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Entanglement in double photoionization of rotating linear molecules
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This paper investigates the relationship, if any, which may exist between the electron-electron correlation
and spin entanglement of two electrons ejected simultaneously from a linear molecule following the absorption
of a single photon. In order to properly learn about the influence of the molecular dynamics on this relationship
and also to take into account the parity of the molecular states, double photoionization has been studied by
including rotational degrees of freedom in the Hund’s coupling schémemnd (b). Entanglement properties
of the ejected pair of electrons with respect to their spins have been investigated in each of these coupling
schemes without or with taking spin dependent interactions into account. The existence, or otherwise, of the
entanglement is predicted on the basis of the negativity of the partial transpose of the density matrix calculated
for each case considered in this paper.
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I. INTRODUCTION the parametric down conversidi®DC) [8—12], wherein a
single photon in a nonlinear medium decays in two new
Electron-electron correlation is an important physical enphotons in a single step.
tity which plays a significant role in determining the proper- One more phenomenon has recently been ascribed to the
ties and behavior of systems containing more than one eleavord “correlation.” Both theoretical as well as experimental
tron. It has been known to play a crucial role in decidingstudies of this new phenomenon have continued to be the
various electronic and magnetic properties of strongly intersubject of intense activities for the last several years. It was
acting solids. For example, kinematic correlation amongporiginally proposed by Einstein, Podolsky, and Ro§&8],
electrons with parallel spins, introduced by the antisymmetryand later interpreted for two spin-1/2 particles by BoHm].
of their wave function, is known to reduce the Coulomb According to the Einstein-Podolsky-Rosen-Boht3,14] in-
repulsion energy as electrons with parallel spins are seldorterpretation, two particles, say electrons, are said to be cor-
very near to each othé¢f]. Traditionally, correlation energy related if their combined state cannot be expressed as a prod-
has come to imply the difference between the exact eigendct of the states of two electrons. Such particles in a pair
value and the expectation value in the Hartree-Fock approxihave been called correlated, entangled, nonseparable, or sim-
mation of the Hamiltonian of a system in a given stg ply an EPR[13] pair of particles. Until about 10—-12 years
Recent studies of double photoionizatidalso called ago, studies of entanglement were confined to purely philo-
photodouble ionizationof atoms and molecules have shown sophical implications related to the incompleteness, or other-
yet one more process which takes place due to electrorwise, of quantum theory13,14]. However, recent sugges-
electron correlation. In this process, absorption of a singlg¢ions that entangled particles can be used technologically to
photon in the electric dipoleE1) approximation simulta- encrypt[15] and telepor{16] information as well as to build
neously ejects two electrons from an atfdh or a molecule computers[17,18 which can perform certain operations
[4]. These two electrons, which were an integral part of themuch faster than the presently available “classical” comput-
same system before they became free but now moving in thers, have opened the new field of quantum information
field of the photo-dication(i.e., residual, doubly charged theory[19]. These new developments have given rise to ac-
positive ion, not only share between themselves the energyivities for the production of pairs of entangled particles, on
of the absorbed photon in excess to the potential for doubléhe one hand, and for suggesting stringent quantitative meth-
ionization and affect each other’s angular distributions, bubds which can be used to determine whether two given par-
also have an important influence on the mutual orientation oficles are entangled or not, on the other hand.
their spins[5—7]. These two electrons, in the context of  Two particles in which neithef8—12,20—-23 both[24—
double photoionizatioDPI), are said to be correlatdith 28], or one of the twd 29,30 possesses a rest mass different
respect to, e.g., their energies, directions of emission and dfom zero have been used in experimef&#t12,20—-26,2p
spin quantization, etg.in the sense that their simultaneous as well as theoreticgP7,28,3Q studies of entanglement. For
ejection, following the absorption of a single photon, cannotexample, two photons produced in two-stepscadetransi-
be understood within the frame-work of an effective one-tions in atoms from a suitable excited state to the ground
particle model. Thus DPI is a direct manifestation of state[20,21], or simultaneously emitted from a metastable
electron-electron correlation. Had the independent particlatomic state in a true second-order decay pro¢28§ or
model of an atom or molecule been valid, the simultaneougjected in a single step in the POB-12,23 are the en-
ejection of two electrons, resulting from the absorption oftangled particles with no rest mass; photodissociation of
only a single photoriwhich will be represented by a one- dimers of the!®*Hg, isotopomore using a spectroscopy se-
particle operatgr would not have taken place. Moreover, the lective stimulated Raman proce§&5], the interaction of
DPI of an atom or a molecule can be said to be analogous ttwo-level Rydberg atoms with a resonant fidl26,27] or
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atomic DPI[28] are some of the processes which have beemwf the four Hund’s schemeg33-35 for coupling angular
suggested to produce particles which are entangled with momenta present in a rotating linear molecule.

nonzero rest mass; Kurtsiefer al.[29] and Charet al.[30], Each wave function associated with an energy level of an
on the other hand, have entangled an spontaneously emittedom or molecule may be classified as having even or odd
photon with its recoiling atom. parity according to whether it remains unchanged or changes

It is, in principle, believed that if the two particles are not sign on inversion of the spatial coordinates of all its particles
prepared independently and in total isolation of each othefi.e., both electrons and nuclei in the case of molegules
then a decomposition of their combined state into a producthrough origin. Parity adapted stafesg., Eqs(4), (7), and
(i.e., a separable or unentangletate is, in general, impos- (8)], both for D.,, and C.,, molecules, can be prepared
sible and the particles are necessarily entangled. Probably,[87,38, for example, by multiphoton absorption. It is, how-
very simple, and the best possible, example of this procedurever, not at all necessary to use parity adapted states for
is provided by the DPI of atoms and molecules. Accordingly,studying entanglement properties of the electrons ejected in a
two photoelectrons, whose simultaneous ejection followingpair in the DPI of a linear molecule. But there are several
the absorption of a single photon by the target is due comadvantages of using such states: Their application directly
pletely to the electron-electron correlation, must always be irgives [6,7] the parity selection rules for transitions which
a nonseparable state. But, in a recent analysis of the etead to DPI and are allowed in tit&l approximation; use of
tanglement properties of two electrons produced in DPI of anhese states makes it very easy to separately study the influ-
atomic target, both without and with spin-orbit interaction ences of SOls and of SRIs on DPI, in general, and on en-
(SOI), Chandra and Chakraborf28] found that electron- tanglement, in particular, etc. Parity adapted stf3ds35,3§
electron correlation, whose presence is necessary for DPI teave, therefore, been used for each of the Hund’s coupling
take place in an atomic target, is not always sufficient forschemedqa) and (b) considered in the present communica-
entangling two simultaneously ejected electrons with respedion.
to their spins. Thus, the word correlation in the context of the Furthermore, the two electrons in DPI are emitted with all
atomic DPI has come to med@8] only those effects in an possible kinetic energiesubject to the conservation of the
interacting, quantum, many-body system that are not presemttal energy in all possible directions. Also, their spins can
in an independent particle mode&—7,31, but are essential be quantized in any direction as well. Moreover, the residual,
for two electrons to come out simultaneously. In view of thisdoubly charged, positive iofi.e., dication of the target mol-
meaning of the word correlation for atoms, the two photo-ecule may be left in any of its energetically accessible
electrons in DPI may or may not be entangleg8] with rotational-vibrational-electronic (i.e., rovibronig states.
respect to their spins, but are certainly correldtgd. Hence, the two photoelectrons and the dication are in a

Recently, severdl4,6,7,39 studies, both theoretical and mixed state after DPI.
experimental, have also been performed on DPI of linear A pure separablé.e., unentangledstate of two particles
molecules. In these targets, in addition to the electronis always known to satisfy Bell’s celebrated inequalifigg).
electron correlation, the nuclear rotation has also been founid has, however, been shoW#0-43 that if the two particles
to influence the DP[6,7]. Moreover, the spin-dependent in- are not in a pure state then a nonviolation of Bell's inequali-
teractions in molecules includg3-35, unlike in atomic ties does not necessarily mean that they are not entangled.
systems, not only the SOI but also the spin-rotation interacThus, a violation of Bell's inequalities is a necessary and
tion (SRI). It will be quite interesting to see how and to what sufficient condition for the entanglement of two particles if
extent these two additional physically important interactionsthey are in a pure state. But, for two particles in a mixed
plus other typically molecular effect&.g., the noncentral state, this violation does not provide a complete character-
nature of the molecular potential, nuclear rotation,)eitt=  ization of entanglement. A mixed state can be nonseparable
fluence the entanglement of the spin of two electrons ejecte@.e., entangled even without violating Bell's inequalities
together in the DPI of a molecule. In this paper, we therefor¢40—43.
analyze the spin entanglement properties of a pair of elec- Pereq44], on the other hand, developed a more stringent
trons ejected in the DPI of a linear molecule. Rotationallycondition for determining the entanglement of two particles.
resolved experimental studies of DPI of molecules like H This condition is equally applicable to both pure as well as
N,, NO, O,, etc. are feasible in not too distant a future mixed states. It was later shown by Horodeekil. [45] to
because integrated and/or angular photocurrents arising frobve a sufficient as well as necessary condition for a pure/
the production of singly charged ions of these and other simimixed state of two particles to be nonseparable. According to
lar diatomics in their different rotational states have alreadythis Peres-Horodeckid4,45 requirement, the density matrix

been measuref86,37. (DM) of a separable mixed state remains positive when sub-
Molecular systems which have all their nuclei in a straightjected to partial transposition.
line belong to either of th®..,, or C.., point group. In ad- In Sec. Il, we first establish some relevant conventions

dition to taking into account the group theoretical propertiesand briefly describe density operators and states needed in
of these molecules, it is necessary that their other symmetrihe present study. The DM for DPI of a rotating linear mol-
properties also be included in a proper theoretical descriptiorcule without taking any spin-dependent interacti®Bls)

of their rotational motion and of spin-dependent interactionsinto account is developed in Sec. lll. This DM is then ana-
In this paper we, therefore, represent the molecular statefyjzed for all possibilities in which the DPI of a linear mol-
both before and after DPI, by the first tWie., (a) and (b)] ecule can take place in the absence of SOIs and SRIs accord-
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ing to the stringent Peres-Horodedd4,45 condition to  kets|1m,) (with m;=0 and +1) in the E; approximation.
determine whether electrons ejected in a pair are entanglddere [46,47], while m,=—1 and +1 correspond, respec-
with respect to their spin angular momenta. Therein, we alstively, to left circular polarizationLCP) and right circular
study the pure or mixed nature of all the density matricepolarization(RCP of the photon, its state witin, =0 is with
calculated in Sec. lll, and the degree of spin entanglementspect to the electric field vector of the electromagnetic
present in those cases wherein the two photoelectrons are wave. That is, a linearly polarizgtlP) photon is represented
a non-separable state. [46,47) by the statg10) in the present notatiodAn unpo-
Section IV contains a study of our problem in the pres-larized (UP) electromagnetic wave is taken to be an even
ence of spin-dependent interactions. Here we distinguish twmixture of RCP and LCP wavdsAccording to this specifi-
different cases arising by the inclusion of only the SRI and ofcation of the polarization of the incident radiation, the polar
the SRI plus the SOI. Such a study demands that one shoubikis of our coordinate system, called the phot@r-spacer
develop expressions for two different density matrices, ondixed frame of reference, is taken to be along the electric
each obtained in the Hund’s coupling scheniigsand (a), vector of the LP ionizing radiation; whereas, RCP, LCP, or
respectively. Although the dynamical terms in the two casedJP electromagnetic beams are incident in the direction of the
are, of course, very different from each other, the formalOZ axis of our photon framé&PPF. This coordinate system
structure of the DM for casép) is found to be identical to and some of the vectors used in this communication are
that for caseb). Also, the DMs calculated including SDIs in  shown in Fig. 1. Unless stated otherwise, all the vediers.,
Sec. IV are quite dissimilar in every respect from that ob-g. . etc) used herein refer to the PF.
tained in Sec. lll when no SDlIs are taken into account. The A molecule can be prepared in a specific rovibrojie
DMs in Sec. IV are then analyzed in terms of the Peressate in several ways: for example, by its rotational cooling
Horodecki[44,45 condition in order to determine the non- [3g], by the electrostatic hexapole methi@8], or by multi-
separability of the state of two photoelectrons when theyhhoton absorptiof37,38. Let us take the molecul&B to be
experience either the SRI or both the SOI plus the SRI. Seqinpolarized before its DPI. Its density operator is then given
tion V presents the conclusions of the investigations Perby |0)(0|. Further,p,=|1m,)(1m,| is the density operator of
formed in this paper. the ionizing radiation. The incident photon and the molecule
are uncorrelated before the interaction between the two takes
Il. PRELIMINARIES place. This, in other words, means that the density operator

f th bined AB+ phot tem in Eq.l) is simpl
Let us represent bg; ande, the two freely moving elec- §iver? lf;/)ﬁe":jeirelc(:\t prorzju(z:'?n) system in Eqd) is simply

trons whose entanglement properties we want to investigate.
The propagation vector of the(=1,2)-th electron ilei
=(k;,0;,¢;) such that its kinetic energy is given by
=h2ki2/2m. Also, u;(=*1/2) represents the projection of
the spin angular momentum of theh electron along its spin
guantization directiond;=(9;,¢;). These two electrons,
along with others, form an mtegr_al part of a Imegr molecule, roximation is defined, for example, in R§#9]. Then the
say,AB and are assumed to be simultaneously ejected from : ; i
esired density operator for the present case can readily be

