was ide
fied and explained as directly related to the initial release
an active ~optical! electron followed by a possible~com-
pletely classical! return back to the site of release and fin
rescattering off the parent core. During the course of res
tering the returning electron undergoes a considerable a
tional acceleration by the incident field and, thereby, acqu
a significant additional energy~much higher than without
this rescattering event! and, only afterwards, it escapes eve
tually as a high-energy photoelectron. This completely cl
sical picture of the so-called rescattering ATI process w
later improved by tunneling, dispersion, etc., taking in
more or less exact account~e.g., Refs.@29,30#!. Therefore,
these latter versions~primarily classical ATI models! will be
referred further~also, just for brevity! as semiclassicalor
simple-man-based models, unlike previously mentionedqua-
siclassical ~though, primarily quantum-mechanical SFA
based! ATI models. Thus, according to any SFA-based qu
siclassical or simple-man-based semiclassical model c
above and their diverse modifications~the listing of related
references is inevitably incomplete!, the cutoff energy of
high-energy plateau in the photoelectron spectrum is ass
ated with the largest possible value of kinetic energy
quired by the released electron from driving laser field ow
to the final rescattering~backscattering! off the parent core.
However, the applying of the saddle-point method along w
essential exploiting of this completely classical underlyi
picture seems to be quite inconvenient in a number of p
ticular cases~although, very important and promising fo
various practical applications! of incident laser fields of more
6-2
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REEXAMINATION OF HIGH-ENERGY ABOVE- . . . PHYSICAL REVIEW A 69, 013406 ~2004!
complex~nonstandard! frequency and polarization compos
tion. For example, for two-color~bichromatic! laser field of
arbitrary spatial and polarization compositions, the class
trajectories of the released electron driven by an incid
two-color field are generally too overcomplicated@31#. This
makes the respective underlying transcendental equatio
classical motion a considerably less compliant to the rela
fully 3D numerical analysis for finding out all predominant
contributing classical trajectories. Due to a very sophi
cated and too cumbersome numerical computation proce
~e.g., Ref.@32#! such an analysis seems to be reliably p
sible only for the simplest two-color laser field configur
tions@32–34#. Nonetheless, for a particular case of the mo
zero-range potential~ZRP! frequently used for approximat
description of the atomic binding potential, the saddle-po
method and associated semiclassical analysis were show
be quite avoidable within a different~neither semiclassica
nor quasiclassical, but exact! SFA-based quantum
mechanical approach@21,24# developed previously~see also
Ref. @35#!, although at the expense of its restricted appli
bility to ZRP-bound laser-irradiated systems only.

In our opinion, such a situation can hardly be conside
as quite satisfactory. This gave some reasonable justifica
and a strong primary motivation for the present paper
which we attempt to revisit the high-energy ATI process
the framework of quite a different, though also nonrelativ
tic, fully quantum-mechanical strong-field approach p
posed earlier@36# and applied first to the HHG process
isolated laser-exposed atomic systems for effective num
cal calculation of associated HHG spectra. Just as the m
of previously developed strong-field analytical models~e.g.,
quasiclassical ones mentioned above!, the currently devel-
oped ATI model is also based mainly on the strong-fi
approximation~well applicable for large values of the Reis
parameter@37# h5Up /v@1). Therefore, the model also de
scribes the strong-field ionization process in terms of nonp
turbative SAE atomic response consisting of a superposi
of two highly nonlinear processes of emission of lowe
energy electrons~due to the direct ATI process! of energies
up to about 2Up–2.5Up and higher-energy electrons~due to
the rescattering ATI process! of energies up to 10Up. How-
ever, unlike semiclassical or quasiclassical SFA-based
models mentioned above, the underlyingalternativestrong-
field approach incorporates also quite a different, the
called essential statesmethod@38# and the associatedpole
approximation~see also Ref.@39#, for details as well as the
relevant references cited therein!. Thus, the currently applied
strong-field approach is developed entirely beyond any se
classical~though, attractive and very beautiful! concept of
the most contributing classical trajectories~or quantum
paths! of a released electron in intermediate continuu
states. Nonetheless, the derived analytical expressions
also quite conceivable and transparent for interpretat
moreover, they seem to have been derived in a more stra
forward way that does not imply any further numeric
analysis of the underlying transcendental equation co
sponding to completely classical return of the released e
tron back to the site of its release and subsequent finding
and thorough selection of only those trajectories that are
01340
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dominantly contributing to the SFA amplitude of the phot
process under consideration. The latter means that the c
sponding final results~the calculated ATI spectra! are
obtained without any intensive computation work need
within other ~often more analytically sophisticated! ap-
proaches and methods developed earlier. This also m
that, without any serious analytical restrictions or numeri
complications, the final analytical expressions derived for
tal ionization rates and associated photoelectron angular
tributions can be equally well extended to more general ca
of two-color incident laser fields. In the meantime, two-co
strong-field phenomena due to em interaction with bich
matic laser field are currently believed to be highly prom
ing for a number of numerous fascinating applications, e
related to the so-calledcoherent controlthe detailed proper-
ties of two-color multiphoton process that might provide
principal possibility of manipulating~engineering! the asso-
ciated spectra~see, e.g., Ref.@40# for a review!. At last,
although the high-energy ATI process has proven to prod
highly structured spectra, nevertheless, the presented
model is able to adequately describe both a general sh
and even the details of a fine structure of high-energy p
toelectron spectra as well as their nonlinear behavior wit
the most interesting region of the problem parameters p
vided the condition of nonrelativistic treatment of the pro
lem is still satisfied. As follows from the results of our nu
merical calculations presented in Sec. IV, all the high-ene
photoelectron spectra calculated and presented here are
fairly good accuracy consistent with respective results of d
ferent strong-field approaches developed earlier by other
thors or measured in relevant experiments. Particularly,
the results presented here also well reproduce the con
tional semiclassical rule ‘‘«cuto f f'10Up’’ for the high-
energy plateau cutoff and adequately describe the assoc
specific anomalous angular photoelectron distributions~viz.,
the sidelobes or rings! formed primarily by high-energy~or
rescattered! photoelectrons.

II. GENERAL SFA FORMALISM AND BACKGROUND
THEORY OF ATI MODEL

Just as the most of previously developed strong-fi
Keldysh-Faisal-Reiss~KFR!-based models, our present co
sideration of the high-energy ATI process is restricted to n
relativistic frameworks traditionally supposing the phot
electron kinetic energy«5v2/2 and the ponderomotive
energyUp ~the energy of oscillating motion of a free electro
driven by incident laser field! are both negligibly small as
compared to the electron rest energy (v2!c0

2, Up!c0
2, c0

'137 is the light velocity in vacuum!. The latter means that
with a fairly good accuracy, the em interaction of an acti
~optical! electron with a strong driving laser field can b
considered within thedipole ~or, long-wavelength! approxi-
mation~neglecting any photon momenta,k50) wherein the
incident field strengthE(t) and associated vector potenti
A(t) are independent on coordinate radius vectorr , but both
are functions of timet only. Hence, the respective Hami
tonian of em interaction of the electron with incident las
6-3
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field may be written, for example, in (A•p) ~the so-called
‘‘ velocity’’ gauge! form:

Ŵ~r ,t !5
1

c0
A~ t !•p̂1

1

2c0
2

A2~ t !, ~1!

herep̂52 i“ is the operator of electron canonical mome
tum.

Owing to a very high intensity the incident laser field c
be described within completely classical framewor
wherein the explicit form of its vector potentialA(t) is given
by the following conventional expression:

A~ t !5~c0 /v!eEcos~vt !, ~2!

wheree and E are the unit polarization vector and electr
field strength, respectively. Then, the motion of a free el
tron driven by field ~2! is described by the well-known
Volkov’s wave functionthat is just anexact solutionof the
time-dependent Schro¨dinger equation with the Hamiltonia
HF5p̂2/21Ŵ(r ,t). The explicit nonrelativistic expressio
for this solution corresponding to continuous spectrum sta
of a definite value of electron canonical momentump reads
as ~e.g., Ref.@41#!

cp~r ,t !5~2p!23/2expF i ~p•r !2
i

2E2`

t S p1
1

c0
A~ t8! D 2

dt8G .
~3!

