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Many-body entanglement in decoherence processes
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A pure state decoheres into a mixed state as it entangles with an environment. When an entangled two-mode
system is embedded in a thermal environment, however, each mode may not be entangled with its environment
by their simple linear interaction. We consider an exactly solvable model to study the dynamics of a total
system, which is composed of an entangled two-mode system and a thermal environment. The Markovian
interaction with the environment is concerned with an array of infinite number of beam splitters. It is shown
that many-body entanglement of the system and the environment may play a crucial role in the process of
disentangling the system.
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Decoherence has been studied in the context of quantum- =11 0x IXi

class_lc_al correspondence, .prowdmg a quantum-to-classm:\:}\llherey is the energy decay rate of the system andon
transition of a systerl]. A single-mode pure state becomes 1 with e / “11t s th b
mixed and loses its quantum nature by decoherence in aﬁ with n=[expw/ksT)—1]"" is the average number

environment. Although the dynamics of the system has beeﬁoézgmal photons at temperatufie kg is the Boltzmann

etudied extensively, there hae not been a thorough investiga-" ;'\ o< shown by one of us that a single-mode Gaussian
tion on the quantum correlation between the system and thga|q interacting with a thermal environment can be modeled
environment, which is behind the dynamics of the systempy the field passing through an array of infinite beam split-
The decoherence process can be understood as a processeds [6]. A beam splitter is a simple passive linear device
entanglement between the system and its environment whiolthich keeps the Gaussian nature of an input field. Each
is composed of a mangnormally, infinite number of inde- beam splitter has two input ports. As the signal field is in-
pendent modes. The increase of the system entropy may fected into one input port, it allows a degree of freedom for
due to the system-environment entanglenj@r). the other port where noise is injected. The collection of such

Most of the studies on decoherence have focused on gegrees of freedom forms the environment. We assume a

single-mode or single-particle systé#. This is because if a homogeneous thermal environment of temperaiunéth all

T . noise modes having the same physical properties. In[Bgf.
many-body bure system Is initially seperable, |ts.decoherfhe Fokker-Planck equatiofl) for a single-mode field was
ence process is a straightforward extension of a single-bodye e q ysing the beam splitter. The model was used to study

system. However, if there is entanglement in the initial_ purgne dynamics of entanglement between a single-mode field
system, the decoherence mechanism can be of a differegf its environmenft7].

nature. For an entangled two-mode pure system, each mode ysjng the Fokker-Planck equatiéf), one may study the
is generically in a mixed state and its passive linear interacdynamics of the system. However, it is hard to know the
tion with an environment, which is normally in a mixed quantum correlation between the system and the environ-
state, does not seem to bring about entanglement between theent as Eq(1) is obtained by tracing over all environmental
environment and its interacting mode. What kind of correla-variables. In this paper, instead of tracing over all the envi-
tion then causes the loss of entanglement initially in the sysronmental modes, we keep them to study the dynamics of
tem? In this paper, we answer this question by studying thentanglement between the system and the environment. A
guantum correlation of a two-mode entangled continuoustwo-mode squeezed state, which may be generated by a non-
variable system with an environment in thermal equilibrium.degenerated optical parametric amplifier, is the most re-
A continuous-variable state is defined in an infinite-nowned and experimentally relevant entangled state for con-
dimensional Hilbert space and it is convenient to study suchinuous variable$§8]. Its degree of entanglement increases as
a state using its quasiprobability Wigner functiis] W(x)  the degree of squeezingincreaseq9] and it becomes a
in phase space. For aN-mode field, the coordinates of regularized Einstein-Podolsky-Rosen state wherro [10].

phase space are composed of quadrature variaies, In order to simplify the problem, we assume that only the
={0,,p, gn,Pnt. Throughout the paper a vector is de- modea, of the system modes interacts with the environment,

noted in bold face and an operator by a hat. A fiber or a freé("hIIe the other mode, is isolated from it.
space, through which a light field propagates, is normally
considered a thermal environment. The dynamics of the field
mode coupled to the thermal environment is, in the Born-
Markov approximation, governed by the Fokker-Planck We consider an exactly solvable model of a two-mode
equation[5] system interacting with a homogeneous thermal environ-

II. INTERACTION BETWEEN SYSTEM
AND ENVIRONMENT
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ment, which results in the Fokker-Planck equati@h For [ll. CORRELATION MATRIX
the Born-Markov approximation, we employ a time-
dependent coupling constant in the model. Let us start with