; ; ; 2+
following the absorption of a single photon.AB“™ denotes written in analogy to thaf28] used for the DPI of atomic

the residual dication, then our process can schematically bg ; :
targets. It is, therefore, given by
represented by

Pi=pPo®pr . @

In order to write the density operator for the process repre-
sented by Eq(1), we need to introduce the photoionization
operatorf,= Jm/%?F, where the operatdf in the E1 ap-

— t
hv, (€] =1m;)+AB|0)—~AB**|f) +e(u101K;) Pr=KoFopiFp. @
+e5(po05Ky). (1) Here[49], K,=3m(e?*/ agE,)? which contains the dimen-
sionless fine structure constadag.
Here, E,=hv, is the energy of the absorbed photon with It has already been discussed in Sec. | that we will inves-
|€,]=1 its angular momentum in tHE1 approximationjO)  tigate herein the entanglement betwegrande, both in the
and [f) represent, respectively, parity adaptE84,35,3§ absence and in the presence of SDIs. It is well known that
products of the rotational and antisymmetrized electroniadhe best description of the dynamics of a linear molecule is
states ofAB and of AB®". If E, and E; are the respective achieved in the Hund'’s coupling scherti® when SDIs are
energies ofAB in the statd0) and of AB%* in the statd f), not taken into accourit33—35. For a proper representation
we then havee;+ e,=hv,— (E;—Ey) from energy conser- of a molecular state in this, and indeed even in other,
vation. schemes, one also needs to include the rotational motion of
It is well known that only two polarization directions of a the constituent nucleilnclusion of the nuclear vibration, on
photon are linearly independerifChese directions, in addi- the other hand, merely requires that product of a matrix ele-
tion to being orthogonal to each other, are perpendicular tonent with the appropriate initial and final vibrational states
the photon’s direction of propagation as weNevertheless, be integrated over the internuclear separation. This is readily
many workers(see, e.g., Refg46], [47]) have represented, achieved in all four of the Hund’s coupling schemes merely
for convenience, states of polarization of a photon by theéy calculating the desired matrix elements as a function of
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showing the photon-fixed frame of
referenceXYZand the propagation
A directions &;.k,) as well as the
spin  quantization  directions
(04,0,) of the two photoelectrons
(e1,e,) simultaneously ejected
from the rotating, linear molecule
AB following the absorption of a
% single photon. Each electron en-
/ ters its own Mott detectof58],
oriented alongl;(9,,¢,) for e;
and 0,(39,,¢,) for e,. These de-
B tectors record whether the a pho-
toelectron’s spin is up or down
with respect to its own quantiza-
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the internuclear separation. Consequently, we no longer mer|\7|N (=N,-02), on the other hand, is the projection I§f,
tion the vibrational dynamics of a molecule in this paper. anng the polar axis of our PF. KétgAo) in Eq. (4) is the

. ﬁ p%r,'ty adart))te_d state OJ t[h384 Ignsegé rotating molecés spatial part of the electronic state AB. (Here,n, represents
i Hund's casg(b) is given by[34,35, the additional quantum numbers needed to completely
1 specify|nyA ), but have not explicitly been shown for brev-
10)= —[|noAo)|NoAoMy, ) ity.) |SOMSO), on the other hand, is the spin state of the
0 >
2 molecular electrons with total spin angular moment&mn
+(=1)PoIng—Ag)[No— AgMy )] [SoMs ). (4) and its projection along th®©Z axis of Fig. 1 given by
° Ms,(=So-02). The rotation ofAB in Eq. (1) is described
In this state,Ao(=Ny-R) is the projection of the angular by the normalized functiof50]
momentumN,=L,+ R, along the internuclear axis. Here, Not 1
- - . H H 0
L, andRy are, respectively, the electronic orbital and nuclear (w|NgA M No> ( -y
rotational angular momenta @B, whereasR is the instan-

taneous direction of the axisaken to be along the line join- present in the stat@®) defined by Eq(4). Here,w(=«, 8, y)
ing all the constituent nucleiof the rotating molecule. represents three Euler anglg®] which specify the instan-

1/2 N
Dy (0) )
0
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taneous orientation of the rotating molecule with respect tdhe spin electronic statd$S,3.,),|Sp—20)] in Eq. (8), un-

the PF.D’s in Eq. (5), and elsewhere in this paper, are thelike |SyM So> occurring in Egs.(4), (6), and (7) and each
rotational harmonic§50]. Furthermore, staté4) always has  quantized in the PF, have been referred to the axis of the
the parity[34,35,3§ (—1)No*Po*S with py=0 or 1. But, for  rotating molecule. The rotational wavefunctioa|JoQoM )
Ao=0 (i.e., for X *)-states,p,=0 [34,35,38 and then Eq. of the moleculeAB in the Hund’s caséa) state(8) is written

(4) reduces to analogous to that given in E) for case(b).
It is probably needless to write that the appropriate states
|0)=|ngAo)|NgA oM No)|SOM Sy (6)  of the dicationAB?" corresponding to Eqg4)—(8) for AB

are readily obtained on replacing the subscript “0” present

with parity (—1)No™s, In addition, the parametes=0 al-  therein by the subscriptf” _
ways, except fok ~ states whereis= 1. Thus, when Eq(6) Before proceeding further, we need to specify the wave
corresponds to & *-state, its parity is simply €1)No,  functions for the twin electronse(,e,) needed to calculate a

whereas, if Eq(6) is to represent & ~-state, then its parity matrix for the density operatgr;, defined in Eq(3), for the
becomes € 1)No"1, DPI process(1). In order to be able to study the entangle-
The forces which depends on the electronic spin of a roMment betweere, ande;, for any arbitrary directions of their
tating molecule can arise due to the interaction of the spifPfopagation and energies of motion, the most general form of
magnetic moment with the magnetic moment produced byn€ spin-orbital for theith electron in Hund's coupling
nuclear rotation and with that generated by the electroni§cheme(b) is already discussed in detail in the respective

orbital angular momenturf83]. The former is usually called referenceq51] and[6] in the context of angle- and spin-
spin-rotation interaction, whereas, the latter is the well€Solved Auger spectroscopy and of DPI of rotating linear

known spin-orbit interaction. It is obvious that SRI can only molecules. The required spin orbital in the PF is given by
be present in molecular systems; but both atoms as well d6.51]
molecules can possess SOI.

2
In this paper, we want to study the entanglement proper- |:“i0i|2i>:(

1/2
A 7'0— fi
m) 2 11D () Dy ()]
o

ties of the twin electronse(; ,e,) ejected in procesdl) in all
the three possibilities, i.e., the target molecule possessing no i
SDIs, possessing only SRI, or both SRI and SOI. It has al- - 1
ready been mentioned elsewhere in this paper that &ate XL, (ki) T* zvi>|Fmi(ki)>- 9
represents a rotating molecule with neither SRI nor SOI. The
state[34] Here, o, is the Coulomb phadet9] for the £;th partial wave
205+ 1|2 of the photoelectronj; 'and m; arg\the projec.tions of;
|O>=(—1)50N0M0(T) along the molecular axis and alof@Z, respectively. Both
the Coulomb phasar(i and the space pant:;ixi(ki;rj)
No S Jo =(F;|F,,.(k;)) of the spin orbital9) depend upon energy
X M M )[|”0A0>|N0A0MN ) ; . ; ; "
My Ms, No s, —Mo 0 (i.e., the magnitudd; of the prop:_:lgatlon \_/ec_td{i) of the
photoelectron e;. The superscript “” indicates that
+(=1)PIno— Ag)[No— AoMy ) [SoMs ), () [F,,(k)), in addition, satisfies the incoming wave bound-

ary conditions[52] appropriate for photoionizationzv;) is
the spin state of thé-th photoelectron quantized along the
polar axis of the PF, i.ey; is the projection of this electron’s
spin angular momentum along tl axis shown in Fig. 1.

In order to properly describ&B by including the total . .
SDIs (i.e., both SRI plus SQJ one needs to use Hund'’s A rotation by the Euler anglefS0] wi(e;,9;,0) brings the
polar axis of the PF in coincidence with the direction

Egu[glzllngsggemea). The molecular state in this case is given 0.(9: ,0:) along which the spin quantization of th pho-

toelectron is observed in our experiment being performed in
1 the PF. u; is the projection of the spin of photoelectren
10)=—[|NoAo}|IoQoM )| SoS o) along(;.) Also, note that in Hund’s schenie) neither the
V2 Coulomb phaser,, nor the space patF;iM(ki» in Eq. (9)
+(=1)P na— AN I— QM ~SV. (8 depends upon the spin variable.
(=1%o~ Aol o= QoMo)So= 20l (8) A spin-orbital for theith photoelectron in Hund's case),
on the other hand, is given §%,51]

on the other hand, describ&8 with only SRI, but SOI has
not been taken into account. It is obvious that stajealso
belongs to the Hund's cagb) [34].

Here,Jo=Ny(=Lo+Ry) + S, is the total angular momentum

of the molecule. Its projections along the molecular axis and . K2\ 12 o . -

> A Pt — itie 10¢ & i i(le.)]*
along the polar axis of the PF are given 8y=J,-R and | iy ki) = E) 6%;“_ e 'D)\imi(w)[Yé’i (k)]
Mo=Jo-OZ, respectivelyS. o(=So- R) is the component of vio,

the total spin angular momentum of all the electronA8f

1/2 1/2 -
along its axis. It is obvious from the above discussion that ><[DMiVi(wi)]*DUiVi(w)|Fei)‘igi(ki)> (10
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Unlike in Eq. (9), both the Coulomb phasegi(,i and the (i.e., uq, w,) of the two photoelectronse(,e,).
space parE;, . (ki:F;)=(Fi|F;,...(ki)) in the spin orbital In order to obtain such a density matrix, the appropriate

. X L functions to be used for the targAB and the twin photo-
(10) depend upon the spin variable (the projection of the .
spin angular momentum of the photoelectrgnalong the electrons ¢,,e,) are those given by Eqgd), (5), and (9),

. . . respectively; whereas a wave function appropriate for the
molecular axig to take the SOI in the continuum properly ~"- 2 ;
into account. But, similar to the orbité®), these two quan- dicationAB™" is similar to Eqs(4) and(5). In Appendix A,

" we have developed a completely general expression, inde-
;{/I\;[(Ieells depend upon the energy of the photoelectrore; as pendent of all dynamical models, for the desired density ma-