For the particular case of linearly polarized monochroma
incident field~2! the expression for nonrelativistic Volkov’
wave function~3! can be also represented in the form
expansion in harmonics of laser field frequencyv @37,41#:

cp~r ,t !5up&3 (
s52`

`

BsS z~p!;
h

2 DexpF2 i S p2

2
1Up1sv D t G ,

~4!

i.e., in terms of electron plane wave functionsup& and the
generalized Bessel function of the first kind ands th order,

Bs~x;y!5 (
m52`

`

Js22m~x!Jm~y!, ~5!

and of two real arguments, whereJs(x) is an ordinarys-th-
order Bessel function of the first kind and real argumenx;
moreover, the two dimensionless parametersz(p)
5(E•p)/v2 and h5Up /v5E2/(4v3) ~the latter is also
known asthe Reiss parameter@37,42#! have been addition
ally introduced here.

Let us start by introducing a total wave functionC(r ,t)
as an exact solution of the total nonstationary Schro¨dinger
equation:

i
]

]t
C~r ,t !5ĤC~r ,t !5$T̂1V̂~r !1Ŵ~r ,t !%C~r ,t ! ~6!

for the considered laser-irradiated systemdressedby the in-
cident strong laser em field~2!. Here T̂52 1

2“
2 is the op-
01340
-

-

s

c

erator of an active electron kinetic energy,V̂(r ) is the opera-
tor of electron interaction with a residual parent core, so t
the SAE approximation is supposed to be applicable: nam
only one of the electrons@the so-called optical electron mov
ing in the averaged ‘‘effective’’ binding potential V(r )
screened by the time-independent charge distribution of
remaining ‘‘inactive’’ electrons# is allowed to respond to the
incident laser field. After making a conventional suppositi
about adiabatic turning on and off any electron-photon
interaction at extremely long interaction time (t→6`) the
nonstationary Schro¨dinger equation~6! can be rewritten in
the following equivalent integral form:

Cout
(2)~r ,t !5cp~r ,t !1E

t

`

dt8E G(2)~r ,t;r 8,t8!

3V̂~r 8!cp~r 8,t8!dr 8 ~7!

corresponding to different initial- and final-time condition
for the ATI process and the latter equation seems to be m
convenient for further consideration. The opera
G(6)(r ,t;r 8,t8) of time evolution introduced here is just th
total propagator, i.e., either the total advanced
@G(2)(r ,t;r 8,t8)50 at t.t8] or retarded@G(1)(r ,t;r 8,t8)
50 at t,t8] Green functioncorresponding to the exact so
lution of the total nonstationary Schro¨dinger equation~6!

with two strong interactionsŴ(r ,t) andV̂(r ) of comparable
strength taken into exact account.

According to a generalS-matrix formalism of SFA ap-
proach~see, e.g., Refs.@37,42#!, the time-independent ampli
tude of the ATI process can be, particularly, represented
the standard matrix element of the em interaction~1!:

Fi→ f
(ATI)~p!52 i lim

T→2`
E

T

`

dtE dr ^Cout
(2)~r ,t !

3uŴ~r ,t !uF0~r ,t !&, ~8!

i.e., via S matrix of em transition from the ‘‘initial’’ bound
discrete stateF0(r ,t)5F0(r )•exp(2i«0t) ~here u«0u5I p is
the ionization potential! of the unperturbed laser-expose
system~with no em field present! to the field-perturbed ‘‘fi-
nal’’ out-stateCout

(2)(r ,t) corresponding to the wave functio
of continuous spectrum states of the ionized laser-expo
system dressed by the incident laser field and containing
complete effects of the incident field and the binding pote
tial. Thus, the total ATI amplitude~8! is written in terms of
expansion in the interactionŴ(r ,t) and corresponds to tak
ing this interaction into account only in a final state dress
by the incident strong laser field~see also Refs.@37,42# for
an extent listing of various possible representations ofSma-
trices and respective SFA amplitudes!. After substituting Eq.
~7! in Eq. ~8!, the latter expression for the total ATI ampl
tude takes the form

Fi→ f
(ATI)~p!5Fi→ f

(DATI)~p!1Fi→ f
(RATI)~p!. ~9!

Here the first term in the right-hand side,
6-4
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Fi→ f
(DATI)~p!52 i E

2`

`

dt^cp~r ,t !uŴ~r ,t !uF0~r ,t !&,

~10!

is just a general expression for the amplitude of the dir
ATI process derived within the standardKeldysh approxima-
tion @43#, whereas the second term

Fi→ f
(RATI)~p!52 i E

2`

`

dtE drcp* ~r ,t !V̂~r !

3E
2`

t

dt8E dr 8G(1)~r ,t;r 8,t8!Ŵ~r 8,t8!

3F0~r 8,t8! ~11!

corresponds to the SFA amplitude of the so-called resca
ing ATI process~or emission of a high-energy photoele
tron!.

By means of substitution of the explicit expression f
Volkov’s function ~4! in Eq. ~10! and elementary analytica
integration over the time variable~just resulting the singula
Dirac d function which provides the conservation of tot
energy in the process!, amplitude~10! of the direct ATI pro-
cess can be represented in the following conventional fo

Fi→ f
(DATI)~p!'2p (

N52`

`

f DATI
(N) ~p,h!d~«p1I p1Up2Nv!

~12!

that is the well-known expression derived within standa
KFR theories@43#. Here eachNth item of infinite sum in Eq.
~12! corresponds to the respective partial~of Nth order! am-
plitude of the direct ATI process:

f DATI
(N) ~p,h!52 iF0~p!~Up2Nv!B2NS z~p!;

h

2 D ~13!

defining the probability for the laser-exposed system to
sorbN incident photons and produce a photoelectron of
energy«p

(N)5pN
2 /25Nv2I p2Up due to the direct ATI pro-

cess only. Whereas

F0~p!5^puF0~r !&5~2p!23/2E drexp@2 i ~p•r !#F0~r !

~14!

is the Fourier transform of stationary wave functionF0(r ) of
the initial discrete state of the laser-irradiated~atomic! sys-
tem.

Up to this point, no approximation was made nor any
the two strong interactions@Ŵ(r ,t) or V̂(r )] neglected or
somehow discriminated, but only the underlying equatio
were just rewritten in a different form that seems to be m
convenient for further consideration, so that all the pre
ously presented expressions are still exact. From this po
we will follow further general concepts of the SFA approa
~this is the first main key approximationmade within the
proposed strong-field approach and related ATI model! ac-
cording to which, at any moment of time evolution, the las
01340
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irradiated system is considered as being under action of o
one of two strong interactions of comparable strength@i.e.,
either W(r ,t) or V(r )] separately, but never under both s
multaneously. Such a presumption is quite conventional
various so-called KFR-based approaches@42# and, being ap-
plied to the treatment of any strong-field multiphoton proce
~such as, e.g., atomic photoionization!, it corresponds, in
fact, to neglecting the influence of the incident laser field
an initial atomic discrete state~for which the interaction with
binding atomic potential is predominant! as well as neglect-
ing the influence of the field of the residual parent core
the motion of the released electron in atomic continu
states~for which the em interaction with a strong drivin
laser field is predominant and, therefore, taken into acco
only!. This approximation is valid mostly in the photoele
tron energy region far away from the ionization thresho
(«p5p2/2> I p@v) where the influence of interaction with
parent residual atomic core is negligibly small. In the cont
of high-energy ATI process under consideration, the valid
of SFA seems to be also sufficiently well justified~especially
for the high-energy plateau region corresponding to a m
higher energy of the ATI photoelectron«p>2Up@v) owing
to a very large net numberN.N0@1 of incident photons
absorbed. For the total amplitude~8! of the high-energy ATI
process under consideration, the applying of the SFA
proach is just reduced, in fact, to the following approxima
replacement:

G(1)~r ,t;r 8,t8!'GV
(1)~r ,t;r 8,t8!

52 iu~ t2t8!E cq~r ,t !cq* ~r 8,t8!dq,

~15!

where u(t) is the Heaviside stepwise function an
GV

(1)(r ,t;r 8,t8) is just the retarded Volkov’s Green functio
or nonrelativistic Volkov’s propagator. Meanwhile, by dire
substitution of Eq.~15! in Eq. ~11! we arrive at the genera
SFA expression for the rescattering ATI amplitude:

Fi→ f
(RATI)~p!5E

2`

`

dtE dq^cp~r ,t !uV̂~r !ucq~r ,t !&

3E
2`

t

dt8^cq~r ,t8!uŴ~r ,t8!uF0~r ,t8!&.

~16!

