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Time-dependent radiative transfer in magneto-optical traps
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We investigate radiation-imprisonment~RI! phenomena in a system of cold atoms trapped in magneto-
optical traps~MOTs! when cooling lasers are switched off for a short period. The problem is formulated within
the framework of the Streater-Cooper-Sandle equation that belongs to the Markov class and accounts for
photon frequency redistribution in multiple scattering processes. On the basis of a semiclassical approach, we
derive explicit analytical solutions for the spectral problem of the RI equation neglecting Doppler effects. The
analysis reveals peculiarities in emission profiles under initial partial saturation of the resonance transition by
the probe laser pulse. Comparison between theoretical and experimental data on effective radiative lifetimes
obtained in Cs and Rb MOTs confirms the validity of the discussed nonstationary model of RI in cold samples.
For small detunings, the Streater-Cooper-Sandle equation agrees with the experimental data, while in the case
of large detunings, the theory does not agree, probably due to non-Markovian effects.
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I. INTRODUCTION

Radiation imprisonment~RI! in atom systems represen
an important issue in a wide range of atomic physics a
spectroscopy experiments@1#. The sequence of multiple
absorption/reemission processes leads to remarkable ef
on both intensity@2# and temporal behavior@3,4# of the fluo-
rescence emitted by atomic samples~see also Ref.@1,5#!. In
the past years, large efforts have been devoted to the stu
atom systems cooled down to temperatures in the nanoke
and microkelvin range, and, more recently, to the attainm
of Bose-Einstein condensation of atoms. RI in laser coo
systems represents an interesting topic due to two fundam
tal reasons. First, the specific properties of cold atoms~re-
duced Doppler width, relatively large atom density, co
trolled preparation of atomic states! are a fascinating field for
the investigation of multiple scattering of light@6#. More-
over, RI plays a fundamental role in the trapping and cool
mechanisms, providing an important heating and loss ch
nel @7# for trapped atoms, which prevents the attainment
arbitrarily low temperature and high density of the samp
@8#.

RI in steady-state conditions is described by compa
tively well established and closed theories@2#. However, in
cold regimes the situation dramatically changes for tim
dependent dynamics: the lack of a wide Doppler broaden
leads, formally, to complicated retardation terms@2# in the
kinetic equations that determine the evolution of the ‘‘ato
1 photon’’ interacting system. There are, nevertheless,
portant problems when radiative transfer may be conside
as a nearly Markov process, i.e., being quasi-local-in-tim
Under interaction with laser radiation, ground states are
diatively broadened with the widthG8 @9#

G8.
s

112s
G, s5

V2

G214d2
, ~1!

resulting in the linewidthDv f l.G8 of the fluorescence sig
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nal. HereG is the natural width of the excited level,s de-
notes the saturation parameter for laser light detuned by
quantityd5vL2v0 ~angular frequency units! from the line
center, andV is the corresponding Rabi frequency. The tim
tsc51/G8.1/Dv f l for photon scattering by an atom@9,10#
is to be compared with the characteristic timete f of RI, i.e.,
the decay time of the excited-state population. We note
te f and tsc can be varied independently in the experime
by changing the optical thickness of the sample and the
tensity and detuning of the probe laser used to excite
fluorescence, respectively, as it will be discussed in Sec.

The key point of our RI treatment is that whente f ex-
ceeds the scattering timetsc one can consider the situation a
quasi-steady-state, i.e., neglect the retardation effects. It
comes possible then to apply the theoretical model that
be introduced in Sec. III, treating coherent Rayleigh scat
ing as a process local in time@11,12#. Moreover, as the so
lutions for decaying modes of the RI equation presented
Sec. IV preserve the initial emission profile broadeningDv f l
on the level ofG/2 units, the present theoretical treatment
approximately valid even at the decaying stage of the exp
ment. In other words, it is enough to have the conditionte f
@tsc fulfilled only at the beginning of the afterglow proces
This fact provides validity for the evaluation of photon tra
ping factors according to the proposed RI model, and
plains the agreement between experimental data and th
predictions for small detunings of the probe laser~see Sec.
V!. On the other hand, we demonstrate a discrepancy
tween experiment and theory occurring in the case of la
detunings, i.e., when the criterionte f@tsc is not fulfilled
during the excitation stage.

II. EXPERIMENT

In the present work we analyze RI in the fluorescen
emission from Rb and Cs magneto-optical traps~MOTs! that
have been realized in two separate setups~see Refs.@13# and
@14#, respectively, for more detailed descriptions!. In them,
©2003 The American Physical Society15-1
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samples of nearly 107–53108 atoms can be stored at tem
peratures in the 100–400mK range, and at densities in th
1010–1011 cm23 range. We note that, in a similar densi
range, atomic wave functions are not overlapping, so
individual atom scattering processes can be considered.