A state of the (photon molecule)-system, present on the trix for process(1l) in the absence of SDIs in the Hund’s
left hand side of the proceg8), can now be written as coupling scheméb). It is shown in Eq(A7) that this density

matrix can be expressed as a product of two independent

10:1m,) =0 1m,). (113 factors in the following form:
Here,|0) represents one of the stafé&xs.(4) and(6)—(8)] of (f; 1101Ky s oOKo| pel 510 101Ky ; 0oKo)
the moleculeAB before its DPI. The totalAB*" +e; +e,) Bo(m)
i i i o(m o
system on the right hand side of @) is, on the other hand, _ r 7(Sy: St iUl’Uz)MMZ,M;ug- (12

described by de,dk,dk,

|£: 101Ky 5 o0oKo) = | ) 101, K1) olioko). (110 This represents, in addition to other things, two particles
[i.e., photoelectronsef ,e,)] which are not prepared inde-
One merely needs to substitute appropriate kets (ihidy), pendently and in total isolation of each other. These two
both for the photodicatioB2* and theith photoelectron, electrons, before their simultaneous ejection, were an inte-
in Hund’s coupling scheméa) or (b) according to the de- gral part of a system, i.e., the target molecAR. Thus, the
scription already given elsewhere in this paper. Each of thelensity matrix(12) could only be calculated by fully taking
molecular electronic states used herein is properly antisymelectron-electron correlatiofwithout SDIs, but including, of

metrized. course, exchangeeffects into account in an interacting,
many particle system.
Ill. ENTANGLEMENT IN DPI IN THE ABSENCE OF SPIN It is obvious from Eg.(A8) that the first termli.e.,
DEPENDENT INTERACTIONS d3o(m,)/de;dk,dk,] on the right hand side of the density

matrix (12) depends upon, among other things, the directions
_ . o _ _ _ of propagation k;,k,) as well as energiese(,e,) of two

In this section, we will investigate the circumstances inppotoelectronséd, ,e,), the state of polarization of the ion-
which two electrons simultaneously ejected from a rotatingzing radiation. This term, in addition, contains also the dy-
linear molecule, following the absorption of a single photon,namical amplitudes defined by EG\9). These are shown in
can form an EPR pair of particles with respect to their spinsgq. (A9) to be determined by the electronic statesA@fand
This study is performed disregarding all forces which mayag2+  py the rotational states of these two species through
arise due to the spins of all electrons participating in procesgeir respective angular momeritg andN; . The dynamical
(1) [i.e., electrons iMAB, in AB*", and the two photoelec- ampiitude(A9) will, consequently, also depend on the ener-
trons (€,€;)]. Thus, neither the SRI nor SOl is taken into gies of the emitted particles, on the phase shifts, etc. Thus,
account. o o _the presence of the Dirac’s brackét9) in expressionA8)

In order to carry out the desired investigations, we firstmeans that the first term on the right-hand side of the density
need to obtain a matrix for the density operatpdefined in matrix (12) is very much dependent on the dynamics of DPI

Eq. (3). Itis obvious from the discussion presented in Sec. llyhich includes, among other things, enerdies., e; ande,)
that this density matrix should now be calculated in Hund'ssf two photoelectrons.

coupling schemeb). In the absence of SDIs and due to the |t should also be pointed out herein that
spin-independent naturgb3] of the E1 interaction repre-
sented by the operatdf, in Eq. (3), the total spin of the
system before and after the DPI procébsis conserved, i.e.,
Eqg. (A1) in Appendix A of this paper must be satisfied. depend on their multiplicities (®+1) and (5+1), re-

Further_more, the twin photoelectrons,(e,) in a palr, spectively. This term, however, remains completely unaf-
whose spin entanglement we want to study, may have samg 1oq by the spins of the two photoelectrors ,€,). In

[61262 (i.e., k]_:kz)] or diﬁerent[f:]_# €o (i.e., k]_# kz)] . TS
energies(subject to satisfying the conservation condijion €onclusion, one can say that the tedfr(m;)/dedksdk,,
and moving in any two directionk. and k.. For this. one present_ln the density matf(>12), represents purely angular
ds a densit trix which sholld be é'.a onal 'n’ener .ecorrelatlon between the twin photoelectroms ,E,) and dy-
nee _S a en_s' y.ma X wh u ) 'ag i ! 9'€Ramical effects defined by EgéA8) and (A9) for DPI (1)
:imd in the directions of propagatidne., diagonal irk; and  gescribed in Hund'’s coupling schenfi®) in the absence of
k). But this density matrix must necessarily be nondiagonaBDIs. This angular correlation is alwapssitiveand it acts
with respect to the components of the spin angular momentgurely as amultiplicative factor in the density matrix12).

A. Density matrix

d3c(m,)/de;dk,dk, has an implicit dependence on the
spins S, and S; of the two molecular systems involved in
process(1), for energies of the molecular statg and |f)
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The second terr[i.e.,a(SO;Sf;Ol,ﬁz)ﬂwz,“i“é], present not prepared independently and in total isolation of each

in the density matrix12), is defined in Eq(A10). Unlike ~ ©ther, a decomposition of their density mat(ik?) into a
angular correlatiorfA8), Eq. (A10) is a 4X 4 matrix which product should, in general, be |mp0_SS|bIe, implying, thereby,
does not depend on any of those physical quantfieg., that (_el,ez) should form an EPR pair. Perg$4] and Hor(_)-_
dynamical term(A9), polarization of the ionizing radiation, deckietal.[45] have shown that a necessary and sufficient
electronic as well rotational states and angular momenta dondition for the separability of a mixed state of two par-
AB andAB?", directions of propagation ofe(,e,), on any ticles is that the partial transpose of its density matrix should

energy, etd.which contributes tal®o(m,)/de,dk,dk,. The remﬁ\infp_ositi_ve(A I—:ermi_tian matrixri]s said to _lla_ﬁ p(()jsitive i_f
four-dimensional oSS0y, 01,) ' matrix, on the €ach© its eigenvalues is greater than zero. The determinant
Sl RS of a matrix is well known to be the product of all of its
other hand, is seen from E¢A10) to be completely deter- ejgenvalues. Hence, a value less than zero of a determinant
mined by the Euler anglesu( ,»,) which specify the direc- means that its matrix is negative. If this determinant, on the
tions (,0,) of spin quantization, and by the projections other hand, is greater than zero, then the corresponding ma-
[m1(m1),m2(m5)] along these directions of the spin angulartrix can still be negative if it has an even number of eigen-
momenta, of the twin photoelectrong,(e,). Hence, the values less than zejo.
second termr(Sy; S ;Gl’GZ)Mlﬂzxﬂ«i#é in the density matrix We have, therefore, investigated the separability of the
(12) represents purely spin correlation between two electronBhotoelectronsd; ,e,) emitted in processl) in the absence
simultaneously ejected in DPI @B. of SDIs by applying the stringent, as well as necessary and
Another important point which deserves a discussion heréufficient, condition proposed in Refgt4], [45] to our den-
is that the presence of, and of S, as arguments in Sity matrix given by Eqs(12) and (A8)—(A10). It has al-
7(S0;S1301,02) 4y, 101, SUGGEStS that the spin correlation ready been discussed elsewhere in this paper that the angular

between two photoelectrons should be affected by the totgiorrelation partd®s(m;)/de;dk,dk; of the density matrix
spins of AB and AB2*. But expression (A10) for (12) is always positive and acts_simply as a multiplicatiye
(S St ?ﬁl!ﬂz)uluz,uiﬂg contains, on the other hand, nei- factor. We, therefore, do not write the angular correlation

explicitly and represent, for brevity, the density mat{i)

ther of these two spin quantum numbers. It is obvious botfyjm )y by its second term. That is, unless stated otherwise, in
from Eq. (A1) and the 6-symbol presentin EJA10) that0 4 present section we write

and 1 are the only values which can contribute to the sum
overs, present in the latter equation. But, at the same time,
this variable must also satisfy the triangular requirement
|So— St|<s.<Sy+ S; implied by the spin conservation con- —0(Sy; St ;01,02)%#2,#1#&. (13
dition (Al). This, in other words, means that expression
(A10) will cease to identically vanish wheneve&,=S;

and/or [S—Si|=1. Thus the spin-correlation term go,.aniiity of the density matrixl3) using the Peres-
(S0 Sr;U1,02) gy gy I the density matrix12) has an yorodeckif44,45 condition. An application of this condition
implicit dependence on the total spins AB and of AB2*. requires[44,45 a partial transpose of the density matrix
The presence of this condition also gives us a spin selectio(13). Following the definition introduced by Perp$4] and
rule for a double-photoionizing transition in tfi&l approxi-  Horodeckiet al. [45], partial transpose of Eq13) is given
mation from statd0) of moleculeAB to the statdf) of the by

dication in the Hund'’s coupling schenfig) in the absence of

SDIs. That is, the total spins of these two species must be ‘S0, 0 ;= ‘S (0 A

such thatAS=|S,— S¢|=0,1. Thus values o, to be in- V(503903000 gy ey = 75035130002

(f ;:U«101|21 ; M202|22|Pf| f ;M101|21 ;Méflzlzz)

In the remaining part of this subsection, we study the

cluded in the sum present in expressi@i0) for the spin (14)
correlation term “(%?Sf ;91’UZ)M11‘2'#1M£ be determined It is obvious from the discussion presented in Sec. Il A that
from the two conditions given by E¢AL). there are only three possibilities, depending upon the spins

Hence, in the absence of SDls, the density matrix for thes0 of AB and S; of AB2* for which density matrix(13)
angle- and spin-resolved DPI procdds in a rotating mol-  cannot vanish identically. In the following, we investigate the
ecule reduces to the product of a dynamically determine@ntanglement betweerey,e,) in all these three cases.
angular correlation function which is always positive and a (i) Molecule AB and its residual dicatioAB2* are each
light pol_arlzanon_as well as dynamics |nsen5|_t|vH4 SPIN- in their singlet electronic statée., Sy, S¢=0). In this case,
corgilatlon matrix dependent upon the spins A and oy 3 single value, i.e.5.=0, will contribute to the sum
AB?", and on the spin quantization of the twin photoelec-present in Eq(A10). The corresponding density matrix has

trons (e;,€z). been calculated in E§A123). Consequently, the density ma-
trix (A10), when bothAB and its photodicatiodB?* are in
B. Nonseparability of the density matrix their singlet electronic states, becomes

One expects that, as the two photoelectrons in prodgss o o (
[in addition to being, before their emission, an integral and®(0:0:01,02) ., .t = 0(S0iSt:01,02) 1y ! el
correlated part of a single system, i.e., the moleé&Bgwere (159

Se=0)
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Its partial transpose is in complete agreement with the result arrived at above that
o the two photoelectronsef,e,) in the present case are in a
Y(0;0301,02) eyl ) singlet spin state.

The simplest possible example of this result is the DPI of
H, in its ground electronic'® ;) state. The two photoelec-
trons which simultaneously come out in the DPI of this mol-
ecule are not only correlated but also form an EPR pair with
Fespect to their spins. Some of the other possible simple ex-
amples for the present case can be DPIs

/|79, (15b)

=Y(Sy; S ;01'02)M1M2,u1M2

on the other hand, is obtained from E@12b). These are
completely general forms of the two matrices: Independen
of all dynamical models and applicable for any kind of po-
larization of the ionizing radiation and directions of propa-
gation as well as of spin quantization, including all possiblep, + Liz(laélgﬁzgé 125)_>|_i§+(1051(,§208 125)
allowed energies, of the simultaneously ejected electrons

(€1,87). . . . . ' +eq(p01Ky) + € p202Kp)
These matrices can be diagonalized even in their present
general as well as analytical forms using, for examiakeH- and

EMATICA [54]. As both Eqgs(159 and (15b) are Hermitian, o e D s 2n 4 2 1+
their eigenvalues should necessarily be real. In the present hv,+CX(10°20°30°30°40°17"50° "% 7)

case, these, in addition, are found to be totally independent L COP (1022023023024 1 4560 1S+
of all four angleq 01(91,¢1),0,(9,, ¢,)] which specify the (10°20°30°30°40°1 750" "2 7)
spin quantization directions ofe(,e;) in Eq. (15). One, +ey(y01Ky) + €5 1p0K,)

thus, obtains eigenvalues to & 0, 0, 2 with det(s)=0 for

the density matrix(159 and (1/2, 1/2, —1/2, 1/2 with in the ground electronic configurations of,Land CO, re-
det(y)=—2"* for its partial transposél5b). In view of the  spectively. Although the SDIs in neither of these two mol-
stringent, as well as necessary and sufficient, condition sugcules are as insignificant as, for example, in the case, pf H
gested in Refs[44], [45], we therefore conclude that the nevertheless the two photoelectroms €,) which come out
density matrix(15g represents a nonseparable spin statein each of the above two processes, in the absence of spin-
Thus, two photoelectrons ejected simultaneously in the DPdlependent interactions, are always correlated as well as en-
of a rotating linear molecule are always entangled as long asngled in a singlet spin state.