Just as amplitude~10! of the direct ATI process in which
after initial absorption of incident field photons and relea
from the initial ~ground! stateF0(r ,t), the released electron
escapes eventually to final atomic continuum statescp(r ,t)
with the canonical momentump corresponding to lower-
energy photoelectron, the expression~16! for the rescattering
ATI amplitude also allows for quite transparent physical
terpretation: namely, the ATI amplitude~16! suggests a dif-
ferent mechanism of photoionization process in which, a
initial absorption of incident field photons@due to EM inter-
action Ŵ(r ,t)], an optical electron releases from the initi
6-5
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USACHENKO, PAZDZERSKY, AND McIVER PHYSICAL REVIEW A69, 013406 ~2004!
~ground! stateF0(r ,t) to intermediate continuum states d
scribed by respective Volkov’s wave functionscq(r ,t). Af-
terwards, being still in the neighborhood of the parent c
and driven further by the incident laser field only, the r
leased electron returns to the site of release and rescatte
the parent core due to the interactionV̂(r ) with a scattering
~the atomic binding! potential. During the course of the re
cattering process the released electron undergoes a con
able acceleration, making a transition from intermedi
atomic continuum states of canonical momentumq to final
continuum statescp(r ,t) of canonical momentump. Owing
to the latter rescattering process, the released electron is
to absorb an additional number of incident field photons a
escapes eventually with a considerably higher energy t
without this rescattering event responsible for the origin
the high-energy plateau in the photoelectron spectrum.

Regarding this semiclassical interpretation, it is wo
special noting here that, as in the above mentioned stro
field quasiclassical ATI models, the use of strong-field a
proximation in form~15! corresponds to taking into accou
only one~the first! rescattering eventfinished by final escap
ing of the rescattered electron and producing a high-ene
plateau ~see also Sec. IV!. The latter statement become
more transparent and quite conceivable as soon as the
nonstationary Schro¨dinger equation~6! for the exact solution
of total retarded Green functionG(1)(r ,t;r 8,t8) is rewritten
in the following equivalent integral form:

G(1)~r ,t;r 8,t8!5GV
(1)~r ,t;r 8,t8!

1E
2`

t

dt9E dr 9GV
(1)~r ,t;r 9,t9!

3V̂~r 9!G(1)~r 9,t9;r 8,t8!. ~17!

Then, after direct substitution of the above equation in
~11!, one can immediately see that the approximation~15! is
equivalent, in fact, to retaining only the first term@corre-
sponding to the zeroth order of expansion with respect to
binding/scattering potentialV̂(r )] in the right-hand side of
equation~17! and neglecting the second~integral! part re-
sponsible for the multiple rescattering@due to interaction
V̂(r )]. Despite the multiple rescattering being also genera
possible in principle during the course of the high-ene
ATI process, it is always neglected both in the previou
cited strong-field ATI models and the currently develop
one. Strictly speaking, the latter multiple rescattering sho
be distinguished from multiple return~revisiting! of the re-
leased electron back to the parent core that is possible p
to the first rescattering event actually happens. Indeed, a
the first revisiting, the released electron may not rescatte
the parent core at all, but escape again and, being dr
repeatedly by incident laser field back to the site of relea
can be rescattered by the parent core and only there
escape eventually. Thus, the first rescattering event is
generally equivalent just to the first return of the releas
electron back to the parent core as was implicitly presum
within earlier versions of semiclassical and quasiclass
strong-field ATI models, in which only one~viz., the first!
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revisiting event was initially taken into account. Meantim
the multiple revisiting of the released electron under disc
sion was later identified as the underlying physical mec
nism responsible for a huge effect of resonancelike enha
ment of the level~or averaged height! of the high-energy
photoelectron plateau observed in recent ATI experime
@44# and remarkably reproduced theoretically first in R
@45# within the framework of the TDSE-based numerical a
proach. This effect was also confirmed in a number of la
theoretical works@46# and, particularly, fairly well repro-
duced by previously developed quasiclassical strong-fi
ATI models, though improved later by a constructive inte
ference of a larger number of longer classical orbits of
released electron corresponding to the multiple revisit
~but, no multiple rescattering! also taken into account. In thi
regard, let us just note that, being developed beyond
semiclassical concepts of the most contributing classical
jectories~quantum paths!, the currently proposed ATI mode
shouldab initio incorporate the above-mentioned effects d
to taking all the actually contributing trajectories~and, par-
ticularly, corresponding to multiple revisiting! of the released
electron into proper account, though, also before the fi
rescattering event only~see also Secs. III and IV below fo
details!. However, it is hardly worthwhile to fall here into
further detailed discussion of all these particular issues
related effects~including the so-called channel-closing e
fects @46# and quantum interference@47# in HHG and high-
energy ATI as well as various two-color aspects of the pr
lem mentioned in the Introduction! as this deserves specia
consideration elsewhere, probably, as a subject of our fu
publication.

III. THE SPECIFIC DETAILS OF THE STRONG-FIELD
ATI MODEL AND FINAL ANALYTICAL RELATIONS

Expressions~10! and ~16! are also the main basis an
starting point of other strong-field~SFA-based! analytical
quantum-mechanical approaches~including quasiclassica
ones! developed earlier. Therefore, let us outline now t
main distinctive features differentiating the proposed stro
field approach from any other mentioned above. By mean
substitution of the explicit expression for Volkov’s wav
function ~4! to Eq. ~16! and performing elementary integra
tion over the time variablet8, one can derive

E
2`

t

dt8^cq~r 8,t8!uŴ~r 8,t8!uF0~r 8,t8!&

52 iF0~q! (
m52`

`

Bm„z~q!;h…

3
exp@ i ~«q1Up1I p2mv!t#

@«q1Up1I p2mv#2 i e
, e→0. ~18!

The analytical integration over the variableq5uqu in Eq.
~18! can be performed by means of the so-calledpole ap-
proximation~and this isthe next, second essential key po
of the currently applied strong-field approach! according to
which
6-6
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REEXAMINATION OF HIGH-ENERGY ABOVE- . . . PHYSICAL REVIEW A 69, 013406 ~2004!
lim
e→0

E
0

` f ~q!d«q

«q1I p1Up2mv7 i e

5PE
0

` f ~q!d«q

«q1I p1Up2mv
6 ip f ~qm!'6 ip f ~qm!.

~19!

Here the symbolP before the integral denotes the main~or,
in other words, principal! value of the corresponding integra
and the variableqm5A2(mv2I p2Up) denoting the dis-
crete values of photoelectron canonical momentum co
sponding to intermediate continuous states has been als
troduced. The latter pole approximation used is quite
common place within the so-called essential states me
@38,39#! applied first under theoretical treatment of stron
field ionization processes including the direct ATI proce
~i.e., without taking any photoelectron rescattering into
count!. Since then, being also later applied in the theoret
study of other allied strong-field atomic phenomena~see,
e.g., Refs.@1,39# and relevant references cited therein!, this
method also proved to be a powerful and effective tool
strong-field AMO physics. Although the essential sta
method was developed as primarily phenomenological
proach, nonetheless, it was verified to be adequately
working and very fruitful under nonperturbative conside
ation of the direct ATI process within frameworks of com
pletely quantum-mechanical concepts only~see also, e.g.
Refs.@1,11#!. The application of this method is equivalent,
fact, to the supposition that only the intermediateresonance
continuum states of photoelectron energy

«q
(m)5mv2I p2Up ~20!

~the so-called continuum essential states! give the main~pre-
dominant! contribution to relevant compound em dipole m
trix elements of structure similar to Eq.~16!. Thus, only the
second, a singular part~proportional to the imaginary unit! of
expression~19! is supposed to be quite sufficient for retai
ing in respective final expressions for amplitudes of the p
toprocess under consideration. It should be noted here
due to the pole approximation, the infinite sum~over m) in
Eq. ~18! is thereby replaced by the~also infinite! summation
only over regionm>N0, whereN05@(I p1Up)/v#11@1
is the minimum possible number of absorbed photons
quired for ionization in a very strong incident laser fie
~viz., when Up>v). Thus, the incident strong laser fie
raises the ionization threshold by a value corresponding
the ponderomotive energyUp , so that the least~minimum!
number N05N0(h);h of absorbed photons required fo
ionization is strongly dependent on the incident laser fi
intensity I . The latter means, in fact, the summation in E
~18! is reduced to the summation only over~formally, also
infinite! number of direct open ATI channels, i.e., ov
atomic continuum states to which the process of direct AT
also possible and, thus, only these channels are suppos
contribute predominantly to the amplitude of the high-ene
ATI process under consideration.
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The direct substitution of Eq.~18! in Eq. ~16! and subse-
quent approximate analytical integration over intermedi
electron energy«q @according to Eqs.~19! and~20!# make it
possible to perform the final elementary analytical integ
tion over time variablet. For an infinitely large timet→
1`, the latter time integration just results the Dirac singu
d function expressing the conservation of total energy in
quantum-mechanical process under consideration. Fin
the expression for time-independent rescattering ATI am
tude ~16! takes the following approximate form:

Fi→ f
(RATI)~p!'2p (

N52`

`

f RATI
(N) ~p,h!d~«p1I p1Up2N•v!,

~21!

where eachNth item of summation corresponds to the r
spective partial~of Nth order! rescattering ATI amplitude

f RATI
(N) ~p,h!5 (

m>N0

E dOqm
f rescat

(m2N)~p2qm ,h! f M PI
(m) ~qm ,h!