In a typical experimental sequence the MOT is load
with the cold sample for a period of about 10–50 ms a
then the trapping laser beams are shut off for a few millis
ond by means of acousto-optical and mechanical shutters
the repumping laser is left on during the whole cycle, t
trapped atoms can be considered as being all in the u
hyperfine level of the ground state (F53 for 85Rb andF
54 for Cs!. During the dark period, they do not intera
anymore with the repumper beam and start falling balli
cally under the influence of gravity. After'80 ms in the
dark, cold atoms are excited by a nearly rectangular pr
laser pulse with a duration in the 300–1600 ns range~the fall
time of the pulse being shorter than the natural lifetime 1G
of the excited level! attained by electro-optic modulation of
cw probe diode laser. The probe laser, whose saturation
rameters could be varied in the ranges51/3–3, was reso-
nant with the 6S1/2(F54)→6P3/2(F855) D2 transition in
the Cs case while it could be accurately tuned around
corresponding 5S1/2(F53)→5P3/2(F854) transition for
85Rb. Due to the specific operating conditions of the tw
experiments, the opacity of the cold sample could be va
in the rangex;5 –12 in the Cs MOT@13#, whereas Rb mea
surements were taken at a fixed valuex52.4. The decay of
the MOT fluorescence, excited by the probe laser pulse,
observed by a fast photomultiplier, and recorded on a dig
oscilloscope after averaging over several hundred shots.

Typical signals at zero detuning of the probe laser
plotted in Fig. 1 for Rb and Cs traps (x52.4 andx56,
respectively!. To extract the effective decay timete f from
the experimental findings, we adopted the criterion of fitti
to a single exponential function the recorded signal star
from the time which corresponds to a fluorescence inten
equal to 1/3 of its maximum value. For the signals repor

FIG. 1. Fluorescence decay signals~dotted lines! for Cs and Rb
MOTs ~as marked close to each curve!. Solid lines superimposed o
experimental data represent theoretical results obtained as disc
in the text ~Sec. V!. The dashed line is the time behavior of th
falling edge of the probe laser pulse, shown as a reference.
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in the figure, the criterion leads to consider data for a ti
greater than nearly 55 ns and 75 ns for Cs and Rb, res
tively. As it will be discussed in Sec. IV, this procedure e
sures that contribution of higher modes is practically neg
gible.

III. MASTER EQUATION OF RI

All during the excitation by the probe laser pulse, o
experimental conditions generally ensure that the inequa
te f.tsc is satisfied. In Sec. V we will demonstrate that su
inequality corresponding to a quasi-steady-state regime o
holds also in the fluorescence decay stage, when no exte
radiation is applied to the sample. As a consequence,
takes place in the range of validity of the Streater-Coop
Sandle~hereafter denoted as SCS! equation@11#, describing
the evolution of the emissivityN(rW,n,t) of excited atoms
related to the spatial coordinaterW and the frequencyn. The
corresponding evolution equation, which is thus the ba
ingredient of our treatment, reads

]N~rW,n,t !

]t
52GN~rW,n,t !1Sn~rW,t !

1k̄E
2`

`

dn8E
V

d 3r 8G̃n8~ urW2rW8u!

3H GRnn81FRnn82
k~n!k~n8!

k̄2 G ]

]tJ
3N~rW8,n8,t !. ~2!

The productGN(rW8,n8,t)d3r 8dn8 gives the amount of pho
tons spontaneously emitted per second within the freque
interval @n8;n81dn8# by the excited atoms contained in th
volume d3r 8. The propagator G̃n8(r)5exp
@2rk(n8)#/(4pr2) describes the photon transfer from an em
ting atom~located at the pointrW8) to an absorbing one~lo-
cated at the pointrW), while Rnn8 is the angle-averaged fre
quency redistribution function. The spectral functionsRnn8 ,
N(rW,n,t) satisfy the normalization conditions

k̄E
2`

`

dnRnn85k~n8!, E
2`

`

dnN~rW,n,t !5n* ~rW,t !, ~3!

where k(n) is the spectral absorption coefficient withk̄
[*2`

` dnk(n) andn* (rW,t) is total density of excited atom

at the pointrW. The source termSn(rW,t) accounts for nonra-
diative level excitation~e.g., via collision or/and cascad
processes!. We note that the original SCS equation deals w
the angle-averaged emission coefficienth(rW,n,t) which, af-
ter simple rescaling@see Eq.~20a! in Ref. @11## is reduced to
the frequency-dependent density function entering Eq.~2!:
N(rW,n,t)54p/(Ghn)h(rW,n,t). Because of the normaliza
tion property, Eq.~3!, the functionN(rW,n,t) is in widespread
use in physical literature@1,15,16#. We call attention also to
the fact that Eq.~2! differs from the evolution equation de

sed
5-2
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TIME-DEPENDENT RADIATIVE TRANSFER IN . . . PHYSICAL REVIEW A68, 063415 ~2003!
rived by Payneet al. @15# ~hereafter referred as Payne equ
tion! for the presence of the additive term in square brack
in the integrand.