neither the target nor its residual photodication possesses any (ii) Spin S, of moleculeAB and S; of its photodication
electronic spin angular momentum. This result shall not beAB?™" differ by 1(i.e.,|Sy— S¢|=1). Let us now consider the
affected by either the electronic statesAd and of AB?>" or  DPI of a rotating linear molecule in the absence of SDIs
the rotational states of these two species, or by the DPI dywhen either both, or at least one,AB andAB?* is in other
namicsgli.e., photon polarization, energies involved, propaga-than a singlet electronic state. That is, we may now have one

tion (k;,k,) as well as spin quantizatiorii(,(,) directions  of the three situationsS,=0, S;=1; S;=1, $;=0; or S

of (e1,e5)]. =|Sy+1|, with Sy=1. It is obvious from Eqgs(Al) and
This result is an obvious consequence of spin conservdA10) that, out of the two(0, 1) possible values, onlg,
tion in the absence of SDIs. In this case, we h&e S =1 now needs to be taken into account. The required density

=0, implying thereby, in view of Eq(A1), the sum of the matrix, again calculated from EqAL0), is given in Eq.
spins of ;,e,), i.e., s,=0. Hence, the photoelectrons (A13a). Therefore, in the present cases we have
(e1,e,) are in the well known entangled stdte(1)3(2) .
—a(2)B(1)]/v2, i.e., a singlet spin state, irrespective of all o(1So=Sil=1300,02) sy )
other physical conditions. e n A -

Let us further investigate the properties of the density :U(SO'Sf’ul’u2)ﬂlﬂ2'ﬂi%’v£|(se Y (163
matrix (158. Among its four eigenvalued), 0, 0, 1, only ] ) ] ] ]
one is nonzero. This sugge§&s] that Eq.(153 represents a Its parual _transpos(aAle) is readily obtained using E¢14)
pure state. Even an application of the necessary and sufffnd is written as
cient condition[55] for a density matrix to represent a pure A
state shows that for Eq15a), Tr(¢?)=(Tro)?=1. Here, Tr V(S0 St1=1301,02) w1, g
means a trace of a given matrix. This too implj&$] that . S0
Eq. (159 describes a pure state. The reduced density matrix =(So; f’ul’UZ)Mlﬂz'Miﬂ
[55] for Eq. (159 is easily calculated to be

|se=1. (16b)

2

An element 0f(169 is found to be related to the correspond-

12 0 ing element of Eq(15a by
Red a(0;0;0,,0,) " ’]:( ) o
Mg g e 0 1/2 o(|So— S| = 1JU1'U2),L1,L2,,L1M§
This gives a degree of nonseparabiliparticipation ratio or 1 1
Schmidt2 numb%r[?G], defined only for a pure state§ :§5M1M15M2M§_§0(0;0;01’02)#1#2#1u§'
=[(1/2)°+ (1/2)°]" ~=2. This mean$56], that a pure state,
represented by the density matfik5a), is a Bell state. This a7
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An identical relationship exists between the partial transposeection, now both of the two possible valuessf=0,1)
matrices (15b) and (16b). Equation(17), in other words, will simultaneously contribute to the calculation of the den-
means that, although the diagonal elements of the two matrBity matrix (A10). The density matrix and its partial trans-
ces(15) (for Sy,S;=0) and(16) (for |S;—S;|=1) are lin-  pose, in the present case, are
early independent, their nondiagonal elements have a linear U
dependence. 0 (So=S=1/2:00,02) 1y gy

The eigenvalues and determinant of the density matrix _ e A (se=0 and D
(16a are (1/3, 1/3, 0, 1/3 and det§)=0, respectively; G(SO’Sf’ul’UZ)“lﬂz'#lﬂz| (183
whereas the corresponding respective quantities for the par
tial transpose(16b) are (1/6, 1/6, 1/6, 1/2 and detf)

—9—49-3 i i i i PN

=2 3 : Thr_:tt. is, the. partial trgnspose of thg density m§§r|x Y(Sy=5;= 1/2;“1’“2%1#2,#1#;

remains positive. This, according to the stringent condition

developed in Refd.44], [45], means that the density matrix = 9(Sy: S ;Gl'az)uluz,u1u§|(se=0 and 3 (18|

(169 represents a separable spin stateegfé,). Hence, the

photoelectrons ejected in proceds in the absence of SDIs respectively. The right-hand sides of these two respective
do not form an EPR pair with respect to their spin angularequations are given by Eq@\14a) and(A14b). An element
momenta when the spins @B and of AB?>" differ by 1.  of the density matrix(18a can also be obtained from the
However, €,,e,) are still correlated. This shows that the corresponding element of E¢L53 by using

correlation and spin entanglement of two electrons ejected

simultaneously in the single process of DPI are totally inde- ‘T(SOZ321/2?01'02)u1u2,u1;4§
pendent and unrelated properties. Two correlated electrons . ) AP
are not necessarily spin entangled. This is a totally general - 55#1#15u2#§+5‘7(010“1’“2)#1/12,/41#;- (19)

result, independent of all dynamical models and of experi- . _ _
mental geometries. The only requirement for it to be appli-This relation can also be used to obtain the partial transpose
cable is that no SDIs are taken into account, and the spins ¢£8D from its counterpart15h. _ _ _
the target and of its photodication must differ by one. Both of matrices(18) can readily be diagonalized with
Furthermore, the density matrit6a has been shown to their respective eigenvalues given /3, 1/3, 1/3, 1 and
have more than one nonzero eigenvalue value; also, ori@/3, 2/3, 0, 2/3 and the determinants by 8 and 0. This
finds that Trg?)[ =1/3] is less than (To)4=1]. Each of data show that both the matricés8g and its partial trans-
these two facts simply meari§5] that the density matrix P0se(18b) are positive. Hence, applying the stringent as well
(163 represents a mixed state. The two photoelectrongs sufficient and necessary Peres-Horodg¢ki43 condi-
(e;1,8,) in the present case have been shown to have a totdPn, one concludes that the photoelectroes, ;) in pro-
spin angular momentuns,=1. There are, consequently, cess(1) in the absence of SDIs are not entangled with respect
three spin  states {a(1)a(2);8(1)B(2);[a(1)B(2) © their spins if the multiplicities of the electronic states of
+a(2)B(1)]/V2} available for each pair of ejected elec- ABand ofAB** are equal and greater than 1. This, again, is
trons. Hence, the state represented by the density matri completely general result and is independent of all dynami-
(169 is probably a mixture of the three triplet spin stats of &l models. Although the photoelectrore (e,) are not pre-
(e;,e,). pared independently and in total isolation from each other, in
Among the lightest possible molecules in which addition to being an integral part of the same system, a

such a DPI can take place without much effectslinear rotating molecule in the present cadeefore their
from SDIs are B(lo?lo?20220%1w235;) and ~ emission, they are simply correlated but not spin entangled.

CO(102202302305245°1 7552 15 7). The photodication The presence of correlation is necessary, otherwise the two
electrons would not have come out simultaneously following
and CO* (1622023024621 72552 %2_) respectively. Ac- the absorption of a single photon. This study also proves,

cording to the analysis presented herein, the two photoelec,s—'m'ltar to whlatt_ was (;ilscgsse(tj ml sect|(t§n), ?Iect_rog-
trons ejected in either of these two cases are only correlateéleC ron correfation and spin entangiement are two indepen-

of the two molecules are B (lollol2052017) 13 ])

but not entangled with respect to their spins. There can b ent propI)EeFr)tllqes. Two.tck:]orrelatedt tele;:r:rqns may or 1nay not

many such examples of DPI of rotating linear molecules in orm an . paur with Tespect to heir spin anguiar mo-

the absence of SDI withS,— S;|=1 wherein one can pro- menta. That is, electron-electron correlation is responsible

duce electronse(; ,e,) in a pair which are correlated but in a for the ejection of two electrons simultaneously in DPI but it

separable, mixe d, szpin state does not necessarily provide them with spin entanglement.
(iii) Spi’n S, of the moIecﬁIeAB andS; of its photodica- Moreover, in the apsence of SDIs, t.he e_ntanglement proper-

tion AB2* are equal and greater thafn z6fie., So=S ties of electrons with respect to their spin angular momenta

. — 5F

. . ; . Po not depend on the photoionization dynamics.
=1/2). Finally, let us consider entanglement properties o The relevant examples for the present case can be DPI in
photoelectronsd; ,e,) simultaneously emitted in DPI in the

absence of SDIs, when multiplicities of the electronic states CN(1022023024021 %501 25 1)
|0y and|f) involved in proces$l) are equal and greater than
one. Unlike the last two cases considered so far in this sub- —CN?*(10%20230%40*17%56° 25 T)
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and namical effects on the spin entanglement of two photoelec-
o o o o e 4 1o trons ejected in the presence of SRI in Hund’s coupling
NO(10°20°30°40°50 1" 27~ “11) schemeb). Second, although similar to the first density ma-
L NO?* (10220230240 50 1 4270 25, %), trix (A7), the pregent EqB6) too is a 4X4 matrix; each of
the 16 elements in the latter can, however, be shown to con-

In both these cases, although SDIs may not be as weak &&in @ very largg= 100 number of complicated terms com-
they are, for example, in the case of a lighter molecule, e_g_pared to the threeffour simple terms contributing to Eq.
H,, nevertheless, the analysis presented in this subsectigf10) [see, for example, Eqs(Al2a), (A13a), andlor
means that the pair of photoelectrons ejected in either ofAl4al.
these two processes, although correlated, will never be spin
entangled. B. Density matrix for DPI with spin-rotation

Both eigenvalues as well as B{)[=4/3]<(Tro)? and spin-orbit interactions
[=2] suggest that the density matrid8a represents a Finally, let us consider DPI in a rotating linear molecule
mixed state. This density matrix has been arrived at by sumgy taking the full effects of electrons’ spin angular momenta
ming Eq. (A10) over both the possible values of the total jni account. For this, one needs to include, in addition to
spin angular momentum of photoelectrores €;), i-€.,Se SR plus SOI in the bound electronic sté@kof AB and|f) of
=0 and 1. This, in other words, means, that the state reprexg2* SOl in the continud5,6,51 of two photoelectrons
sented by the density matr{8a is, probably, a mixture of  emitted in procesél). This requires that one should work in
the one singlet and three triplet spin states of photoelectrong ng's coupling scheméa) [33-39. Appendix C to this
(€1,€). This mixture forms a product state such thatpaper describes, in detail, calculation of such a density ma-

(e1,€;) are not spin entangled. trix. This again is, obviously, a4 matrix which can not be
separated into an angular and a spin correlation parts; its
IV. ENTANGLEMENT IN DPI IN THE PRESENCE each element consists of, similar to that of césein Eq.
OF SPIN DEPENDENT INTERACTIONS (B6), about 100 terms.