52 ip (
m>N0

qm~Up2mv!E dOqm
V~p2qm!

3Jm2N„z~p2qm!…F0~qm!B2mS z~qm!;
h

2 D
~22!

contributing toNth photoelectron peak of energy«p
(N)5Nv

2I p2Up , whereasV(p2q)5^puV̂(r )uq& is just the Fourier
transform of atomic binding potentialV̂(r ) of the laser-
irradiated atomic system anddOq is the solid angle elemen
directed along the intermediate photoelectron canonical
mentumq.

As one can see from Eq.~22!, the applied pole approxi-
mation also allows for representation of rescattering ATI a
plitude ~16! in the so-called factorized form that makes
quite transparent for interpretation. Particularly, within t
framework of the currently developed strong-field AT
model, the rescattering ATI amplitude~22! is represented as
a production of the time-independent amplitude:

f M PI
(m) ~qm!;2 ip~Up2nv!B2mS z~qm!;

h

2 DF0~qm!

~23!

of direct multiquantum ionization~viz., accompanied by ab
sorption of m incident field photons! of the initial atomic
ground stateF0(r ) to intermediate continuum states with th
canonical momentumqm5A2«q

(m) and the time-independen
amplitude

f scat
(m2N)~p2qm ,h!;2 iqmV~p2qm!Jm2N„z~p2qm!…

~24!

of the subsequent process of laser-assisted scattering~rescat-
tering! of the released electron off the parent core and tr
sition of the laser-exposed system from intermediate c
tinuum states~with the canonical momentumqm) to final
6-7
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USACHENKO, PAZDZERSKY, AND McIVER PHYSICAL REVIEW A69, 013406 ~2004!
continuum states~with the canonical momentump) accom-
panied by absorption or emission of an additional numbe
incident photons. Thus, just as in strong-field quasiclass
ATI models, there is also close and transparent interrela
between the direct and rescattering ATI processes, so tha
possibility of the latter one is necessarily conditioned by
existence of the former one. It is also worth specially not
here~see also Ref.@39# for details! that the origin and nature
of the currently discussed factorization of the rescatter
ATI amplitude ~24! are quite different from the similar~but
more sophisticated! procedure of the so-called factorizatio
technique proposed first in Ref.@48# and applied under the
oretical treatment of atomic multiple~particularly, the so-
called nonsequential! photoionization. The latter procedur
was further extended to consideration of HHG and hig
energy ATI processes within the framework of a differe
quantum-mechanical~though, also quasiclassical! strong-
field approach~the so-calledatomic antennamechanism, see
also Refs.@49,50#!.

It is also well seen that the presence of singular Dirad
function in the right-hand side of Eq.~21! makes the energy
«p of the emitted photoelectron take only discrete values«p
5«p

(N) determined by Eq.~20! and separated from each oth
by the incident laser fundamental frequencyv. Conse-
quently, within the proposed strong-field ATI model the pr
duced photoelectron spectrum is also represented by a
quence of peaks of discrete energies«p

(N) and respective
heights~peak intensities! determined by corresponding pa
tial ~of Nth order! ATI amplitudes:

f ATI
(N) ~p,h!5$ f DATI

(N) ~p,h!1 f RATI
(N) ~p,h!%

3d~«p1I p1Up2Nv! ~25!

in which the partial direct ATI amplitudef DATI
(N) (p,h) and

rescattering ATI amplitudef RATI
(N) (p,h) are given by expres

sions~13! and ~22!, respectively. The respective partial di
ferential ionization rateswATI

(N) (pN) to absorbN incident pho-
tons and emit the photoelectron of the final momentumpN

5A2@Nv2I p2Up# to a fixed spatial direction along th
solid angle elementdOpN

are conventionally found by mean
of a standard procedure of squaring module of total ATI a
plitude ~25! divided by a long normalization time and the
integrated over the entire phase-space volume of em
photoelectron final states:

wATI
(N) ~pN ,h!5

dRATI
(N) ~pN ,h!

dOpN

5
pN

~2p!2
u f DATI

(N) ~pN ,h!1 f RATI
(N) ~pN ,h!u2.

~26!

The ionization ratesRATI
(N) (pN ,h) introduced in Eq.~26! de-

termine the respectiveintegral photoelectron spectrumand
they are found from Eq.~26! by integration of partial differ-
ential rateswATI

(N) (pN ,h) over all angles of photoelectro
emission. Meanwhile, the partial differential rates~26! deter-
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mine the produced photoelectron spectrum observed a
the fixed direction of photoelectron emission~e.g., with re-
spect to the direction of incident field polarizatione) as well
as the respective partial photoelectron angular distributi
~PAD! corresponding to a fixed numberN of photons ab-
sorbed. The total PADPATI

( int)(p,h) produced by all emitted
photoelectrons can be found directly from Eq.~26! by means
of summation over all contributing photoelectron peaks~or
so-called open ATI channels each corresponding to a fi
final photoelectron energy«p

(N) in continuum states!:

PATI
( int)~u,h!5 (

N5N0

`

wATI
(N) ~pN ,h!

5~2p!22 (
N5N0

`

pNu f DATI
(N) ~pN ,h!

1 f RATI
(N) ~pN ,h!u2. ~27!

Analogously, the total ionization rateG ion(h) ~or, in other
words, the rate of total photoelectron and/or ion yields! due
to photoionization of the initial atomic~ground! state can be
found by means of integration of partial differential rat
~26! over all angles of photoelectron emission and summ
tion over all numbersN of incident photons absorbed:

G ion~h!5 (
N5N0

` E dOpN
wATI

(N) ~pN ,h!5 (
N5N0

`

RATI
(N) ~pN ,h!.

~28!

IV. CALCULATIONS, NUMERICAL RESULTS, AND
DISCUSSION

Thus, in the framework of the presently proposed stro
field ATI model, the high-energy photoelectron spectrum a
respective PAD are represented by analytical expression
closed and compact forms available for direct numerical c
culations. According to Eqs.~13! and ~22!, these numerical
calculations of ATI spectra are reduced first to accurate
merical calculation of generalized Bessel functionBn(x;y)
of integer order~corresponding to contributions of only ope
direct ATI channels! as well as subsequent taking a sufficie
number of the most contributing ATI channels into prop
account. The latter procedure is directly related to the way
effective numerical calculation of formally infinite sum i
Eq. ~22! over m corresponding to energy«q

(m)5qm
2 /25(mv

2I p2Up) of an active ~optical! electron in laser-field-
induced resonance intermediate~essential! continuum states
predominantly contributing to the amplitude of a certain ph
toelectron peak. This numerical procedure was already t
oughly justified earlier and verified under theoretical tre
ment of the HHG process in the framework of the curren
applied strong-field approach~see also Ref.@36# for details!.
This procedure is reduced, in fact, to restriction of infin
number of terms in Eq.~22! by a finite numbermmax corre-
sponding to effective numberm05mmax2N0 of open ATI
channels actually contributing to the total amplitude of t
Nth photoelectron peak. Particularly, as was already as
6-8
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REEXAMINATION OF HIGH-ENERGY ABOVE- . . . PHYSICAL REVIEW A 69, 013406 ~2004!
tained for partial amplitudes of the related HHG process,
numberm0 of predominantly contributing open ATI channe
is always finite and proportional to a specified value of
Reiss parameterh only. To a fairly good accuracy, the num
ber m0 can be generally approximated by the value 4h, so
that the further increase in the number of ATI channels ta
into account (mmax>@N014h#) does not result in any essen
tial changes in either the general shape of the produced h
energy ATI spectrum or the detailed structure of its conv
tional high-energy plateau. In this regard it is very interest
to note here that restricting the numberm0 by the value 2h
~as suggested, in fact, by mentioned quasiclassical str
field models! results in the arising of a secondary~but, quite
a spurious! high-energy plateau in the after cutoff ener
region («p.«cuto f f'10Up) within which all photoelectron
peaks are ascertained to exhibit a noticeably lower inten
~over about 6 to 7 orders of lesser magnitude! as compared to
a conventional high-energy plateau region. Upon further
creasing the number of ATI channels~e.g.,m05@3h#, @4h#,
etc.! taken into account under numerical calculations,
secondary plateau becomes highly suppressed, so that
almost completely vanishing form0>@4h# owing to a con-
siderable destructive interference. Thus, as was under
sideration of the HHG process@36# within the framework of
the same strong-field approach, the sufficient number of c
tributing open ATI channels taken into account should
alsoat least twice morethanm0

