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Variational method for inverting the Kohn-Sham procedure
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A procedure based on a variational principle is developed for determining the local Kohn-Sham~KS!
potential corresponding to a given ground-state electron density. This procedure is applied to calculate the
exchange-correlation part of the effective Kohn-Sham~KS! potential for the neon atom and the methane
molecule.
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I. INTRODUCTION

Density functional theory ~DFT! @1,2# replaces the
Ne-electron wave functionC(x1 ,x2 , . . . ,xNe

) by the elec-
tronic density

r~r !5NeE uC~x,x2 , . . . ,xN!u2dsdx2dx3 , . . . ,xNe
~1!

as the basic quantity describing an interactingNe-electron
system. This is an enormous simplification, and in the p
two decades DFT has become the basis for most electr
structure calculations.

DFT is based on two theorems due to Hohenberg
Kohn @1#. The first proves that the external potential is
unique functional of the electronic density, apart from
trivial additive constant. The second establishes a variatio
principle with respect to the electronic density. However,
direct application of the Hohenberg-Kohn variational pr
ciple is hindered because the kinetic energy and the elect
electron interaction energy involve the first- and seco
order reduced density matrices. Kohn and Sham~KS! @2#
circumvented this difficulty by introducing an auxiliary sy
tem of noninteracting electrons with the same density as
of the original interacting system, and arrived at the set
single-particle Schro¨dinger equations

2 1
2 ¹2f i~r !1VKS~r !f i~r !5« if i~r !, i 51, . . . ,Ne ,

~2!

where

VKS~r !5Vext~r !1VH~r !1Vxc~r ! ~3!

is a local effective external potential, the KS potential. T
potential consists of the external fieldVext(r ), the classical
Hartree potential

VH~r !5E r~r 8!

ur2r 8u
dr 8, ~4!

and the exchange-correlation potential
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Vxc~r !5
dExc@r#

dr~r !
~5!

given in terms of the functionalExc@r#. The exchange-
correlation energy functionalExc@r# is defined as

Exc@r#5T@r#2Ts@r#1Vee@r#2
1

2E VH~r !r~r !dr ,

~6!

whereT@r#2Ts@r# is the difference in kinetic energy of th
interacting and noninteracting system of electrons, a
Vee@r# is the electron-electron interaction energy. The el
tron density is given by

r~r !5 (
iocc.

uf i~r !u2, ~7!

where the sum is over the occupied KS orbitals.
Since only approximate forms of the exchange-correlat

~xc!-energy functional are known, the nature of the effect
KS potential is a subject of ongoing research. One appro
is to obtain the ‘‘exact’’ KS potential for a sample syste
from highly correlated electronic densities computed w
traditional methods of quantum chemistry such as configu
tion interaction~CI!, and use this information to test an
improve approximate xc-energy functionals.

In the past decade, several solutions to this ‘‘inverse’’ K
problem have been suggested. Almbladh and Pedroza@3#
used a trial and error method based on a parametrized po
tial to deduceVKS(r ). For one-dimensional systems, such
the spherically symmetric atoms neon and beryllium, A
yasetiawan and Stott@4# obtained and solved a set of couple
nonlinear differential equations for the KS orbitals in term
of the given electronic density.

A number of iterative methods have been proposed
tackling the inverse problem in which the KS potential
iterationk11 is obtained from that atk using

VKS
k11~r !5 f k~r !VKS

k ~r !, ~8!

where f (r ) depends on the method. Van Leeuwen and Ba
ends@5# used a local updating scheme~8! with

f k~r !5
rk~r !

r0~r !
, ~9!
©2004 The American Physical Society02-1
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wherer0(r ) is the ‘‘target’’ density, to obtain the xc potentia
for spherically symmetric atoms of neon and beryllium. M
lecular applications~LiH, BH, FH! of this method with slight
modifications have been reported@6,7#. Wang and Parr@8#
have proposed to use

f k~r !5ak@rk~r !2r0~r !#, ~10!

and, recently, Peirset al. @9# have proposed for the atomi
systems

f k~r !5ar b@rk~r !2r0~r !#, ~11!

wherea and b are parameters chosen on the basis of t
and error. As far as we know, molecular applications
methods outlined in Refs.@8,9# have not been reported.