. . . Furthermore, it is shown in Appendix C that the form of
Let us now investigate the entanglement properties of the, o density matrix calculated in Hund's cag by including

photoelectrons, ,e,) ejected in proces€l) when spin de- o SR plus SO, is identical to that obtained in EB6)
pendent forces are taken into account. If one discards thg). Hund's case(b) on the inclusion of only SRI with, of
effects of_nuclear_spln then, unlike in atomic targets Where”l:ourse, different dynamical amplitudes and normalization
only SOl is eﬁectlyg, one should consugjer t\{vo'forces, ratherfactors contributing in two cases. In cad®, density matrix
than one force, arising due to electronic spin in a molecule(BG) we use the dynamical amplitudes given in EBS):

That is, SRI, in addition to the SOI. It is, however, not nec-\ hereas. for the cas@), amplitudes(C4) are to be substi-
essary that both SOI and SRI are either simultaneously,iad in the density ma{ri)(<B6).

present or are of equal importance in any given molecule. It
will, naturally, be quite interesting to see the roles played by,
these two SDIs separately as well as jointly in entangling
two photoelectrons ejected in DPI of a rotating linear mol- It is, fortunately, possible to represent the two density
ecule. In the following subsection we, therefore, first calcu-matrices obtained in the Secs. IVA and IVB by a single
late the DM for DPI by taking only SRI into account; form givenin Eqs(D1). It [i.e., Eq.(D1)] is a fairly complex
whereas, in Sec. IV B both the SRI and SOI are considerecexpression for any density matrix. In order to analyze such a
complicated expression and draw some physically meaning-
ful conclusions from it about the entanglement of two pho-
toelectrons simultaneously ejected in DPI of a rotating linear
Appendix B in the present paper describes in detail thenglecule in the presence of SDIs, we first simplify E91)

calculation of the density matrix for the angle- and spin-py specializing it to a collinear experimental geometry in

This spin interaction is assumed to be present in the targ
AB as well as in its photodicatioAB?*. The present density
matrix, given in Eq.(B6), is very different as well as much
more complicated than Eq12) [i.e., Eq.(A7)] obtained in o N
Appendix A without SR, although both EqéB6) and(A7) ~ means that we specialize E¢D1) to ky(6,=0,p;) and
have been calculated in Hund’s coupling schefine Ko(0,=m,m+ ¢,) [i.e., geometryD2)] and obtain the den-
First, the former equatiofi.e., Eq.(B6)], unlike the latter ~ Sity matrix (D3).
[i.e., EQ.(A7)], cannot be written as a product of an angular A reduction of density matrix(D1) to the form of
correlation factor and a spin correlation matrix. This, conseEd. (D3) for DPI in a collinear geometry means that its
quently, means that in the present case it is not possible t@ach of the 16 elements can now be completely repre-
study spin entanglement properties @, (e,) without con-  sented by the six parametef#3%(m,),AJ (m,),A1(m,),
sidering the dynamics of DPI. That is, unlike in the previousA3(m;),A1(m,),A3%(m,)] defined by Eq(D3b). It is obvi-
case of DPI without SRI, there will now be important dy- ous from Eq.(D3b) that these parameters, although do not

. Entanglement in DPI in the presence of SRI or(SRI+SOl)

A. Density matrix for DPI with spin-rotation interaction

,=—k,. The resulting density matrix will further be sim-
plified by aligning the colliner directions of the two ejected
electrons along the polar axis of our PF shown in Fig. 1. This
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contain any angles, very much depend upon the dynamics afr
DPI [which includes also the energies @&;(e,)], the angu- ) ) 5 )
lar momenta involved in procegd), among other things. (Aort A1) >[(Agt+An)“+4(A1—AD]. (23D
Consequently, unlike in the previous case discussed in detail = L
in Sec. Il for DPI in the absence of SDIs, now the entangle- With @ proper combination of Eq&22) and(23), one can
ment properties of the two photoelectrons will not be inde-2ve at the appropriate conditions which will simulta-
pendent of the dynamics of DPI as well as of other physica['€0Usly make both the density mat(®@6a and its partial
variables present in the density matf®3). In order to ob- transpgse(D?b) negative. For example, let us first assume
tain a quantitative physical insight on the entanglement ofat (A1;—Ay) <0, then both conditiong228 and (23b) are
(e;,e,) in the present case and to see what kind of influencéiMmultaneously satisfied if one has
the dynamics of DPI and other physical variables have on it, 2 P
we further simplify Eq.(D3) by assuming that both photo- (Ao1tA10)“> (Ao +Am)*. (243
electrons (al,ez)_ have thei( spins quan.tiz_ed in theY plane However, the presence of
of the PF. That is, Eq.D3) is now specialized to the geom-
etry given in Eq.(D4). After these simplifications, the den- (Agi—A10%>(Ag—AL)? (24b)
sity matrix (D3) reduces to the form given in E4D6a)
which can be analyzed analytically. The partial transpose oWill, on the other hand, mean that now both E2b) and
this density matrix, readily obtained using relatith¥), is (233 are applicable. Alternatively, we may havAi(l— Aﬁ)
given in Eq.(D6b). =0. In this case, inequalitie®2a and (23b) will simulta-
A density matrix is supposed to be Hermitigsb]. This  neously hold for

demands that, in E¢D6a),

(Aort A1) *>[(Ag+An)*+4(AT-AD], (259

As=Ao, AGi=Ao1, Alg=Aqo,

_ 20 . o
AL=An, (AgtAp* =A—Ag. (200 while, an applicability of

A2 ( A A )24 A( A2 — A2
That is, while four @g,Aq1,A19,Ay) Of Six parmeters in Eq. (Ao As0)">[(Ao= An)"+ (AL~ AT (25D

(D5), needed to describe the density matfiX6a) and its  \yj||, otherwise, suggest that simultaneous satisfaction of
partlal transpos€D6b) are purely real, the remaining two Egs.(22b and (239 make both determinant@1) negative.
(i.e., Ay, Ap) can be either complex or purely imaginary.  Hence, under appropriate conditions, discussed herein in
However, the linear CombinatiOI‘Aﬁ—Ail) of these last two Eqs(23)_(25), two photoe|ectr0ns ejected in procégﬁ; in
parameters is also a pure real, as well as a positive, quantitywo opposite directions along the polar axis of the PF and
Using MATHEMATICA [54], one can readily calculate de- with their spins quantized in th¥Y plane of this coordinate
terminants of both matriceéD6) without substituting nu- system, are not only correlated but can also be entangled
merical values of the parameters present therein. We fingiith respect to their spins. This situation occurs when one
that, while each of takes either only the SRI or both the SR$OI into account.
It is obvious from the discussion given herein, that condi-
detpr) =[(Ao+Am)* = (Aor+ Aso) L (Ao~ Am)? tions derived in Eqs(23)—(25) very much depend upon the
—(Ags— A10)2+4(A§1— Ag)] (213 polariz_ation of the_ ioni_zing raq_iation as well as on the phc_)to—
ionization dynamics, in addition to several other physical
and quantities. Another important thing which this discussion
shows is that, unlike in the case investigated in Sec. Il for
det(ys) =[(Ag—Am)2— (Ags— A10)21[(Ag+ Ap)? DPI without SDIs, now one cannot determiagpriori, just
5 2 2 by looking at the multiplicities of the electronic statesAB
~ (Aot A+ 4ALR~AY) ] (21D and that of the photodicatioAB?*, or any of the other
Iphysical variables, whether the twin photoelectroes, ¢,)
which are necessarily cocorrelated, will be entangled or not.
LI'hus the presence of SDIs, even in the form of merely SRI,
(Aot A0 2> (Ag+A)2 (229 has completely changeq the enFangIe_ment pr.operties of
(e1,e,). Now, every physical quantity which may influence,
or in however small way, DPI of a rotating linear molecule in
process(1), will possibly also have an effect on the two
(A= A10?>[(Ag—An)2+4(A7,—A))]. (22  photoelectronsd; ,e,) forming a nonseparable state with re-
spect to their spin angular momenta.

is necessarily real, neither of them is positive definite. Fo
determinant21a to be less than zero, one should have eithe

Determinant(21a will, however, be positive if both of the
inequalities (22) are simultaneously satisfied. Likewise, if

. . V. CONCLUSIONS
one wants determinaii21b) to be negative, one should then

satisfy either(but not both of the conditions In the context of DPI word correlation is always used to
) ) convey those physical effects which cannot be understood
(Ao1=A10)“>(Ao—Ap) (238 within the framework of an independent particle model and
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are responsible for simultaneous ejection of two electronsnomenta and the dynamical amplitudes involved in the
under the action of a one-body operatioe., absorption of a atomic and molecular DPI. Thus, the investigations reported
single photon in theE1l approximation Had the indepen- herein and in Ref[28] have following important ramifica-
dent particle model been valid, two electrons would not havéions.
simultaneously come out following the absorption of a single  (2) Density matrices of identical forms describe the angle-
photon. Thus, only those two electrons which are correlate@nd spin-resolved DPI of atoms and of rotating linear mol-
by physical effects other than those present in the indeperﬁcmes- This is true with or W|t_hout SDls. Th|§ demonstration
dent particle model are simultaneously ejected in DPI. OuPUts the DPI of these two entirely different kinds of systems
present analysis shows that these two photoelectrons, whi@ @n equal footingb) The spin entanglement properties of
are neither prepared independently nor in isolation from eachV0 €lectrons simultaneously ejected from each type of these
other and were an integral part of the same system beforgrgets are identical; completely unaffected by the dynamics
their ejection, do not necessarily form a state which is en©f DPI in the absence of SDIs, but very dependent on the
tangled with respect to their spin angular momenta. Hence iflynamics of the respective systems in which DPI is taking
the context of DPI, correlation and spin entanglement ar@!ace in the presence of SDI§) Without SDIs the spin
two independent properties of twin photoelectrons. entanglement of two_phomelectrons is completely de_ter-
Second, the present analysis further shows that the spfined by the electronic spin angular momenta of the given
entanglement of two correlated electrons ejected in DPI del@rget before and after its DPI. Moreover, in this case, the
pends upon factors which are different in different physicalS@me results are applllcable no matter whether the target is an
situations corresponding to the exclusion or inclusion of2fom or a rotating linear molecule. This, in other words,
SDIs. In the absence of SDIs, it is possible to predigrri- ~ 9eneralizes the results obtained by Chandra and Chakraborty
ori, by looking at the total spin angular momenta of the[23_3] for spin entanglement without SDIs by restricting the
target and of its residual photodication, the spin entangleSPin angular momenta of each of the two photoelectrons to
ment properties of two simultaneously ejected electrons. Fdpe in theXY plane of our PFii) In the presence of SDIs, it
example, the twin photoelectrons are in a nonseparable spifi Possible neither for atomic nor molecular targets to predict
state if and only if both the target molecule and its dication? Priori the existence of entanglement between twin photo-
are in their respective singlet electronic states. If either on&l€ctrons as it is now greatly dependent upon each and every
or both of these species possess a total electronic spin ang&SPects of the complicated dynamics of Dfe).Finally, such
lar momentum which is different from zero, the two ejected@ Kind of formal identity in the behavior of atoms and of
electrons, although still correlated, cease to be spin erfotating linear molecules ywth respect to the angle- and spin-
tangled. This result is completely independent of all physical€solved DPI and the spin entanglement of two photoelec-
quantities (excluding the multiplicities of the electronic rons could be estat_)ll_shed because we have take_n the rotation
states ofAB andAB? ") which are needed to characterize the ©f molecular nuclei into account and used parity adapted
DPI of a rotating linear molecule. On the other hand, if eitherave functions, within an appropriate Hund's coupling
SRI or both (SR¥SOI) are taken into account, it is very s_,cheme, to describe rotational ar_1d electronic motion of a
difficult to say a priori any thing about the spin entangle- linear molecule. But the use of parity adapted states |s,.how—
ment of the ejected electrons. They may or may not be in £Ve, Not necessary for studying entanglement properties of
nonseparable state, for the entanglement of their spins not!ating linear molecules.
depends on each of those physical entities which matters in

the DPI of the targets being considered in this communica-
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ferent from a rotating linear molecule in each and every re-
spects. Moreover, unlike in the latter systems, wherein SRI
or (SR SOI) constitutes SDIs, it is only the SOI which
needs to be taken_ into account for those_ forces which de-  1,5T0I0NIZATION OF A ROTATING LINEAR
pends on electronic spin in an atof@xcluding, of course, MOLECULE WITHOUT SPIN-DEPENDENT

nuclear spin in both types of targetsThe density matrix INTERACTIONS IN HUND'S COUPLING SCHEME (b
obtained in Ref[28] in the absence of SOI is exactly in the ®)

form of the present Eq(12), i.e., a product of an angular In this appendix, we briefly describe the derivation of the
correlation factor and a spin-correlation matrix. Although thedensity matrix used in Sec. lll of the present paper. This
angular correlation factors in the two cases naturally involvematrix is obtained for angle- and spin-resolved DPI of a ro-
different sets of angular momenta and dynamical amplitudedating linear molecule in Hund’s coupling scherti® with-

the spin-correlation matrix given in Reff28] is, neverthe- out taking any interactions which may depend on electronic
less, identical to that found in E§A10) herein. In addition  spin into account. In addition, the photoionization operator
to this, density matrices calculated by taking SDIs in the[49] F in the density operatd8) is also well knowr{53] to
present and the previod28] papers into account are also be independent of the spin of the absorbed photon. These
identical in their structures while differing in the angular things mean that in proceg4), the total spin angular mo-