(class)5@2h#. The latter value
is, in fact, the maximum possible number of open ATI cha
nels taken into consideration by any semiclassical~simple-
man-based! or quasiclassical strong-field ATI models due
the corresponding maximal valueqmax52(E/v) of intermedi-
ate canonical momentum suggested by the associated sa
point method according to whichthe classical returnback to
the site of release is already impossible for photoelectr
released with canonical momentum larger than 2(E/v) @51#
~see also the related discussion in Ref.@36#!.

At last, according to the currently developed strong-fie
ATI model, all the information about the specified lase
irradiated system under consideration is obtained only
the ionization potentialI p , the Fourier transformF0(q)
5^quF0(r )& of stationary wave function of initial discret
state F0(r … and the Fourier transform V(p2q)
5^puV̂(r )uq& of atomic binding potentialV̂(r ). Within the
approximate ZRP~or d potential! model for atomic binding
potential V(r ) and corresponding ground discreteS-state
F0(r … with respective ionization potentialI p5k2/2, the ex-
act analytical expressions

F0~q!5
Ak

p

1

~q21k2!
, ^puV̂~r !uq&5

1

~2pk!2
~29!

can be derived for these above-mentioned matrix elem
which, following Refs. @19,21#, will be also used in our
further model numerical calculations. The ZRP mod
is well known as quite a conventional approximati
for binding potential in atomic negative ions@52#
and the hydrogen negative ion H2, in particular.
However, the ZRP model seems to be still a reasonable
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proximation for qualitative description of strong-field mult
photon phenomena in neutral atomic and molecular spe
@18,19,21–24,32,47,48,51,53,54#, so that, to a reasonabl
good accuracy, expressions~29! can be also used unde
model calculations of the photoelectron spectrum produ
by laser-exposed species others than negative ions. As ap
priate representative examples of such calculations wi
the currently proposed ATI model, the photoelectron spec
produced by the ZRP-bound ‘‘hydrogen’’ atom are presen
in Fig. 1 for different anglesu of electron emission with
respect to the direction of incident field polarizatione. These
spectra were all calculated according to Eq.~26! under con-
ditions of previous calculations within a different~though,
also based on the ZRP model for atomic binding potent!
quantum-mechanical strong-field approach@24# as well as
considered earlier in Ref.@17# within the framework of pure
numerical~the so-calledB-spline! TDSE approach. By direc
comparison one can see that all the currently calculated
spectra demonstrate an excellent accordance with respe
spectra~see Fig. 3 presented in Ref.@24# and relevant Fig. 2
in Ref. @17#, for comparison! both in general shape~e.g., the
extent of the high-energy plateau and the value of its cu
energy! and even reproduce the detailed structure. Part
larly, the presented photoelectron spectrum correspondin
the angleu50 fairly well recovers the conventional sem
classical ‘‘«cuto f f'10Up’’ rule for the extent of the high-
energy plateau and position of its cutoff energy. In this
gard, it is quite appropriate to note here that, according to
currently developed model~but, unlike the semiclassica
simple-man-based interpretation!, the high-energy plateau
cutoff appears to be strongly related to the particu
asymptotic property of generalized Bessel function~5! for

FIG. 1. Differential photoelectron spectrawATI
(N) (pN ,h) for ion-

ization of a hydrogen atom by the laser radiation field of\v
52 eV, I 5231014 W cm22 corresponding to ponderomotive en
ergy Up'7.2 eV, the Reiss parameterh53.58, and the value of
Keldysh parameterg5vA2I p/E50.986. The spectra were calcu
lated according to Eq.~26! for various anglesu of photoelectron
emission with respect to the direction of incident field polarizatio
u50° ~solid squares!, u530° ~open circles!, u550° ~solid dia-
monds!, andu590° ~open triangles!. The electron energy is plotted
in multiples of Up ; the symbols are joined by lines to guide th
eye. This figure is to be compared with Fig. 3 presented in Ref.@24#
and Fig. 2 in Ref.@17#.
6-9
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USACHENKO, PAZDZERSKY, AND McIVER PHYSICAL REVIEW A69, 013406 ~2004!
large values of the ordern, namely, at fixed values of th
argumentsx and y, it is a very quickly decreasing functio
@Bn(x;y)→0# of the ordern beginning fromn>n0;uxu
12uyu only. According to this alternative interpretation, th
extent of the high-energy plateau is determined by value
the argumentsz(p)5(Ep)/v2 andh5Up /v of the general-
ized Bessel function~5! which, thus, restrict the effective
~maximal! numbern0 of incident photons absorbed in th
high-energy ATI process. For the same reason, the exten
the high-energy plateau is also strongly dependent on
angle u due to the angle-dependent argumentz(p)
5(Ep)/v2;cosu of ordinary Bessel functionJm2N„z(p
2qm)… contained in expression~22! derived for the rescat
tering ATI amplitude. Thus, Fig. 1 also clearly demonstra
the effect of considerable shrinking of the high-energy p
teau~due to diminishing the value of its cutoff energy alon
with increasing the angleu) that is in an excellent agreeme
with a general behavior of ATI spectra revealed in relev
experiments~e.g., in Ref.@7#! and results of earlier alterna
tive theoretical calculations~e.g., Refs.@21–24,50#!.

Figure 2~a! exhibits the results of calculation according
the currently proposed strong-field ATI model for ionizatio
of an other ZRP-bound model atomic system~the so-called
‘‘helium’’ atom! under the conditions of high-energy ATI ex
periment@7# made with a neutral helium atom irradiated b
the field of Ti:sapphire laser (v51.6 eV) corresponding to
Up'44.6 eV,h527.9 andg50.525@see Fig. 2~b! in which
the relevant experimental results are also presented for c
parison#. A very extended plateau is the most prominent fe
ture of ATI spectra presented for various values of angleu of
photoelectron emission with respect to the direction of in
dent field polarization, and for each angle the plateau ha
very defined cutoff. Particularly, for emission of the phot
electron along the direction of incident field (u50), the cal-
culated position of cutoff energy is a bit farther than 10Up ,
whereas the referred experimental results show the pla
cutoff at a noticeably smaller electron energy than the c
ventional semiclassical value 10Up . This deviation can be
surely ascribed to a particular fact that in our calculations
had to use the valueI 5831014 W cm22 reported in Ref.@7#
of laser intensity which was apparently just a peak va
~e.g., in the very center of laser focus!, whereas the actua
~i.e., pulse- and focus-averaged! intensity attained in experi
ments@7# might be somewhat lower. For larger values ofu
the high-energy plateau cutoff appears earlier than 10Up
~but, still noticeably farther than corresponding experimen
results! that is, however, in a general accordance with cal
lations of completely classical@29# and quantum-mechanica
strong-field ATI models~e.g.,@21#!. At the same time, in Fig.
2~a! there is a fairly good agreement with experimental
sults in respect of absolute peak heights~ionization rates!
both in the low-energy region~where the direct ATI proces
is predominant! and in the high-energy plateau region~where
the rescattering ATI process is predominant! as well as rela-
tive difference~of about five or six orders of magnitude, i
average! in heights of photoelectron peaks between these
ergy regions. At last, even within the lower-energy regio
the contribution of the direct ATI process always becom
smaller for larger values ofu, which is also generally con
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sistent with relevant results of SFA-based quantu
mechanical calculations@21–24#.