The work of Zhao and Parr@10# and Zhao, Morrison, and
Parr ~ZMP! @11# is also noteworthy. The ZMP method
based on the constrained minimization of the noninterac
kinetic energy of electrons but no direct ‘‘minimization’’ i
performed. Instead, one-particle Schro¨dinger equations are
obtained and solved for a series of specific Lagrange m
pliers l, and the results are extrapolated tol→`. To our
knowledge, the method has only been applied to spher
atoms. We wish to show that there is an inversion proced
based on minimizing the kinetic energy which is somew
more straightforward than the ZMP approach.

In this paper, we propose direct application of a var
tional principle for determining the effective KS potential f
a given electronic density. The variational principle, due
Haydock and Foulkes~HF! @12# is based on the constraine
search formulation of DFT@13# and involves unconstraine
minimization of a functional with respect to the effectiv
potential. The procedure can be applied to both atomic
molecular systems, and as examples, we calculate xc po
tials for the neon atom and the methane molecule.

The next section describes the HF variational princip
The applications to neon and methane are given next,
lowed by a summary of conclusions. Atomic units are us
throughout this paper.

II. HAYDOCK-FOULKES VARIATIONAL PRINCIPLE

Suppose, we have a system ofNe noninteracting electrons
and we wish to find the single-particle potentialV0(r ) which
yields a givenr0(r ) as its ground-state electronic density

@2 1
2 ¹21V0~r !#f i~r !5« i@V0#f i~r !,

r0~r !5 (
iocc.

uf i~r !u2, ~12!

where« i@V# implies that eigenvalue« i is an implicit func-
tional of the potentialV(r ). The ground-state energy of th
system is given by the sum of occupied eigenvalues obta
by solving Eq.~12! with the potentialV0(r )

E05 (
iocc.

« i@V0#. ~13!
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The ground-state energy of the system of noninterac
electrons in Levy’s constrained search formulation@13# is
given by

E0@r0#5 min
CPr0

^CuT̂1V̂0uC&

5 min
CPr0

^CuT̂uC&1E V0~r !r0~r !dr , ~14!

where the search is over all Slater determinants that y
r0(r ). Combining Eqs.~13! and ~14!, we obtain an expres
sion for the kinetic energy of noninteracting electrons

T@r0#5 min
CPr0

^CuT̂uC&5 (
iocc.

« i@V0#2E V0~r !r0~r !dr .

~15!

Let V(r ) denote some trial local potential. Then,

T@r0#5 (
iocc.

« i@V0#2E V0~r !r0~r !dr

5 min
CPr0

^CuT̂1V̂uC&2E V~r !r0~r !dr . ~16!

Sincer0(r ) is not the ground-state density for the trial p
tential V(r ),

min
CPr0

^CuT̂1V̂uC&> (
iocc.

« i@V#, ~17!

and

T@r0#> (
iocc.

« i@V#2E V~r !r0~r !dr . ~18!

Consequently, for a system of noninteracting electrons in
local effective potentialV0(r ) with r0(r ) as its ground-state
density, there exists a functional of the potential

Y@V#52 (
iocc.

« i@V#1E V~r !r0~r !dr ~19!

which is bounded from below by the negative ground-st
kinetic energy of the noninteracting electrons,2Ts . This is
the variational principle@12# we shall apply.