APPENDIX A: DENSITY MATRIX FOR DOUBLE
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mentum before and after DPI should be same. Therefore, inuclear angular coordinat¢se., Euler anglesy (=a,8,7)]

the present case, we have

> +

1

2

So=Si+5. (A1)

2

Here, (12); is the spin angular momentum of thia photo-
electron in Eq(1) quantized alongd);(3;, ¢;).
The most general form of the density operady, which

represents a non-interacting photon plus an unpolarized m

eculeAB [in Hund’s coupling scheméb)], can now be writ-
ten as

1
P (2= 89r) (2No+ 1) (25 + 1)

X >

PoMN M,

|0;1m,)(0;1m,|, (A2)

where|0;1m,) has already been defined in E13. In this
operator, we have averaged over all degenerate statdB of
represented by0) and given in Eq(4). The density matrix

(s 101Ky ; poloKo| oyl 5101 01Ky s 15 00K,)

>

(f: p101Ky ;000K | Fppi(F )|
tMnMs,

P
X £ ] 01Ky 5 pploKy) (A3)

for the angle- and spin-resolved DH) is obtained, on the
other hand, by summing over all degenerate stéfesf
AB2*. [See Eq. (11b for the definiton of

|f; 101Ky ; 00,K,) representing theAB?* +e;+e,) sys-
tem, This, on substituting Eq.A2), becomes

(f ;Mlﬂllzl ; ,U«202|22|Pf| f ;Miallzl ;M§02E2>

— ICP
(2= 80p,)(2Ng+1)(259+1)

X >
PoMn,Ms,
PiMnMs,

(f; 101Ky s p0K| F |05 1my )

><<f;,U«£01R1?Mé02|22|':p|0;1mr>* (A4)

which represent an orientation in the space of the axis join-
ing all the molecular nuclei, multiplied by integrals over spa-
tial coordinates of all electrons comprisidd. All integrals
present in Eq(A4) and elsewhere in this paper involving
spatial coordinates of molecular electrons have to be done in
the molecule framéMF) of reference with its polar axis as
the line joining all the nuclei and Euler anglesspecify its
orientation with respect to the PF. We, therefore, first trans-

Ofprm the photon stat¢lm,) from the PF to the MF using

rotational harmonic® [50]:

|1me) =2 Dy (@)|10r) (A5)

Here,\, represents the component of the absorbed photon’s
angular momentunt=1 in theE1 approximation along the
molecular axis, i.e., the polar axis of the MF. Next, we
couple the three spin stateld(2vy), [1/2v,), and|SMs)),

present idf;Mlﬂlﬁl;MZUZIZz), according to the vector addi-
tion shown on the right hand side of E@1) obtaining

o) [z,

= > (—1)% SitmetMs (25 +1)(25+1)

|SiMs,)

SeMgSMg

12 12 s, \[ S se S
s N A _me) Ms, me —Mg ISMs)
(A6)

We now substitute statéd) of AB, Eq.(A5) of the absorbed
photon, and Eq(11b) [along with EqQ.(A6)] of (AB?* +e;
+e,) in the matrix elementf; 10Ky ; 150,Ko|Fp|0;1m,).

It then becomes an algebraic sum of four terms each multi-
plied, among other things, by the inner product®Ms) and
|SOMSO>. The orthonormality of these two states imposes the
spin conservation conditiofAl) on the Dirac’s bracket
(f; 101Ky ; 205K, Fp|0;1m,) as well as on the density ma-
trix (A4).

Each of the four terms contributing to
(f;Mlﬂllzl;Mzﬁzlzz|Fp|0;1mr) is multiplied, in addition to
other things, by a product of two j3symbols present in Eq.
(A6), two spherical harmonic&SH) of the forms[Y, ], two

rotational harmonic$RH) of the forms[DY4w;)], and an

It probably needs to be pointed out here that, according tthtegral over a product of five rotational harmonics of the

the declared aim of this appendix, the appropriate stépes

of AB and|,ui0ilzi) of the photoelectror; in Hund'’s casedb)
are those given by Eqé4) and(9), respectively; whereasf)
for AB2* is obtained on replacing 0 biyeverywhere in its
counterpart kef0) in Eq. (4).

The calculation of the density matrigd4) requires an

type [D1]*[D2]*[DNi]* DNoD! with Euler anglesw as
their arguments. This integral oves can be evaluated in
many ways, but the procedure we have used is as follows:
We begin with by combining, with the help of E¢4.3.2
from Edmondg[50] which expresses a product of two RH
into a triple sum of products of two J-symbols

evaluation of the matrix elements present on its right han@nd one rotational harmonic, the first two as well as
side. This is done through a lengthy, but straightforwardthe last two of the RH present in the product of five RH

procedure which requires a rather heavy use of Racah algeach with

its argumentw. This procedure reduces

bra. This matrix element involves an integration over the[ D‘1]*[D2]*[ DN]* DNoD! to a six-fold sum of the product
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of four 34 symbols and three RH. Next we use E4.6.2 express a quaternion sum of the product of foyrsymbols
from Ref. [50] which evaluates the integral over of the into a double sum of the product of twoj3and one 9-
three remaining RH to another product of twoj 3ym-  symbols; subsequent to this operation, one can twice apply
bols. Finally, each of the four terms present inrelation(6.2.8 from Ref.[50] for converting a triple sum of
<f;M101|21;M202|Z2||:p|0;1mr> will, interalia, contain two the pr_oduct of three 8symbols to a product of onej3and

SH and two RH of the typeBY, ] and[ D" w;)], respec- One 6} symbols. S

tively, and a product of eight Bsymbols. A similar expres- These and some other simplifications can be shown to
sion will be obtained for the second Dirac’s bracket, namelyenable us to write the angle- and spin-resolved density ma-

AP AP . . trix (A4) for the DPI proces$l) in the absence of SDIs in
(3 p101Ke 5 00K, Fp[0;1me)*, present in the density ma- 4o following form:

trix (A4).
Next, we substitute both of these Dirac brackets in Eq. . . .
(A4) and simplify the consequent long expression for the (F; 101Ky 5 200K il F5 101K 5 1502K5)
density matrix by using unitarity of Bsymbols and combin-
ing, fori=1 as well as 2DY4 w;) with [D¥%(w;)]* and d*o(m,) -
P - iy ' : = 0(S0;St;01,02) oyt (A7)
Y, (ki) with [Y@i’(ki)]* using Egs.(4.3.2 and (4.6.5 from de, dk,dk, 12

Ref.[50], respectively. Next, we consecutively use two times
identity (14.42 given by de Shalit and Talnjb7] in orderto  Here we have defined

d2o(m K T
Lr)=(—1)mr+No+Nf—"(2Nf+1) > (—1)ar G b 2L+ 1)V(2L,+ 1) (2L,+1)

de, dk, dk, 4m(2— 6on,) Pol1iLL LiLt

psl2C NN’ LM
L, L, Li\fLr N N[y N N
M -M 0/|N, 1 1)[N, L L

(61 o Ll><€2 o) Lz)(l 1 Ly
X
o o o/\0o O O/\m -m O

X € €y Lo IYPRDT* LY (ko) T (g NeA pr 5[ (£2€2) LN IN[F[ngNoAopo; (No1)N)
L L Ly
X(NeNA P [(€1€2) L N{IN'[FngNoAopo;(No1)N')* (A8)

with

(neNeA g ;[ (€1€2)LNEINIF[ngNgAopo; (No1)N)

_ 1 [h?
=(—i)€1+‘2e'<”eﬁ”ez>(—1)N§ \ /E[l—(—l)p0+pf+‘l*€2+N0+Nf](2N+ 1)(2L+1)V(2€,+1)(2€,+1)

¢, €, LV(N, N L \[[No 1 N
X > (—1)AL()\ )( ){( (NeA ;€015 €05 FINgAg; IN,)

A1AoA 1 N ALJVA Ay AL [VAg A Ay

ALAN
Ne 1 N

+(—1)Po (NeA£; €N 1 ;€00 Fng—Ag; AN | (A9)
—Ao A Ay

The Dirac’s brackets, e.g(ntA¢;€1N1;€oNo|F[ngAg;1N,) in Eq. (A9) is the matrix element of th&1 photoionization
operatorF between state{sanf>|F;h (kl»“:f_a (ko)Y=|nsAs;€1N1;€5N ) and|ngAg)|IN,;)=|nyAq;1\,) [see Eqs(4),
1 2

(9), and(11)]. In arriving at Eq.(A8), we have used the definitidh,= Jm/%?F, where the operatdf has been explained in
Ref.[49] both in theE1 length and inE1 velocity approximations, and the well known prop€iy
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(ne=Ag; €= Np5€= N FIng—Ag; 1= N )= (A ;€10 1;€,0 5| F[NgAg; IN,)

of the matrix element of an operator between states of a linear molecule.

It is obvious that each of the matrix elements present in E88) and (A9) depends upon energies;, €, (i.e.,kq, ky)]

explicitly been shown in EqgA8) and(A9) and elsewhere in this paper.

of both photoelectrons. For brevity, however, this dependence of the matrix elements on the magnilffqdamzjdifZ has not

The density matriXA7) further contains

(S0;St301,02) = (= 1)ui+ué§ %; (—1)% {(2s+1)

X[D5, (w)]*[D5, _ (w2)]*.

172

172 1/2 s

1 _/-Li 71

172 1/2 s

172 172 s
M2 —Hy M) (12 12 s,

(A10)

It is obvious from Eq(A1) and from the §-symbol present in EQA10) thats,=0 and 1 are the only two values allowed
for it. The circumstances which will decide as to how many and which of these valeas take in Eq(A10) were discussed

in detail in Sec. Il B of the present paper. In the following, we explicitly evaluate(&f0) for all the three possibilities. In
order to write the corresponding density matrices in a concise form, let us introduce the following notations:

C1=C0S,

iE\/(_l), SlESinﬁl, SZESinﬁz, SESir(QDZ_(Pl),

C,=C0S7>,

C=cog ¢~ ¢1).

(A11)

(i) The matrix(A10), when the sum oves, present in it is performed only wite,=0, becomes

47(S0;Sf;ﬁ\l’ﬁ;),u,l,u,z,,ui,ud(se:())

ph |y %%
ll 1—u, -1y
22
1 1
375 €187 —81CHC
+iss
11
73 §1C3—C185C
—1i8,8
1
373 —818,+(14+cic5)c
+i(ci+cy)s

Its partial transpose

C187—81C»C
_Sls

14+u-u,

—s$18,—(1+ccy)c
—i(ci—cy)s
_S1C2+C1S2C

+iS2S

012315-15

81C,—C185C
+is,8
—818,—(1+cicy)e
+i(cy—cy)s

1+M1‘M2

_C1S2+S1C2C

—is8

—818,—(1+cicy)c
—i(ci—cy)s
—8105FC185C
—1i$,8 ’
—C18,+81¢5C
+iss

o~ o~
I_Ml‘uz

(Al2a)
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4'y(SO;Sf;ﬂ\l,ﬁ;)ﬂlﬂz,ﬂiﬂ,|(55:0)

2

oy ] g %%
ll 1_5‘1.@
22
1 1
375 €187 —81CHC
- —iss
11
~53 §1C,—C18,C
—1i8,8
1 1
373 —s$185—(14ccy)c

_i(C1+C2)S

C187—81C»C
+iS1S

14+u-u,

=818+ (1—ccy)c

+i(c;—cy)s
_S1C2+C1S2C

+iS2S
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$§1C7r—C185C _S1S2_(1+C1C2)C

+iSZS

(A12b)

on the other hand, is obtained by substituting &gl2a) into Eq. (14)
(ii) On summing oves,=1 only, Eq.(A10) becomes

IZU(SO;Sf;ﬁl,ﬁz)Mle,M£M£|(S":1)
. 11
Mot ] oy )
11 3hpeh
—_ = Uy-u
) 1 2
1 1 +
—_ = —C18 $1CHC
2 2 1°2 12
—i8S
11 +
- = —8C C18,C
22 12 1°2
+iS2S
1 1 (a )
5—5 $182 C1Cy)C