Besides the dependence of a general form of high-ene
photoelectron spectrum and its detailed structure on m
parameters of the incident radiation field and specified la
exposed system, it seems to be also very interesting to in
tigate separate contributions of the direct and rescatte
ATI processes relative to each other and analyze their c
parative roles in the formation of the produced photoelect
spectrum. Figures 3~a! and 3~b! demonstrate the photoelec
tron spectra calculated according to Eqs.~13!, ~22!, and~26!
for above-threshold photodetachment~ATD! of negative hy-
drogen ion H2 by linearly polarized CO2-laser radiation un-
der initial conditions considered in Ref.@50# within the

FIG. 2. Differential photoelectron spectrawATI
(N) (pN ,h) for ion-

ization of a helium atom by the radiation field of Ti:sapphire las
(\v51.6 eV, I 5831014 W cm22, corresponding to Up

'44.6 eV,h'28, andg50.525), represented for various anglesu
of photoelectron emission with respect to the direction of incid
field polarization.~a! The spectra calculated according to the cu
rently proposed strong-field ATI model:u50° ~thin line! and u
540° ~thick line!. ~b! The spectra corresponding to relevant expe
mental data of Ref.@7# ~see also Fig. 1 presented therein!: u50°
~solid line!, u510° ~dashed line!, u520° ~dotted line!, u540°
~dash-dotted line!. The symbols are omitted, but joined by lines,
that only the envelopes of photoelectron peaks in each spectrum
presented. These photoelectron spectra are also very reminisce
those calculated in Ref.@21# for a helium atom under comparabl
values of parameters of the incident laser field~see Fig. 1 therein!.
6-10
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REEXAMINATION OF HIGH-ENERGY ABOVE- . . . PHYSICAL REVIEW A 69, 013406 ~2004!
framework of a modified SFA-based quasiclassical appro
~the so-called atomic antenna mechanism, see, e.g., the
evant results presented in Fig. 5 therein! and corresponding
to Up'0.52 eV, h54.46, andg50.85. All spectra pre-
sented in Figures 3~a!–3~b! were calculated for two values o
the angleu (0 andp/2) of photoelectron emission with re
spect to the direction of incident field polarization and the
spectra are in an excellent agreement with respective re
of Ref. @50#, in both a general form and even detailed stru
ture. In particular, for emission of a photoelectron along
direction of incident field polarization (u50), the position
of calculated cutoff energy «cuto f f5«p

(Ncuto f f)'10Up

5(Ncuto f f2N0)v'45v exactly corresponds to the tota
maximal numberNmax'56 of photons absorbed and minim
possible numberN05@(I p1Up)/v#11'11 of absorbed
photons required for ionization. In addition, the results c
responding to the contribution of the standard Keldysh a
plitude ~13!, taking into account only the direct ATI proces

FIG. 3. Differential photoelectron spectrawATI
(N) (pN ,h) for a

negative hydrogen ion H2 photodetachment by CO2-laser radiation
(\v50.117 eV, I 5531010 W cm22, so that Up'0.52 eV, h
54.46, andg50.85) calculated for various values of angleu of
photoelectron emission with respect to the direction of incident fi
polarization: ~a! u50°; ~b! u590°. Solid circles correspond to
photoelectrons produced due to direct ATD process only, whe
open circles correspond to photoelectrons produced due to th
rect and rescattering ATD processes taken into account. The en
of photoelectron peaks is plotted in units of total numberN of
absorbed photons; the symbols are joined by lines to guide the
These figures are to be compared with Fig. 5 presented in Ref.@50#.
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are also given separately in the same figures and well see
be predominant mostly within the low-energy part of t
photoelectron spectrum only. So, for emission of photoel
trons along the direction of incident field (u50) this contri-
bution is almost precisely coincident with the total phot
electron spectrum within the relatively low-energy region
<«p<2Up'(302N0)v where the rescattering process co
tributes negligibly. However, beyond this region~i.e., within
the high-energy plateau region 2Up<«p<10Up) the photo-
electron spectrum consists almost entirely of the contribut
from rescattered electrons. For the particular case of incid
laser field of linear polarization and spherically symmet
atomic binding potential under consideration, it is also ve
interesting to note here that only even total net numbersN of
photons are absorbed by the photoelectrons emitted at
angleu50. The latter means that only photoelectron pea
corresponding to even numberN5(pN

2 /2v1I p1Up)/v of
absorbed photons~and, thus, separated from each other
double fundamental frequency! can be observed along th
direction that is perpendicular to the incident laser field p
larization@Fig. 3~b!, see also Fig. 1 and the line correspon
ing to u590° therein#. The latter feature noted atu590° is
quite a natural and direct consequence of dipole~or long-
wavelength! approximation due to neglecting any photo
momenta,k50. Particularly, within the framework of the
currently applied strong-field approach, there is a ve
simple explanation for this noted feature, namely, it follow
directly from the equationz(pN)5(EpN)/v250 @i.e., in Eq.
~22! we have, in fact,Jm2N„z(pN2qm)…5Jm2N„z(qm)…] as
well as from the parity properties of Bessel functio
contained in ATI amplitudes~13! and ~22!. Recall that
Js(2x)5(21)sJs(x) and, accordingly, Bs(2x;y)
5(21)sBs(x;y), so that the integrand function in Eq.~22!
is always an even function of intermediate canonical m
mentumq under the replacementq→2q. Consequently, the
integral expression~22! for the amplitude of the rescatterin
ATI process of electron emission at the angleu590° is non-
zeroonly if N is an even number. Analogously, from Eq.~13!
it directly follows that the amplitude of the direct ATI pro
cess of electron emission at the angleu590° is nonzeroonly
for even Nonly for which B2N(z(pN);h/2)5B2N(0;h/2)
5J2N/2(h/2)Þ0; otherwise, for oddN, it immediately fol-
lows thatB2N(0;h/2)[0 ~see also, e.g., Ref.@37#!.

The relative contributions of direct and rescattering A
processes are also clearly seen to be even more distinc
distinguishable in respective integral photoelectron spe
calculated for ATD of negative hydrogen ion H2 irradiated
by CO2-laser and represented in Fig. 4 by integral photo
tachment ratesRATI

(N) (pN) ~i.e., integrated over all angles o
photoelectron emission! for different values of incident lase
intensity. As compared to differential photoelectron spec
presented in Figs. 3~a! and 3~b!, no randomly oscillating val-
ues are seen in Fig. 4 of photodetachment rates in calcul
integral photoelectron spectra which are considerably m
smooth and, within high-energy region, slowly varying wi
increasing of photoelectron energy~or the total numberN of
incident photons absorbed!. Within the low-energy region all
the calculated photoelectron spectra are in almost pre
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USACHENKO, PAZDZERSKY, AND McIVER PHYSICAL REVIEW A69, 013406 ~2004!
agreement with respective ones calculated by other aut
under the same conditions, but within different strong-fie
photodetachment models@15,53# ignoring any rescattering
ATD process. Some deviations are obviously caused by s

FIG. 4. Integral photoelectron spectraRATI
(N) (pN ,h) for above-

threshold photodetachment~ATD! of the negative hydrogen ion H2

by a radiation of the CO2 laser (\v50.117 eV) calculated for vari-
ous values of incident laser intensity:I 5131010 W cm22 ~down
triangles!, I 5531010 W cm22 ~squares!, and I 5131011 W cm22

~diamonds!. Open symbols correspond to earlier results of ot
authors for photoelectrons produced due to the direct ATD proc
only ~see Table II presented in Ref.@15# and Table I presented in
Ref. @53#!, whereas solid symbols correspond to photoelectrons
duced due to the ATD process with rescattering taken into acc
under calculations according to the current strong-field ATI mod
The energy of photoelectron peaks is plotted in units of the t
numberN of absorbed photons; the symbols are joined by lines
guide the eye.
01340
rs

e

minor contribution of the rescattering ATD process to t
low-energy part of the spectrum taken into consideration
der current calculations, but neglected in above-mentio
previous strong-field ATD models. Finally, as expected,
presently calculated photoelectron spectra also well dem
strate a rise of extension~the length! of the rescattering pla-
teau~in an excellent accordance with the conventional p
nomenological 10Up rule! as well as its average level~or
average height of high-energy photoelectron peaks within
rescattering plateau region! with increasing the incident lase
intensity: namely, according to the mentioned semiclass
rule one should expect that the number of absorbed pho
corresponding to the high-energy plateau cutoff are to
Ncuto f f517 for laser intensityI 5131010 W cm22, whereas
Ncuto f f556 for I 5531010 W cm22 andNcuto f f5106 for I
5131011 W cm22.