We will refer toY@V#, given by Eq.~19! as the HF func-
tional. The local potentialV0(r ) corresponding to the
ground-state densityr0(r ) can be obtained by minimizing
Y@V# with respect toV(r ). In practice, minimization of a
functional is greatly facilitated if the functional derivativ
giving the direction of steepest descent, as well as the fu
tional itself, can be evaluated. In such cases, minimizat
techniques such as the method of conjugate gradients@14#
can be used. Applying first-order perturbation theory to
energy eigenvalues in Eq.~19! yields for the functional de-
rivative of Y@V#,
2-2
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dY@V#

dV~r !
5r0~r !2r~r ! ~20!

which is simply the discrepancy in the electron density. So
ing the Schro¨dinger equation~12! with the trial potential
V(r ) for the energy eigenvalues gives the value ofY@V#,
while the corresponding eigenfunctions givedY@V#/dV(r ).

Consider the electrons moving in the external potentia

Vext~r !52 (
a51

Nn Za

ur2Rau
, ~21!

due to nuclei at positions$Ra ,a51, . . . ,Nn%. Given the
ground-state electron densityr0(r ), the Hartree potentia
VH(r ) ~4! can be evaluated, andY@Vext1VH1Vxc# mini-
mized to give the unknown exchange-correlation part of
KS potential.

The numerical procedure begins with an initial guess
the xc potential, for example, the local density approxim
tion ~LDA ! for the exchange@2#

Vxc
0 ~r !52F 3

p
r0~r !G1/3

. ~22!

The Schro¨dinger equation~2! is solved for the potentia
Vext(r )1VH(r )1Vxc

0 (r ), the values ofY@V# and its func-
tional derivative are computed, and the xc potential is
justed to minimize the value of the HF functional. Afterk
iterations, the adjustment to the xc potential is

Vxc
k11~r !5Vxc

k ~r !1akf k~r !, ~23!

whereak is the line minimization parameter andf k(r ) is the
search direction related to the functional derivative~20!. In
the case of steepest descent minimizationf k(r )5rk(r )
2r0(r ) is the direction of steepest descent; for conjug
gradient minimization f k(r ) is a linear combination of
rk(r )2r0(r ) and the previous search directionf k21(r ). It-
erations continue until the integral error in the electro
density

I error5E urk~r !2r0~r !udr ~24!

becomes smaller than some preset value.

III. APPLICATION TO NEON

The xc potential for the neon atom has been studied
tensively ~see, for example, Refs.@4,5,11#! largely because
the system is spherical and there exists an accurate gro
state CI electronic density calculated by Bunge and Esqu
@15#. This density is accurate to 0.1% forr ,3 bohrs and to
0.5% for 3,r ,6 bohrs, and the cusp condition at th
nucleus is accurate to 0.5%. Figure 1 shows the radial e
tron density distribution for neon reported by Bunge a
Esquivel@15#. Note that the density has a minimum at abo
0.31 bohrs corresponding to the region between the 1s an
shells.

The HF functional was minimized for the target dens
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@15# to determine the xc potential for neon, using as an ini
guess for the xc potential the LDA for exchange~22!. The xc
potential was defined and varied on a radial logarithmic g
of 5000 points extending fromr i54.531026 a.u. to about
r f514 a.u. The minimization ofY@V# was accomplished in
150 steps each consisting of one steepest descent and
conjugate gradient line minimizations.

The resulting xc potential for neon shown on Fig. 2 ha
characteristic peak at 0.31 bohrs coinciding with the mi
mum in the density and represents exchange repulsion
tween electrons of the same spin in the 1s- and 2s-shells.
kinetic energy of the system of noninteracting electrons w
found to be 128.609 a.u. The integral error in the elect
density * ur(r )2r0(r )udr51.031023, and the maximum
error in density does not exceed 0.3% forr ,3.0 bohrs. In
general, we find good agreement between the results
tained using the HF variational principle and those obtain
earlier ~see Table I!.

Finally, we note that the minimization procedure det
mines the xc potential to within a constant. At the end
each step, a constant was added to the xc potential so tha
highest occupied KS eigenvalue equalled20.79 a.u., the
neon ionization potential@16,17#.