_ a T . .
finite numbem of environmental modes interacting with the icwjgr::ixot/v)r(]g)(s)e_;)e(rr)rger):t\gx d/e Ai)e,rr:,]\:zzrteh\é Irfletgr? CS;E?L?Q val-
system. The interaction Hamiltonian, in the interaction pic- q

ture, is ues of the fieldVi; = ((x;x;+X;X;)). Note that we neglected
linear displacement terms in the Gaussian characteristic
. e man function as they do not play a crucial role in determining the
Hi(t)= 20 iAn(t)(abf,—albp), (2)  entanglement. The entanglement nature of a Gaussian field is
m thus uniquely represented by its correlation matfixFor a

AL . L . two-mode squeezed state, the correlation mafgiis simply
whereb,, is the bosonic annihilation operator for environ- [9]

mental modeb,, and the coupling constamty(t) is deter-

mined so as to reproduce the Fokker-Planck equdtipn cosh2s)l  sinh2s)ao,
It is convenient to introduce collective modes which V=1 . ,

are conjugate td,, under the Fourier transformation such sinh(2s)o,  cosh(2s)]

A Gaussian field has the characteristic function in the

N—-1

(6)

that
wherel is the 2x2 unit matrix ando, is the Pauli matrix.
R 2"t 27 R As the system interacts only with the collective maxgle
Ch= NZO cog "M /bm, (3) in the homogeneous thermal environment, it suffices to con-
m=

sider the correlation matrix of the two system modgsand
a, and the collective mode,. The collective mode, is

where f:n is an annihilation operator for a collective mode initiall in a thermal state with the average numiseof the
C,. The collective modes are related with the entanglingI y 9

N collective bosons. Thus, the correlation matrixagf a,, and
nature of the modeb,,, for example, the quantum thaﬂ

creates from a vacuum is in an entangled state, pmodes. co.before the ||:1terac.t|on IS glven.w():Vs@ nl. Th.e evo-
The collective modes satisfy the boson commutation relalution operator,(7) is now described by the matrix

tion[c, ,(A:I,]I S, @nd carry physical properties as bosonic 1 0 0
modes. Using the collective mode, a statés described by

the characteristic function U=|0 tl r, @)
0 r1 tl
xc(X)=TrpexgiX-XT], (4)
wherer?=1-1t2. Then the correlation matrix for the system
where X=(Qy,P0,01,P1, ... On 1,Py_1) with @, and environment after the interaction is obtained \4s
— (@&, +eh/\2 and P,=i(el-¢)/\2 and X=(P,, =UiVoUl.

—Qg,P1,—Q1, ... ,Py_1,—Qn_1). It is straightforward A separability condition was derived by Simffil] that a
to show that, for a given density operaﬁnr)(c is the same two-mode Gaussian state is separable if and only if the par-

g : o . .~ tially momentum-reversed correlation matrior equiva-
as the usual characteristic functiop,, which is obtained in lently the partially transposed density operamsatisfies the
terms of mode®,,: x.(X)= xp(X), wherex is conjugate to y P y b Y op

X by Fourier transformation3). The collective modes;, uncertainty principle. The condition was extended to a

provide a different perspective from the modss, presery- biseparability condition between a single_ mode and a group
ing all physical properties for a given state. ' of N modes by Werner and Wolf12], which reads that a

) ! A ) ) Gaussian field of XN modes is biseparable if and only if
The time-evolution operatot),(7) for the interaction

Hamiltonian (2) is equivalent to a beam-splitter operator 1 BN+ 1)
with the system mod@a, and a collective mode, as its AVA- o, =0, (8)
input ports. That is,

U|(T)=exp[ o( T)(ézé*—éféo)] (5) where A is a partial momentum-reversal matriy, is the
o 2 ’ correlation matrix of XN modes, andr, is the Pauli ma-
. e i S(N+1)

where 6(7) = VN/2[ I\ (t)dt determines the transmittivity, UX- Here, o " "'=0y©0,& - - 0y _
t2(7) = co26(7). We take the limitN— =, keeping the trans- We start with a short discussion on the dynamics of the
mitted energy finitet?(7) =exp(y7), in accordance with enta_mglement for_the system_. In order to consider quantum
the Fokker-Planck equation. We find an important fact thattatistical properties of the field of modeg and a,, we
the interaction of the system with the infinite modgs of tra_ce the tota_l density opera_tor over all enVIronmentaI modes,
the environment can be reduced into the interaction with th&/hich is equivalent to considering the correlation mawix
single collective mode,. The properties of collective mode ©Nly for the modes; anda,,
Co changes due to the interaction but each environmental .
modeb,, hardly changes which is reflected in no change of ,, (ay,ay)= cosf(2s)l  tsinh(2s)o, .
other collective modes,, . oo tsinh(2s)o, (t?cosh(2s)+r?n)l