—i(ci—cy)s

_C1S2+S1C2C
+iS1S

3_M1‘M2

818+ (1+cqcy)e
+i(C1+C2)S
$1Cr—C18>C

—1i8,8

Its partial transpose is readily obtained, using 8dl), to be

012315-16

+i(ci+cy)s
=818+ (1—cicy)e —81CyFcy85¢
—i(ci—cy)s8 — i858
1+, -1y — 18, 8C5C
—is8
—C18,F81C5C 11— 1,
+iss
11 1 1
22 2 2
—s1Cytcisc 818, —(1—cqcy)c
—1i$,8 +i(c,—cy)s
818+ (1+cqcy)e 81C2—C185C
—i(cy+cy)s +is,s
3—4,-1, C182—81CoC
—is8
C182—81C>C 3441y
+isys
(A13a)
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127(So;Sf;ﬁ1,ﬁz)ﬂmz,#;#ﬂ“":l)
11 1 1
Mytby o] g ) 373
ll 3444y —c189Ft81C5C
22
—i88
1 1
575 —C18, T 8,05C 3—14,-4,
- +iss
11
373 —sicyFtcysyc 18, —(1—ccy)c
+isys —i(c1—cy)s
1 1
~37% 818+ (1+cqcy)e 81Co—C185C
+i(citcy)s — i858

—81C2F+C185¢C
—i8,8
s18,—(1—cyc3)c
+i(c,—cy)s

3_M1‘M2

C187—81C»C

—isy$
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$18,+(14+cqcy)c
—i(ci+cy)s
§1Cy—C185C
+is,8
€187 81CoC
+iss

3+4,-4,

(Al13b)

(iii) Finally, we evaluate EqA10) by summing overs, for both the values allowed to it, i.es,=0 and 1. The matrix
(A10) and its partial transpose, in the present case, are

60'(S0;Sf;121,ﬁz)lu,llu,z,,u,i,u,ﬂ(sgzo and 1)
. 11
Mot ] oy )
11 3—pe .4
—_— — U U
22 1742
1 1
E—E C187—81C»C
- +iS1S
11
—EE $1C2—C18,C
—1i858
1 Hi-eie)
- = —$18 —cicy)c
2 2 1°2 142

+i(ci—cy)s

and

C187—81C»C
—isy$

3+4,-4,

—818,—(1+cicy)e
—i(c,+cy)s
—8105tC8,C

+iSZS

012315-17

§1Cy—C185C
+is,8
—s$18,—(1+ccy)c
+i(ci+cy)s

3+4,-4,

_C1S2+S1C2C

—iss

—$18,+(1—ccy)c
—i(ci—cy)s
—8105FC185C
—i$58
—c18,t8¢5C
+iss

3_M1‘M2

(Al4a)
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A ) (s,=0 and 1)
67(S07Sf9ul,MZ)MLMZ,;L£M£| ¢

. 11 1 1 11 1 1
1o/ ey oy ) 373 ~55 —575
11 o
55 3_M1‘M2 C1S2_S1C2C S1C2_C1S2C _S1S2_(1+C1C2)C
+iS1S +lS2S +i(C1+C2)S
1 1 o
3773 C1823— 81CC 344, 0, =818, (1—cqcy)c —8,0,FC185¢
- _iS1S _i(Cl_Cz)S _iSZS ?
11 o
—EE S1C2_C1S2C _S1S2+(1_C1C2)C 3+M1‘M2 _C1S2+S1C2C
—i8,8 +i(ci—cy)s —iss
1
~373 =818~ (1+ccy)c =816, Ci85¢ —c 18, +81c5¢ 3—d,-4d,
—i(citcy)s +is,s +iss
(Al4b)
respectively.

APPENDIX B: DENSITY MATRIX FOR DOUBLE PHOTOIONIZATION OF A ROTATING LINEAR MOLECULE
INCLUDING SPIN-ROTATION INTERACTION IN HUND’S COUPLING SCHEME  (b)

This appendix contains a derivation of the density matrix calculated for(DPdf a rotating linear molecule taking the
interaction of electronic spin and nuclear rotation into account both in the tARjand in its residual photodicatiohB?™.
As the spin-orbit interaction is not considered at all in this appendix, probably Hund’s coupling s¢heimeagain most
appropriatd 34] to work with. The consequent density matrix has been used in Sec. IV A of the present paper. One now needs
to consider Ref[34] the total angular momentum formed by the vector addition of the total spin angular momentum of

electrons and rotational angular momentum of molecular nuclei. These are givi@nclb%Jr §0 and 5f= Nf+§f for AB and
AB?"| respectively.

The density operatdiA2), describing the non-interacting incident photon and the tak@ein the present case is given by
1

pI:(Z_avo)(ZJO_l_ 1) poEMO |Oalmr><011mr|! (Bl)

The ket|0), needed to represent the targd in the product stat¢0;1m;) [see Eq(118], is given by Eq.7) in the present
case. Similarly, the ketl1b) which representsAB?" +e; +e,)-system, now becomes

2

~ ~ h2[23+1\12
[f5 201Ky 5 pplinko) = (— 1)t N Mr— frtlagmuloe tog)
m 2 €ami\gv1$ Mg Mg,
omahavp$Mg My,
N¢ S Js S 12 S

X(—1)"S17"Ms;"Ms, (2S5, +1)(2S,+1)

My, Ms —M¢/\Ms v, —Mg,

X

S, 12
1/2 1/2 4 {
Ms, v, _Msz)[D"l”l(wl)]*[Dl'vz”z(wz)]*D’\iml(w)pkimz(w)
XLY k) TF Y P2k T LINgA €N 15 €M) INGA M)+ (= 1P Ine= Ag; €115 €202) [Ny
—AMy)][S:Ms,), (B2)

The required density matrix in the present case is, consequently, given by
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~ D ~ D re 1 re o ]Cp ~ D ~ D
(s 1101k 5 200K il F5 101Ky p502K5) = (2~ 50r (2307 1) poEMo (f5 101Ky 5 102k, |F [ 0; 1my )
PiM+
X(f; pq 0Ky ; 505K, F p| 05 1mp)* (B3)

In order to proceed further, we now need to calculate each of the two Dirac’s bracket present on the right hand side of Eq.
(B3). We, therefore, substitute Eq9.), (A5), and(B2) into <f;M101I21;M202E2|Fp|0;1mr>. As the photoionization operator
Fp is independent of the electronic spin, the orthogonality of the IQJMSO), in state(7), and of |S,M 52), in state(B2),
means that total spin is conserved. Hence,(Bd,) is valid even in the present case when SRl is taken into account in the DPI
(1) of a rotating linear molecule in Hund’s coupling schethg

The consequent matrix element, obtained after this simplification, has already been evaluated by Chandrf6dndheen
details of its evaluation procedure too are available in Sec. 3.2.1 of[BefFor the sake of completeness, for its further
references in this paper, and for correcting minor mistakes related to the phase factors and normalization constants present in
Ref.[6], we write this matrix element as follows:

(f iM1U1|21 ?M202|22| Fp|0;1mr>

=(— VMmN M2t A0 2304 1) D (2 + D)[(20,41)(20,+1)] 12

Camyvyjang e
Lomaajan in;

¢, 12 |, € 12 o\l d2 o Jo i
-m; —1 n; -m, —v, n; n; n; nj _Mf MO N¢

I I2 I1 I2

X

o 1]
-ng MmN

X

)Y?j(R1>Y2‘;<R2)D}nyl<wl)D}Z;z(wz><prf;Mz;(mz)j|F<jt)|Jopo;1><b>, (B4)

where the reduced matrix amplitude

(I1Ps3€1€25(j1i ) IF(J)|JoPo; 1) P = (=) ‘17 Cae (7,7 06) (2], + 1) (2] ,+ 1) (2j + 1)

><\/(2€1+1)(2€2+1)(2N0+l)(230+l)(2Nf+l)(2Jf+l)
Jicss
6 € €) (Ny Ny £
x{12 12 1S S s
I ER PR Ji Jo
X{NENEA (P15 (€1€) €| F(£0)|NgNoA opo; 1)) (B53)

is defined in terms of the photoionization amplitude

1 2\ 1/2 61 €2 ep
(NeN¢A¢py :<€1€2)€plFm)lnoNvopo;1><b>=—[1—<—1)*’0**)“1”2*“0*”@(—) > 00
2 M/ oA, N Ny Ap
Apht

X

16, G\[(Ng No £
(NeA¢; €13 €N F[NgAg; IN,)

)\r _)\p )\t Af _AO )\t
Ni No ¢
+(—1)Po (NeA; €015 €N Fng—Ag; IN) | (B5b)
A Ay N

Let us now substitute into E4B3) Dirac’s brackei{B4) and its complex conjugate. The resulting expression for the density
matrix is simplified by usinga) once unitarity of 3- symbols[50]; (b) twice each of the addition theorert%3.2 and(4.6.5
for RH and SH, respectively, given in R¢b0]; (c) thrice the identity(14.429 which convert§57] four sums of a product of
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four 3§ symbols into a double sum of the product of twp &d one 9-symbols;(d) once Eq(6.2.8 for reducing[50] a triple
sum of the product of three j3symbols to a product of merely onej 3ymbol and one §-symbol.

With these and some additional simplifications, the density m&@®) in the present case of angle- and spin-resolved DPI
of a rotating linear molecule on taking SRI into account in Hund’s coupling sclibprean finally be written in the following
convenient form:

. . . . L 12 12 S
(F; a1k ; aloKo| oyl 5 g Onky s pplokp) = (—1)#17#2 2

siNgMs | 1 —p1 Ns
S2Ns,Ms,
V2 12 S| o P S,
X po —up Ng ANslMsl?stMsz(mr’klkZ)D*NslMsl(wl)D*stMsz(wZ)'
(B6a)
Here,A's are the dynamical amplitudes given by
ATR =(—1)1+mr+51+52+Ns1+Ns2%(231+1)(2sz+1) > (—1)fattatitig |,
5,Ms, N, Ms, 4m(2= 6op,) Pot14i 214 LaML 1l
pffzé’éjzjéLzMLszMJj'
€ € Li\[€ € L,
><(2J1+l)(2J2+1)(2L,+1)(2jt+1)\/(2L1+1)(2L2+1) 0 o O)(O 0 0)
1 1 L\(Jd I LN\fLi S )L S (1 1 L,
(mr -m, o)(l\/lJ - M, 0)(ML1 Ms M,/ {M, Mg, —MJ{j i’ jt]
€ 0y L) (€2 € Ly) (i1 J1 d
{12 12 Sp 12 12 S04, b I Y["lLl(Rl)Y["sz(Rz)
jiodr ) Uiz 02 %) U0 0L
X<prf?€1€2;(jljz)j|F(jt)|~]opo;1>(b)<~]fpf?6165;(jijé)j'|F(jt)|~]opo;1>(b)*- (B6b)

All of the matrix elements present in relatio(®4)—(B6), 1
including the electronic kets in E¢B2), depend upok, and pi =(230—+1)pEM |0;1m,)(0;1m;). (CY
k,, in addition to other things. This dependence of various oo
matrix elements on the photoelectron energies has not, ho

ever, been explicitly shown for brevity. V&onsequently, the density matrix in the present case of angle-

and spin-resolved DPI including SD(se., SOI plus SRIin
Hund’s scheméda) is now calculated from

APPENDIX C: DENSITY MATRIX FOR DOUBLE

PHOTOIONIZATION OF A ROTATING LINEAR (f; ma09ky s o0k  pe| 5 0901 Ke s p05K)
MOLECULE INCLUDING SPIN-ORBIT PLUS K
f P . A ~ .
SPIN-ROTATION INTERACTIONS IN HUND'S COUPLING = 33D ZM (f; 101Ky ; polioK, | F |05 1m,)
SCHEME (a) o ) ity
psM¢