FIG. 1. Radial density distribution 4pr0(r )r 2 for the neon atom
as a function of radial distancer computed by Bungeet al. @15#.

FIG. 2. Exchange-correlation potential for the neon atom
tained from the HF functional after 150 steps, along with corr
asymptotic behavior of the xc potential,21/r .
2-3
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IV. APPLICATION TO METHANE

With the objective of investigating exchange and corre
tion effects in the regions of chemical bonds the HF minim
zation scheme has also been applied to the methane
ecule. The target CI density was computed using
GAUSSIAN98 @18# electronic structure code@19#. The
6-311~d,p! 6D basis set was used in all the calculations.

First, the methane geometry was optimized with CIS
level of theory to find the CH bond length, and a value
1.090 Å was obtained. Then, for this geometry the CIS
electronic density was computed. The target ground-s
electronic density can be written as

r0~r !5 (
p51

MO

np(
i 51

PR

(
j 51

PR

cpicp jgi~r !gj~r !, ~25!

where MO is the number of molecular orbitals,PR is the
number of primitive Gaussians,np is the occupancy of the
pth natural orbital,cpi andcp j are coefficients, andgi(r ) and
gj (r ) are primitive Gaussians. This density served as inpu
the variational procedure for finding the molecular KS p
tential, but improved ground-state densities could equ
well be implemented in the scheme.

TABLE I. Some characteristics of the xc potential of neon. K
netic energy of noninteracting system of electrons,Ts in a.u. and
differences in KS eigenvalues in a.u. ZMP—results of Zhaoet al.
@11#, AS—Aryasetiawan and Stott@4#, SGB—Schipperet al. @26#,
HF—the present work. Results of Refs.@4,26# and and HF were
obtained using the same target density.

Scheme Ts s2p2s1s s2p2s2s

HF 128.61 30.03 0.86
ZMP 128.63 30.02 0.86
AS 30.03 0.86

SGB 128.61
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The single-particle Schro¨dinger equation for the trial po
tential was solved using the same basis set as in the CI
culation. The ‘‘core’’ Hamiltonian matrix elements

Hi j
core5 K iUS 2

¹2

2
1V̂ext1V̂HD U j L ~26!

were computed analytically and need not be recalculated
ing the minimization. The xc potential was defined and v
ied on the Becke multicenter numerical grid@21# with 40
radial and 302 angular points per atom. At iterationk the
following steps were followed. The matrix elements

Hi j
xck5^ i uV̂xc

k u j & ~27!

were computed numerically on the Becke grid, the to
Hamiltonian

Hi j
k 5Hi j

core1Hi j
xck ~28!

was formed, the eigenvalue-eigenfunction problem w
solved for Hamiltonian~28!, the search directionf k(r ) was
found; line minimization was performed, and the new
potentialVxc

k11(r )5Vxc
k (r )1akf (r ) was calculated.

We performed 300 steepest descent minimizations of
HF functional with the target electronic density~25! for two
different initial Vxc(r ): using LDA exchange~22!, and using
Becke’s 1988 exchange@22#. Both initial potentials were
computed from the target CISD density. The results of
calculations on methane with commonly used xc function
and the results obtained using the HF variational princi
are summarized in Table II.