The numerical results for anomalous PAD calculated
cording to the proposed strong-field ATI model and cor
sponding to a separate high-energy photoelectron p
within the rescattering plateau region are represented in F
5~a!–5~d! for the ATD process of negative hydrogen ion H2

under the conditions used in our previous calculations
respective photoelectron spectra presented in Fig. 3 ab
All the presently calculated PAD are well seen to be in
fairly good accordance with the relevant results of ear
alternative calculations for respective PAD within a differe
strong-field~viz., the atomic antenna! approach@50# ~see the
relevant Fig. 3 presented therein!. Due to linear polarization
of incident laser field and implicit assumption about cent
~spherical! symmetry of the atomic binding potential und
consideration, those angular distributions are expected
have an azimuthal symmetry with respect to the field po
ization axis, therefore only the dependence on the po
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FIG. 5. Partial photoelectron angular distributionswATI
(N) (pN ,h) corresponding to various photoelectron peaks in the spectrum of neg

hydrogen ion H2 photodetachment by CO2-laser radiation (\v50.117 eV, I 5531010 W cm22, so thatUp'0.52 eV, h54.46, andg
50.85), all calculated according to formula~28! and represented as functions of the angleu of electron emission with respect to the directio
of incident field polarization. The energy of the photoelectron peak is presented in units of the total numberN of absorbed photons:~a!
N532 ~solid line!, N533 ~dashed line!, N534 ~dash-dotted line!; ~b! N535 ~solid line!, N536 ~dashed line!, N537 ~dash-dotted line!; ~c!
N538 ~solid line!, N539 ~dashed line!, N540 ~dash-dotted line!; ~d! N545 ~solid line!, N550 ~dashed line!, N555 ~dash-dotted line!.
These figures are to be compared with Fig. 5 presented in Ref.@50#.
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REEXAMINATION OF HIGH-ENERGY ABOVE- . . . PHYSICAL REVIEW A 69, 013406 ~2004!
angleu between the directions of photoelectron emission a
incident field polarization is depicted in Figs. 5~a!–5~d!. As
is well known, the angular distributions of direct photoele
trons~i.e., primarily corresponding to low-energy photoele
tron peaks within the region 0<«p<2Up) are generally
strongly aligned along the incident field polarization dire
tion and become narrower toward the limit 2Up @8#. How-
ever, essential and drastic changes are present in angula
tributions of rescattered photoelectrons with energies hig
than 2Up , namely, within the rescattering plateau region
energy the respective PAD become noticeably broa
though are gradually narrowing on further increasing
electron energy towards the value 10Up corresponding to the
plateau cutoff. Thus, Figs. 5~a!–5~d! also confirm and well
illustrate this general rule, moreover, it is also well seen t
a noticeably larger part of photoelectrons of energy hig
than 2Up is emitted along spatial directions different fro
the incident field polarization, so that the corresponding P
are getting concentrated mainly in a few separate nar
regions~the so-called side-lobes or rings! which are centered
at values of the angleu different from zero. Whereas, fo
photoelectrons of energy nearer to the plateau cutoff reg
«p'10Up @the line corresponding toN555 in Fig. 5~d!# the
ringlike structure in PAD gradually disappears, and, simu
neously, the total width of respective PAD becomes noti
ably narrower, being centered at the direction of incid
field polarization~see also Ref.@18#!.

At last, it seems to be also interesting to apply the p
posed ATI model to laser-exposed atomic species bound
different, more realistic binding potentialV(r …, instead of the
previously used ZRP model, and compare the respective
sulting photoelectron spectra. As was suggested in Ref.@22#,
let us also consider, for example, a laser-irradiated ‘‘H
atom bound with short-range Yukawa model potentialV̂(r )
52Zr21exp(2lr) ~or, the so-called ‘‘screened’’ Coulom
potential!. However, unlike Ref.@22# @where Z51 and k
5A2I p51 were implied, i.e., the exact 1S-state wave func-
tion of a hydrogen atom was used, in fact, as initial grou
discrete state of the He atom for calculation of relevant m
trix elementF0(p)], it seems to be more natural to suppo
Z52 for a neutral He atom under our numerical calculatio
The latter supposition can also provide the exact value
initial ground-state energy«052I p520.9036, whereas the
reasonable value ofk corresponding to this correct bindin
energy of the initial ground state can be found, for examp
by means of the following trial variational wave function:

F0~r !5
k3/2exp~2kr !

Ap
. ~30!

Herek is some variational parameter introduced to minim
the ground-state energy«0(l) of such a neutral He atom
bound with Yukawa potential and, simultaneously, to prov
the correct value of«0(l)520.9036. One can derive tha
in order to comply with these two conditions, parametersl
andk ~related to each other by the relationp52kl21.1)
should satisfy the following equations~see, e.g., Ref.@55#!:
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2p4~p21!~p13!

~p11!6
50.9036, l215

~p11!3

4p~p13!
. ~31!

There is only one, a single, real positive rootp'5.32 that
can be immediately found out from these two equations,
that l'0.701 and, hence,k'1.866. Finally, the respective
expressions for the matrix elementsF0(q) and V(p2q) in
final analytical expressions~13! and ~22! corresponding to
the short-range Yukawa model binding potential take
form

F0~q!5
2A2k5/2

p~q21k2!2
, ^puV̂~r !uq&52

1

p2

1

~p2q!21l2
.

~32!

The resulting photoelectron spectra for ionization of suc
neutral He atom by the field of yttrium aluminum garn
~YAG! laser are presented in Figs. 6~a! and 6~b!. These spec-
tra were calculated according to Eq.~26! under conditions
considered in Ref.@22# for two different models of atomic
binding potential—either the Yukawa model potent
~though, with the corrected values of parametersl and k
found above! or the ZRP model@with corresponding expres
sions ~29! for the respective matrix elementsF0(q) and
V(p2q) and parameterk51.345 corresponding to the bind
ing energy«052k2/2'224.6 eV used for the neutral ZR
He atom#. As expected, there is a noticeable difference s
in calculated photoelectron spectra produced by the mo
Yukawa He atom relative to the ZRP He atom and, parti
larly, a difference in the average level of heights~intensities!
between low-energy and high-energy photoelectron pe
namely, the relative difference in the average level of heig
of low-energy and high-energy photoelectron peaks has b
found to be about 5 –6 orders of magnitude in the calcula
spectrum corresponding to the Yukawa He atom~with l
'0.701), i.e., it is slightly increased as compared to ab
4 –5 orders of magnitude for the respective difference fou
in the photoelectron spectrum calculated for the model Z
He atom. This particular feature is also well seen in t
lower-energy part of the same spectra presented separate
Fig. 6~b!; thus, the results of our present calculations gen
ally confirm the effect of dependence of the relative diffe
ence in heights of low-energy and high-energy photoelect
peaks ~found in Ref. @22# for a model laser-irradiated
Yukawa He atom! on a specified value of the screening p
rameterl. However, according to our present calculatio
~but, contrary to alternative recent results of Ref.@22#!, this
dependence proved to be inessential, so that the rel
change of the relative difference is not too large~viz., nearly
about one order of magnitude in average!, versus a very huge
relative difference~of about 12–14 orders of magnitude! re-
vealed in the photoelectron spectra calculated in Ref.@22# for
a Yukawa He atom with similarly small screening paramet
l. In this regard, it is worth reminding that, under numeric
calculations of photoelectron spectra corresponding to dif
ent values ofl used in Ref.@22# for a Yukawa He atom, the
value of binding energy («0520.5) would be rather appro
priate for the hydrogen atom only. Moreover, the value«0
6-13
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USACHENKO, PAZDZERSKY, AND McIVER PHYSICAL REVIEW A69, 013406 ~2004!
was supposed to be quite independent on the screening
rameterl that also seems to be physically incorrect. T
latter means, particularly, that the mentioned strikingly f
~both absolute and relative! rise of the total probability rates
in the low-energy region of photoelectron spectra calcula
in Ref. @22# for similar values of parameterl of the Yukawa
He atom cannot be explained and sufficiently well justifi
by just a different form of atomic binding potential only~as
suggested, in fact, in Ref.@22#!. Therefore, the associate
main conclusion of Ref.@22# predicting a principal possibil-
ity of effective control of the height of the rescattering pl
teau by just changing the screening parameterl seems to be
at least quite questionable. The latter noted particular con
diction is mainly caused by the relative contribution of t