In the present appendix, we calculate the density matrix R R
for the angle- and spin-resolved DPI of a rotating linear mol- X(f; 01Ky ; wploka| F 05 1m)* (C2
ecule by including, in addition to the spin-rotation, the spin-
orbit interaction of all the bound electrons AB, of AB?", Here,|0;1m,) is again given by Eq(113. The ket|0) [i.e.,
and of the two photoelectrongq,e,) ejected in procesgl). Eqg. (8)] to be used herein is the one which represéisn
The appropriate Hund’s coupling scheme to work with nowHund’s coupling scheméa); whereas|1m,) is taken from
is (a). The appropriate form of the density operat@y is  Eg. (A5). In addition to this, one also needs to substitute in
now given by Eqg. (C2) Eq. (11b [containing|f) obtained from Eq(8) after
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replacing the subscript 0 by the subscripand product of ton (in the E1 approximatioh to be used herein, has been
the photoelectron ketdl0) for i=1 and 2. calculated by Chandra and S&8]. That result is directly

In order to proceed further, next we need to calculate thepplicable in the present case as well. For completeness,
matrix elemen(f;M101T<1;;L202I~<2|Fp|0;1mr> for the evalu-  brevity, and for its further references in the present commu-
ation of the density matrixC2). This matrix element, for the nication, we write the required matrix elemégiven by Egs.
states ofAB, of (AB?>" +e;+e,), and of the absorbed pho- (35) and(36) in Ref.[6]] in the following form:

(F; 100Ky woligko|F o 0;1m ) = (= 1)1 2D~ Mof(23,+1) D (= 1)"(2j+1)[(2€,+1)(2€,+1)] V2

Camyvqjang jine
€omavajon in;

¢, 12 jl)( t, 12 jz)( J1 j2 j)<1 j jt)
_ml - n; —m2 -V nj2 _njl _nj2 nJ mr _nJ I’lt

X
J1
o Jo It gy g my g iz 112
% M: —Mg ng Yfll(kl)Yfzz(kZ)D%‘lVl(wl)DMz”z(wZ)
X(Jpri€1€2:(i1i2)iIF(j0)|IoPo; 1) . ((ox)

The reduced matrix element in this case is giver] ®ly

(I1P13€1€2;(J1i ) IF (10 d0Po; 1)@ = (—i) 1 C2etoeiy 760 (2] 1+ 1) (2] ,+ 1) (2) + 1)

1 3 JT]
o 1t

XA 1 Q4P €1€2;5 (115 2) 1 F (31 NoA o 0Q0P0; 1)@, (C4a

X\(2€,+1)(2€,+ 1)(2Jf+1); (237+1)
T

which contains

(NAFZ Qe ;€16 25 (15 2) i [F(I1)[NoA oS 0 Qopg; 1)@

5 6 w2 i\ v2 g\ s j2 ] (j J JT)
= — ]
m; (=) -\ —o0y mjz _mjl —m m;j/\m; Q¢ My

Al”lmjl _)\1 — 0 mjl I2 |
)\z(rzmjz
X(NEALZ 1 QPs 11N 1015 €50 05| F(37) [NpA 03 0Q0Pg; 1)@ (C4b

and

(NEAZ 1 Q4Py €10 101 5 €5 05 F(I1)[NoA 03 0Q0P0; 1)@

1 [4? Jo 1 Jg
= A/ —[14(—1)PotPitlyttr=Jg+ —1)M
5 V14 (1) ]%( Mlag n My
of Jo 1 3
X(NEA L Q4P €N 1013 €N 02| Fp| oA g 0QoPg; 1N, ) + (— 1)PoF 2%
_QO )\r MT

. (C40

X(NEAZ QiP5 ;€10 101: €020 Fplng—Ag, =20, — Q0,P0: IN;)

Each of the matrix elements in Eg&C3) and (C4) depends, among other things, on the energiesnd k, of the two

photoelectrons.

What now remains to be done is the final calculation of the density matrix obtained after substituting photoionization matrix
element(C3) and its complex conjugate in EGC2). The resulting expression is simplified by the following successive
operations involvinga) double application of the addition theordeh 3.2 for RH given in Ref[50]; (b) use of the addition
theorem(4.6.5 for SH taken, for example, from Edmonfs0] two times;(c) double use of the identit§14.42 from Ref.[57]
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which expresses a quaternion sum of the product of fousynbols into a double sum of twoj3and one 9-symbols;(d)
unitarity of the 3} symbols;(e) application, once again, of the identit{4.42 from Ref[57]; and finally,(f) conversion of a
triple sum of the product of threej3symbols to a product of onej3and one §-symbols using Eq6.2.8 from Edmondg50].
With the help of these and some other simplifications, the density matrix which describes angle- and spin-resolved DPI of
a rotating liner molecule in Hund’s coupling schelf@ on the inclusion of SDIs can finally be written in the form of Egs.
(B6a and (B6b). However, the normalization factorK,/[4m(2— 50AO)] and the reduced amplitudes

(I5p1:€1€2;(j1i2) i IF(i1)|dopo; 1) P appropriate for Hund’s cag®) and present on the right hand side of E86b), are now
to be replaced byC,/(4) and by those given in EqC44a suitable for using in Hund’s coupling casa.

APPENDIX D: DENSITY MATRIX FOR DOUBLE PHOTOIONIZATION OF A ROTATING LINEAR MOLECULE
INCLUDING SPIN-ORBIT PLUS SPIN-ROTATION INTERACTIONS IN HUND’'S COUPLING
SCHEME (a) OR SPIN-ROTATION INTERACTION IN HUND’S COUPLING SCHEME  (b)

The two density matrices, whose calculations have been described in the last two Appendixes B and C, can conveniently be
represented by the following single equation:

) ) ) ) o 12 12 s,
(f; Ky aloKo| pe| ;1 UKy p5lnK,) = (—1)#1F #2Ns s, )
1

SiNg Mg\ M1 —p1 Ns
SNg Ms,
2 12 S| S, ss, P
Ny =y No | Poigug (90D (02 AG 2, (M iKyiKe) (D12
with
Avig g (M 1Ke 1K) = (= DT 72284+ 1) (28, + 1KY > (—1)G (20,4 1)(23,+1)

Pof1€1i1iqLadiML L)’
Prl2l5i2i ok 2daM Myt

€ € L\t € L\ (L S %
X(2)4+1) (2L, +1) (2L, +1)(2L,+1) - o)(o 0 0) M. Mg, MJ)
€ 12 jy
L, S L \/1 1 L\(Jd I L\(1 1 L] | .
My, M, - (mr —m, 0)(MJ —M, 0)[1 i’ jt] oo
Ll Sl Jl
€2 12 j2) (1 2 ]
X4 € 2 dppddn e B0y k)Y ) (343 (1) F (01 30Poi 1)
Lo S J2) UJ1 J2 Ly
X(ipri€1€5:(i1i2)i ' [F (101 opo; 1) (D1b)

Here, the superscript=1 or 2, such that the normalization facto$"=C,/[4m(2— 855 )], KW=K,/(4m), with the
dynamical amplitudegJqpr;€1€2;(j1i2)ilF(j0)[Jopoi 1) =(py:€1€5;(j1i2)]F (1)1 oPo;1)® given in Eq.(BS) and
(IePs €125 (11J2) i [F (1) [90Po; 1) P=(Itps ;€125 (j1i2)i[F (j1) [ IoPo; 1)@ obtained from Eq(C4). Further, similar to Ap-
pendixes A, B, and C, the matrix elements on the right hand side offBdp and elsewhere in the current appendix depends
also upon the photoelectrons energigsandk, .

These definitions mean that in order to obtain a density matrix for the angle- and spin-resolveld &R rotating linear
molecule in Hund's coupling schem) taking only the SRI into account, one should putl in Eq. (D1) using the
corresponding values of™) and of the dynamical amplitudeslip;;€1€2;(j1j2)i|F(i)|dopo; 1) given by Egs.(B5);
whereas;=2 in Eq.(D1) with appropriate values d€® and of(J;p;;€1€5;(j1i2)i|F (j)|JoPo;1)? [taken from Eqs(C4)]
will result in a DM for DPI in the presence of both SRI plus SOI in Hund’s dage

On specializing the density matr{®1) to the collinear geometry

ki(6,=0,¢1) and ky( 8=, 7+ 1), (D2)
we obtain

012315-22



ENTANGLEMENT IN DOUBLE PHOTOIONIZATION OF . .. PHYSICAL REVIEW A 69, 012315(2004

~ - —~ - ~ - k{107
<f;Iu“lulakl;M2u21k2|pf|f;/-Liul,klrMZUZak2>kl”_02
E<f’/*Lll/‘E!d’l!M2@1¢2|pf|fiﬂimv¢liﬂé®1¢2>

172 12

=(—1)PTHatMIFM

172 12 S, )

S§$; My —pp Myf\up —pp M
MMM,
S1 SZ S S IS
X ( M -M O) D}MIM(wl)D%MZ,M(wZ)Aslsz( mr)- (Dsa)
In the above equation, we have defined
S k 10z
AZ(m)=AZZ(m kK)o
K o
:(_1)1+mr(281+1)(282+1)(28+1) 7 2 (_1)€l+€2+j+jI+Jl+J2+Ll
Pot1€1i1i1Lad1Liie
Prl2€5i 0ol pdoL )’

L\ (€ € L,
o/lo 0o o0
€ 12 j,) (€, 12
1 1 L\(Ly L, L\(L S L\(1 1 L] “2 12
o0 T e 2 il 12 g
m -m, 0/1l0 0 0/\0 0 O/ " it

Li S J) (L2 S 5

o

¢
X(2L1+1)(2L+1)(2L+1)(23;+1)(23,+ 1) (2L, +1)(2j,+ 1) 01

ju J2 J) (L1 S %

xqd1 d2 1y Le S22 (Ipsi€a2:(i1i2)ilF(jo)|Iopo; 1)
J Jh LJ)lL s

X(I5Ps €102 (i1i2)i ' [F(i013oPo; 1) V%, (D3b)

where the superscripthas its meaning already explained elsewhere in this appendix.
In order to further simplify the above density matrix, we take

wi(¢1,91=m2,y,=0) and wy(¢,9,=m/2,7,=0). (D4)
in Eq. (D3a). For writing the consequent simplified density matrix in a concise form, let us introduce the following notations:
1 1
A== 5 Ag(my), A01=5A21<mr>,
1 10, ll
A= 5 M1 (M), Ap=—=Ar(m),

6(

A=—o A“(m)+i
ev3| 0 |10

— 1 11 _ \/g 11
Am_%[AO (mr) 5A2 (mr)} (DS)

For the geometriefEgs. (D2) and (D4)], density matrix(D1), finally becomes
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L~ ~7 L re~T L pe~T 121(1‘}1:77/2,991),/;1\\62
<f,,U«1’41k1,M2M2k2|Pf|f,M1M1k1,Mz”2k2>ﬁ2(ﬂ2:W/Z,QDZ)JEZH752

. 11
Moy /g e )
11 AgtcA,—isA
—— cA,—is
22 0 P 11

1 1 )
Epf(§01;§02)= 272 —Ag A —isA,

AO_CAP+iSA11

PHYSICAL REVIEW AB9, 012315 (2004

_A01_CA11+iSAP _A10+CA11_iSAP Am_CAP+iSA11

Am+CAP_iSA11 _AlO_CAll+iSAP

11
—55 _Alo_CAll+iSAp Am+CAP_iSA11 AO_CAP+iSA11 _A01+CA11_iSAP
1 . . . .
—E—— Am_CAP+lSA11 _A10+CA11_ZSAP _A01_CA11+ZSAP A0+CAP_ZSA11
(D6a)
The partial transpose of this density matrix is readily obtained, using relét®nto be
! 11 1 1 11 1 1
Mo /by My ) 272 ) 5 3
11 . . . .
EE A0+CAP_ZSA11 _A01+CA11_ZSAP _A10+CA11_ZSAP Am+CAP_lSA11
’yf(d)l;d)z): E—E _A01_CA11+iSAP AO_CAP+iSA11 Am_CAP+iSA11 _AlO_CAll+iSAP
11 . . . .
~33 —Ap—cAytisA, A,—cA,tisAy Ag—cA,tisA;,  —Ap—cAtTisA,
1 . . . .
_E__ Am+CAP_lSA11 _A10+CA11_ZSAP _A01+CA11_ZSAP A0+CAP_ZSA11
(D6h)
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