Table II shows that for both initial potentials, our varia
tional procedure results in the same value of the HF fu
tional and the same difference between the two highest
cupied KS eigenvalues. The differences between the hig
and the lowest occupied KS eigenvalue differ slightly. T
eigenvalue differences obtained by our variational proced
lie between the results obtained from self-consistent-field
e
and the
rgy
TABLE II. SCF DFT calculations for CH4 ~CH bond length is 1.090 Å! using 6-311~d,p! 6D basis set.
Difference in KS eigenvalues~a.u.!, kinetic energy of noninteracting system of electronsTs ~a.u.!, total
energy E ~a.u.!, and the integral error in the electron density with CI density as a reference* ur(r )
2r0(r )udr . LDAX—LDA exchange @2#, LDAXC—LDA exchange with Perdew-Zunger correlation@23#,
B88—Becke’s 1988 exchange@22#, BLYP—Becke’s 1988 exchange with Lee-Yang-Parr correlation@25#,
and B3LYP—Becke’s hybrid functional@24# with Lee-Yang-Parr correlation. HFB88 and HFLDAX: th
results obtained after 160 steepest descent minimizations of HF functional for the Becke’s exchange
LDA initial guesses, respectively; inTs column—the upper bound for the noninteracting kinetic ene
2Y@VKS#5( iocc.« i@VKS#2*VKS(r )r0(r )dr .

xc energy s32s1 s32s2 Ts E Ierror

LDAX 9.3893 0.2747 39.6425 239.5225 0.3136
LDAXC 9.4111 0.2757 39.7727 240.1115 0.2596

B88 9.5417 0.2762 40.2789 240.2023 0.1546
BLYP 9.5432 0.2767 40.3188 240.4968 0.1517
B3LYP 9.7591 0.3015 40.2586 240.5343 0.1064
HFB88 9.6526 0.2834 40.2046 0.0125

HFLDAX 9.6434 0.2835 40.2046 0.0103
2-4
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sults ~SCF! DFT calculations using the B3LYP functiona
~Becke’s 3-parameter hybrid functional@24# with Lee, Yang,
and Parr correlation@25#! and other model functionals.

Figure 3 shows the value of the HF functional as a fu
tion of the integral error in the density when the LDA e
change potential~22! was used as the initial guess. As th
iterations continued, the integral error and the value of
HF functional decreased. The integral error in the den
diminished to* ur(r )2r0(r )udr'0.01 in the first 100–160
iterations. Further iterations did not result in a significa
change in the integral error or the other quantities of inter

Figures 4 and 5 show the differences of KS eigenval
for methane as functions of the integral error in the dens
The exchange potential~22! was used as the initial gues
Both Figs. 4 and 5 show an oscillatory behavior with t
amplitude of oscillations decreasing as the iterations con
ued. The eigenvalue differences in Figs. 4 and 5 have
teaux, which also appear after the first 100–160 iteratio
We estimated that at this point we achieved the best appr
mation to the true xc potential. Further iterations will bui

FIG. 3. Value of the HF functional for methane as a function
the integral error in density* ur(r )2r0(r )udr computed using
6-311G(d,p) 6D basis set for three hundred steepest descent m
mizations of the HF functional.

FIG. 4. Difference between KS eigenvalues corresponding
the highest and lowest occupied KS orbital in methane as a func
of the integral error in density* ur(r )2r0(r )udr computed using
6-311G(d,p) 6D basis set for three hundred steepest descent m
mizations of the HF functional.
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up oscillations in the xc potential, particularly in the bon
region. These oscillations are due to the finite basis set
pansion of molecular orbitals and should not be presen
the exact potential@26#.

If the minimization of the HF functional is started wit
potential@22#, the plateaux of Fig. 4 is prolonged; the curv
for the functional value and the curve in Fig. 5 look ve
similar.

Figure 6 shows LDA and Becke’s 1988 exchange pot
tials along the direction of the CH bond in the methane m
ecule computed from the CISD reference density, and two
potentials obtained after 160 steepest descent minimizat
of the HF functional for these two initial guesses. The carb
atom is located at zero and the hydrogen atom is at appr
mately 2.1 bohrs from the carbon atom.

The two xc potentials in Fig. 6 obtained from the vari
tional scheme are very similar except for the small regio

f

i-

o
n

i-

FIG. 5. Difference between KS eigenvalues corresponding
the highest and the next highest occupied KS orbitals in methan
a function of the integral error in density* ur(r )2r0(r )udr com-
puted using 6-311G~d,p! 6D basis set for three hundred steepe
descent minimizations of the HF functional.