FIG. 6. ~a! Differential photoelectron spectrawATI
(N) (pN ,h) for

ionization of the neutral He atom by the radiation field of the YA
laser (\v51.17 eV, I 5131014 W cm22 corresponding toUp

'10.43 eV,h'8.9, andg'1.086) and calculated for photoelec
tron emission along the polarization of incident laser fieldu
50°). The presented spectra were calculated for two differ
models of the atomic binding potential: either the model Yuka
~screened Coulomb! potential with variational value of screenin
parameterl'0.701 ~circles! or the ZRP model~down triangles!.
~b! The low-energy part of the spectra presented in~a! also showing
clearly the respective separate contribution of the direct ATI proc
only ~the open symbols! vs the total spectra with the rescatterin
ATI process taken into account~the solid symbols!. The electron
energy is plotted in multiples ofUp ; the symbols are joined by
lines to guide the eye. These figures are to be compared with
1~a! presented in Ref.@22#.
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direct ATI process that was enormously overestimated
Ref. @22# due to a different representation~viz., via the ma-
trix elementV0(p)5^puV̂(r )uF0(r )& of interaction with an
atomic binding potential! utilized to derive the respective
Keldysh amplitude which is always predominant within t
low-energy region only. Recall, however, that the latter me
tioned representation used in Ref.@22# is physically equiva-
lent to the currently used one@i.e., via matrix element of em
interactionŴ(r ,t), which is some kind of standard for th
direct ATI amplitude in all KFR theories@42## only provided
the exact wave functionsof the considered laser-irradiate
atomic systemare usedunder final numerical calculations
Meanwhile, within the Yukawa model for atomic bindin
potential, one has to use only approximate wave functi
and this latter approximation may inevitably cause a gr
difference in final results of calculations. This latter conc
sion becomes also especially evident from the later result
Ref. @23# calculated by the same authors within a newer~im-
proved! version of their quasiclassical ATI model where th
conventional representation@i.e., via matrix element of em
interactionŴ(r ,t) with an incident laser field# was used and,
additionally, the Coulomb effects were also taken into so
account. Although the Coulomb effects were identified th
as responsible for a considerable increase of the ioniza
rates that should change the behavior of the rates in
lower-energy region, nevertheless, there was no any e
mously increased huge relative difference yet found in R
@23# for average level of heights of lowest photoelectr
peaks with respect to high-energy ones previously calcula
and reported about in Ref.@22# for small screening paramete
l. This conclusion is also generally consistent with the sp
trum presented in Figs. 6~a! and 6~b! for the Yukawa He
atom and calculated for the correct value of its binding e
ergy and more realistic valuel'0.701 of the screening pa
rameter, so that the respective spectrum demonstrates
havior very similar to the results corresponding to the mo
ZRP He atom for which the matrix elements~29! are exact
due to the fact that the ZRP model allows to have deal o
with exact solutions for wave functions used under calcu
tions. Thus, the ZRP model, essentially exploited in our c
rent calculations only for correct comparison with releva
results of different approaches, again proved to be still qu
a reasonable approximation for model~simplified! numerical
calculations of strong-field phenomena in atomic syste
Particularly, this approximation is still available for adequa
qualitative~and, to a reasonable accuracy, even quantitat!
description of photoelectron spectra produced due to
high-energy ATI process in various atomic species includ
negative ions.

V. CONCLUSION

Thus, the highly nonlinear multiphoton strong-field pr
cess of high-energy above-threshold ionization in an isola
atomic system irradiated by an intense laser radiation
considered theoretically and studied numerically within t
framework of an alternative nonrelativistic fully quantum
mechanical strong-field approach that we developed ea
for theoretical treatment of high-order harmonic generati
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REEXAMINATION OF HIGH-ENERGY ABOVE- . . . PHYSICAL REVIEW A 69, 013406 ~2004!
The underlying approach is based on the standardKeldysh
approximationcombined with the essential states meth
~and the associatedpole approximation!, which, applied to-
gether, allow for representation of the total ATI amplitude
a closed and compact~the so-calledfactorized! analytical
form. The related proposed strong-field ATI model also d
scribes a highly nonperturbative~though, also single-active
electron! response to incident laser field in terms of a sup
position of two nonlinear processes—the direct ATI process
of emission of relatively low-energy photoelectrons~with en-
ergies extending up to about 2Up) and the rescattering ATI
processof high-energy electrons emission~of energies ex-
tending up to 10Up). The applied strong-field approach
fully quantum mechanical and developed beyond any se
classical concepts of the most contributing classical traje
ries ~or quantum paths! of the released electron being
intermediate continuum states. Therefore, the developed
model does not require any numerical analysis of the
leased electron classical motion along complex trajecto
for finding out and consequent thorough selection of o
those which contribute predominantly to the amplitude of
photoprocess under consideration. This, particularly, me
that all the mentioned contributing classical trajectories
ab initio taken into proper consideration~irrespective of the
initial value of the released electron velocityv0) provided
the number of contributing open ATI channels taken in
account under numerical calculations is sufficiently large
suppress the secondary~though, quite a spurious! high-
energy ATI plateau. In addition, the proposed ATI model
not restricted to one-dimensional consideration only co
sponding to motion of the released electron ejected to in
mediate continuum states either along the polarization of
cident laser field or opposite one. Indeed, this model alw
and automatically takes also those trajectories of releas
electrons that are ejected under an arbitrary angle in res
of the incident field polarization into equal account; this l
ter procedure is just reduced to performing of internal n
merical integration in Eq.~24! over all intermediate angles o
released electron ejection.

Application of thepole approximationproved to be ex-
tremely useful and working surprisingly well, it also mak
the final results quite transparent for interpretation~particu-
larly, the direct ATI process and rescattering ATI process
found to be strongly interrelated! and allows for deriving the
final expressions for ATI probability rates in a closed analy
cal form available for direct numerical calculations. On t
other hand, this considerably simplifies the problem as it a
allows one to take into proper consideration both arbitr
incident laser fields~of various frequencies and polarizatio
compositions and spatial configurations! and arbitrary bind-
ing potentials~insomuch, as their Fourier transforms can
obtained in a closed analytical form!. Although the saddle-
point approximation can do the latter~i.e., to treat arbitrary
binding potentials! too, but not for the exact solution of th
strong-field approximation, which is, thus, always restric
to a model zero-range potential only that seems to be q
inconvenient for extension to other laser-irradiated syste
~e.g., molecule, etc.! more complex than atomic one.
should be also mentioned that, as in Ref.@37# ~but unlike the
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most of other authors! the ‘‘velocity’’ gauge of em interaction
~1! with incident laser field is substantially used in the cu
rently proposed strong-field ATI model, otherwise the mod
would be much more cumbersome in the more commo
used ‘‘length’’ gauge.

To verify and demonstrate a remarkably good applica
ity ~and availability! of the proposed model, a number o
photoelectron spectra produced by various specified ato
species~mostly noble gas atoms and negative ions! and as-
sociated photoelectron angular distributions~the so-called
sidelobes or rings! have been calculated and shown to fair
well reproduce the conventional semiclassical ‘‘«cuto f f
'10Up’’ rule for the extent of the high-energy plateau an
the position of its cutoff energy. The results of our numeric
calculations unambiguously proved that the currently p
posed strong-field ATI model is equally well applicable a
available for effective numerical calculation of atomic ph
toelectron spectra, especially, having a very long high-ene
plateau. The model also describes adequately~the better, the
larger the value of the Reiss parameterh is! both the general
shape and detailed structure of high-energy photoelec
spectra as well as their nonlinear behavior within a broad
the most interesting region of the problem parameters.
the representative photoelectron spectra currently calcul
as illustrative examples are also in an excellent or fairly go
accordance with those observed in relevant experime
and/or calculated within quite different~though, often either
too analytically cumbersome or very demanding compu
tionally! approaches and methods developed earlier by o
authors. Finally, due to the fact that the related numer
calculations are considerably more facilitated compared
previously developed different strong-field models, the a
vantages of the currently proposed strong-field ATI mo
make it especially promising and helpful for theoretical tre
ment of the high-energy ATI process, e.g., in much mo
complex laser-irradiated species~molecules, etc.! or in the
particular case of two-color~bichromatic! incident laser field
of nonstandard frequency and polarization composition
arbitrary spatial configuration, which are very important f
various fascinating practical applications.
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