9
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It has to be emphasized that this correlation matrix is exactly !
the same as the solution of the Fokker-Planck equdtion A
Using Simon’s criterion in Eq(8) [9,11], the field of modes Pon s E o am E
a; anda, is separable when the transmittivity of the beam 08\ : @ =+ = = @ *—
splitter is I S
® . 2
) H ) 0.6 rarae
s —==t,, w 2 | :
osf o/ | e

for the squeezing paramete# 0. Note that the separability ! 8 i
condition does not depend on the initial entanglement of the /8 8 8 8 %
system as far as there is any entanglement at the initial in- o2t /8 8 5 § § § }
stance. The separability of the two-mode squeezed state de | § g g g § g g g § g T
pends only on the temperature of the environment and the % g % g § é % % § % § § %
overall transmittivity of the beam splitters. 0 : : : : : : :

n

IV. ENTANGLEMENT OF SYSTEM AND ENVIRONMENT
FIG. 1. Nature of entanglement for a two-mode squeezed state

We now study the entanglement of the system and théteracting with a thermal environment of the average photon num-
environment. Here, instead of the entanglement of the sysser n. t2=exp(~y7) is the transmittivity of the collective beam
tem with an individual modé,,, of the environment, we are splitter. The solid lines are the boundaries of entanglemera; of
interested in the biseparability of a system mode and thendc, and ofa; anda,, which are obtained by the separability
collection of the environmental modes. Let us first consideicondition. The circles and dots are found byamputational analy-
the entanglement of the modes and c,. The correlation siswith N=100 beam splitters. The circles indicate that the system
matrix V.(a;,Co) is equivalent toV(a;,a,) in Eq. (9) if r modea, and the group of environmental modeg are entangled

andt are interchanged. The separability condition is found tofInOI |thde dots indicate that the system modgsand a, are en-
be angled.

dots. We find that the results are also independent of the
tzziz 2 (11) squeezing parameter. Figure 1 shows that the two methods
are exactly consistent.
The three modea,, a,, andc, compose a tripartite sys-

which is again independent from the initial entanglement of@m. Many-body entanglement for pure continuous-variables
the system as far as#0. has been studied extensively using beam splitters and single-

The separability of modea, andc, is easily discussed Mode squeezed statfk5]. Giedkeet al. classified types of
using a quasiprobability? function [5], the existence of e_ntanglenjc_ant for a three-mode unss[an f_|eld in terms of the
which is a sufficient condition for separabilift3]. Tracing ~ biseparability[14]. A three-mode field is biseparable when
over modea, of the two-mode squeezed state, the other@Ny grouping of three modes into two are separable. When a
modeay, is in a thermal state with the effective number of three-mode field is not biseparable, it is called fully en-
thermal photonsn,=(cosh 2—1)/2. A product of thermal tangled. A fully-entangled tripartite system may be further

states has a positive definifunction and the action of the classified in terms of pairwise entanglement, for qubits, two

; X , kinds have been discusse[d 6,17, one of which is
beam splitter only transforms the coordinates of the irfput Greenberg-Horne-ZeilingefGHZ) entanglemen{18] and

. bs - -

function, Pa,(X1) Pp(X2) = Pa,(tX1 = IX2) Pp(txa+rXy).  the other is W entanglement. A GHZ-entangled state be-
This proves that the environment never entangles with it§omes separable when any one particle is traced out, while a
interacting mode by a passive linear interaction. W-entangled state is pairwise entangled for any pair of the