FIG. 6. ~Color online! Exchange-correlation potential for meth
ane in the direction of the CH bond. LDAX and B88 are the LD
exchange potential~22! and Becke’s 1988 exchange potential com
puted from CI target density. HFLDAX and HFB88 are potentia
obtained using the HF variational principle after 160 steepest
scent minimizations with LDAX and B88 initial guess, respective
Hydrogen atom is located approximately in 2.1 a.u. from carbo
2-5
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close to the carbon and hydrogen atoms that we will add
shortly. Both xc potentials exhibit characteristic peaks ar
'60.6 bohrs that correspond to the local minimum in t
density distribution. Note that these two peaks are more p
nounced than the corresponding ones in the model poten
and the xc potentials obtained by our procedure are m
‘‘asymmetric’’ near the carbon atom.

The two potentials obtained from the HF functional min
mization with different starting points deviate from one a
other in the region close to the atoms. In the case of the
potential obtained with the LDA exchange initial guess, th
is a counterpeak at the position of the carbon atom whic
an artifact of the Gaussian expansion of the target CI den
The CI density computed with a Gaussian basis set does
have the required cusp at a nucleus and therefore is n
ground-state density for the external potential behaving
2Z/r near a nucleus. Consequently, an erroneous coun
peak appears in the ‘‘exact’’ xc potential corresponding to
Gaussian density to compensate for this. As the iterati
continued, the magnitude of this counterpeak oscillated
gether with the eigenvalue differences shown in Figs. 4
5. In the case of the xc potential obtained from the Beck
exchange initial guess, there are two counterpeaks. All
counterpeaks near the carbon nucleus are erroneous.
are due to deficiencies in the Gaussian density and sh
not be present in the ‘‘real’’ xc potential. One of the possib
solutions to the counterpeak problem at the carbon nucleu
to replace the external Coulomb potential due to the po
nucleus by that of a smeared out charge distribution.

In addition, Fig. 6 shows that our variational procedu
does not converge completely in the region close to the
drogen atom; the two different initial guesses produ
slightly different xc potentials. This is because the direct
of steepest descent in the minimization process is pro
tional to r(r )2r0(r ) so that the rate of minimization i
dominated by the regions with high electronic density, a
we note that the electron density at the C nucleus is appr
mately 260 times larger than that at the H nucleus. Howe
as minimization progresses, erroneous features appear
the nuclei due to inadequacies in the Gaussian density
these begin to interfere with the minimization. These di
culties did not arise for neon where the cusp condition
accurately met.
hy

e
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V. CONCLUSIONS

A variational procedure to obtain a KS potential is bas
on the HF functional of a single-particle potential. If th
external field is known, the HF functional can be minimiz
to obtain the xc part of the effective KS potential correspon
ing to some target density. Minimization of the HF function
can be carried out using techniques that require knowle
not only of the value of the functional but also of its fun
tional derivative, for example, the conjugate gradient or
steepest descent methods.

The proposed variational principle was successfully
plied to calculate the xc potential for the neon atom, and a
for the methane molecule but with reservations. The res
for neon are in agreement with results of other methods.
our knowledge, it is the first time the xc potential for a m
lecular system as complicated as methane has been obta
but unfortunately, the results are limited by the quality of t
target density and the basis set incompleteness.

Our molecular KS potential procedure which emplo
Gaussian basis sets allows computation of the xc poten
for any molecule, no input except the positions of the io
and the target density is needed. In particular, no empir
parameters are used in the calculation. But, we note that
degree of success for this or any other KS inversion pro
dure depends on two factors. The first one is an accurate
highly correlated target density. The deficiencies
Gaussian-based densities are well known, the Gauss
based density does not satisfy the the cusp condition at
nuclei and falls off too rapidly. The second factor is o
ability to solve accurately the one-electron Schro¨dinger
equation. The basis set employed in molecular calculati
should be as complete as possible.
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