Figure 1 presents the entanglement structure for a twothree particles. On the other hand, there is another kind of
mode squeezed state interacting with a thermal environmengntanglement, two-way entanglement, for a fully-entangled
where t?=exp(—y7) is the transmittivity of the collective tripartite d-dimensional systerfil9]. One example for three
beam splitter relating to the interaction time The solid  particles labeled aa, b, andc is pairwise entanglement af
lines are the boundaries of entanglement of the system mod#db and ofb andc but the particles andc are separable.
a; and the collective mode of the environmegtand of the It is found both computationally, and analytically using
two system modea; anda,. These lines are obtained by the the biseparability condition in Ed8) that the tripartite sys-
separability condition(8) in the present exactly solvable tem ofa;, a,, andc, is fully entangled if 6<t*<1 ands
model. For the comparison, we considér 100 beam split-  # 0. This fact is independent of the temperature of the envi-
ters modeling the interaction with the thermal environmentonment so that the tripartite system is fully entangled over
and calculate the biseparability of the<1.00-mode field us- the whole region in Fig. 1. The tripartite system is two-way
ing computational analysis of Giedlet al. [14]. The com-  entangled, i.e.a;-a, and a;-c; modes are entangled if
putational results of entanglement are denoted by circles ane 1 andtgla2<t2<tglco. There are two regions where one
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pair of the three-mode field is entangled. In the regiorﬁof present approach to incorporaubmodes{f)j} of the envi-
>1 and tglcostzstglaz, the three modes are GHZ en- ronment with natural frequencies; that influence the sys-
tangled. Here, we note that GHZ entanglement of an entém with arbitrary coupling constanis; . The total Hamil-
tangled system with an environment is an important sourcéonian (:=1) under the rotating-wave approximation is
to its loss of the initial pairwise entanglement. This is clearlygiven as

seen forn>1 in Fig. 1. The two modes of the system are 2 N-1 N-1
initially entangled, but as they come to the region of GHZ ﬂ:zz woliai+22 wj[b_+22 )\jmazb_, (14)
entanglement, they lose their initial entanglement. Finally, i=1 j=0 =0 !

the entanglement is transferred to between the system mode R o R
a, and the effective environmental mode. For 1 the de- Where the Hermitian operatols,=(2u'u+1)/4 andM,,

coherence process is different with initially-a, modes be- =('o+uo"/2 with u,v=a,,a, and b;. Here, the first
ing entangled, then two-way entanglement and finalyc,  (second term is the free Hamiltonian of the two modes of
being entangled. system(the environment modgsand the third term is the
interaction Hamiltonian between the second mode of the sys-
V. REMARKS tem and the environment modes. Introducing new Hermitian
In this paper, we have studied the decoherence mech@PeratorsNy,=—i(u’v—uv")/2 and lettingLy, =L, =L, ,

nism by highlighting the entanglement of the continuous-the setA={L, .M, ,N,,} forms a Lie algebr§20] with the
variable system with its environment. We showed that thecommutation relations

homogeneous thermal environment can be summarized by a P A

single collective mode with respect to the interaction with LA AT=CijcAc (15
the system for the study of entanglement. Our decoherence A . _
model is composed of a two-mode squeezed state, one moddhereA,; AEA and CiLk is a structure constant. The evolution
of which interacts with a thermal environment. We found operatorU =exp(—iH7) can now be represented by the ele-
two entanglement mechanisms between the system and i8ents(generatorsof the Lie algebraA as

environment which accompany the decoherence process.

When the temperature of the environment is IoﬁK(l), U=exp<i2 gi(r)Ai
there is the two-way entanglement. Otherwise, GHZ en- !

tanglement causes the system to lose its entanglement. D , - .
the two different entanglement mechanism result in any meaw%eregi(T) andg; () are reall coeff|C|entAs depe_ndmg on the
surable differences to the system? To find it out we considelime 7. Note that the evolution operatdf consists of the

the mixedness of the system. rotators generated hAnyv and the beam splitters generated by
When Tp?=1 the system is pure. For a Gaussian stateM up OF NUU. We know that any combination of rotators and

with correlation matrixV, we found that Tp?=1/\/detV. beamsplitters does not bring about entanglement in the out-

We thus define the mixedness of the Gaussian state by ~ Put fields when the input fields are classif21] so, even in
this case, there is no entanglement betwagand environ-

M= ydetvV—1, (12) ment modes. The separability conditions, Ef0) and Eq.

which is 0 when the state is pure and grows as the system Ql) within the Non-Markovian environment interaction will

mixed. This measure is relevant to experiment as all the el0€ discussed elsewhere.

ements of the correlation matrix are measurable using homo- e investigated the process of disentangling the two-
dyne detectorf9]. We examine the mixedness of the systemmOde squeezed state and found that there are the two distinct

. . . Lo routes to disentangling process: two-way and GHZ entangle-
at the time when it loses its entanglement, i n/(1 ment. After some algebraic manipulation, we can easily

+n): prove that, at the instance of disentanglement, the mutual
1 information between the two modes, and a, is higher
(2— _—) costfs—1]. (13)  when it is disentangled through two-way entanglement with
n+1 the environment than GHZ entanglement. This means that
more information ora, is gained by the “measurement” of
modea, [22].

:H explig/ (DA),  (16)

Mo=2

We see that the mixedness, of the system at the moment
of disentangling grows witim and reaches its half poihd ,
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