Under MOT conditions, i.e., at low temperatures, we
sume an absorption line shape described by the Lorent
function

k~n!5k (L)~n![
k0

(L)

11n2
, k0

(L)5
l2

2p
N

ḡ1

ḡ2

, ~4!

with k0
(L) the absorption coefficient at line center, the dime

sionless reduced frequencyn being measured from the lin
centern0 in units of the Lorentz width,Dn (L)5G/4p, l the
optical transition wavelength,ḡ1 /ḡ2 the ratio of the statisti-
cal weights of excited and ground levels, andN the density
of the ground level. Indeed, in typical MOT experimen
radiative broadening is much larger than Doppler broad
ing, Dn (L)/Dn (D)>20 @13,14#, so that we can neglect an
Doppler effect. Thus, we can regard the redistribution fu
tion Rnn8 as essentially coherent due to the pure natu
broadening:

k̄Rnn85d~n2n8!k~n8!. ~5!

Directly measured effective radiative rate constants
connected with the so-called trapping~or Holstein! gj factors
@17#. These factors are associated with eigenvalues for
spectral problem of the radiation imprisonment equat
@17#: N(rW,n,t)5C j (rW,n)exp(2Gt/gj). EigenmodesC j and
eigenvaluesl j5gj

21 can be obtained from Eq.~2! by setting
]/] t→2Gl j and omitting the source functionSn :

l jC j~rW,n!5C j~rW,n!2k̄E
2`

`

dn8E
V

d3r 8G̃n8~ urW2rW8u!

3H Rnn82l jFRnn82
k~n!k~n8!

k̄2 G J C j~rW8,n8!.

~6!

The factor gj determines the effective rate of absorptio
reemission processes for a photon in thej th mode. The fun-
damental mode corresponds toj 50. In this case,g0
5Gte f .

IV. EMISSION PROFILES AND TRAPPING FACTORS
IN THE MOTS

In previous works@18,19#, we have developed a semicla
sical approach, the geometrical quantization techni
~GQT!, to construct a complete set~spectrum! of C j andgj
for a wide class of integral transport equations, which allo
us to analytically solve Eq.~2! via the Fourier method@1,17#.
In the following, we outline the main points in exploitin
GQT to solve RI problems in cold samples. We model
MOT as a uniform sphere of atoms@N(r )5N0 for r<R]
with volumeVSh and radiusR. We note that, for MOTs in the
multiple scattering regime@7#, this is closer to reality than
taking a Gaussian distribution of the absorption coeffici
@k0

(Gau)(r )5k0
(Gau)exp(2r2/R2)#.
06341
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In any case, we have estimated the discrepancy betw
the two geometries by employing both the approxim
evaluation methods of Ref.@3# and the modified GQT of Ref
@20#, specifically developed for studying RI in a space inh
mogeneous absorbing medium, and based on the Hols
Payne equations@15,17#. The results are shown in Fig. 2
where theg0 factors evaluated for spherical homogeneo
and Gaussian space distributions of atoms are reporte
solid and dotted lines, respectively. The comparison sugg
that, for the same opacityx[*0

`drk0
(Gau)(r )5k0R, the val-

ues of the trapping factor for the Gaussian case exceed t
corresponding to the homogeneous case by less than a f
11(2p11)21. The same figure reports also theg0 factors
obtained by a Monte Carlo simulation of RI in a spheric
Gaussian MOT~dashed line!. Details of the numerical
method are discussed elsewhere@13#; g0 values have been
derived from simulation of the fluorescence decay by ado
ing the same criterion used in the analysis of the experim
tal signals~see Sec. II!.

In solving the general spectral problem, Eq.~6!, we shall
restrict ourselves to spherically symmetrical modes depe
ing on r 5urWu. It is convenient to presentC j in a parametric
form based on the factorization@19#:

C j~r ,n!.w j~n!nj* ~r !, nj* ~r !5E
2`

`

C j~r ,n!dn, ~7!

wherenj* (r ) is the total density of excited atoms in the mo
j at radial distancer. Equation~7! implies an approximate
separation of space and frequency variables. Because o
separation, the frequency part of the problem, i.e., the em
sion profilew j (n), can be obtained for the easiest space c
figuration, aninfinite R3 coordinate spaceV` , where the
modes have the explicit space representation:np* (r )

FIG. 2. Trapping factorg0 for the fundamental mode as a func
tion of the MOT opacityx calculated for two different geometrie
~spherical homogeneous and Gaussian, solid and dotted lines
spectively! according to the modified GQT method of Ref.@20#.
The dashed line corresponds to trapping factors extracted fro
best fit of Monte Carlo simulations@13# for a Gaussian distribution
of atoms. In all data, zero detuning of the probe laser is conside
while the RI model is based on the equation of Payneet al. @15#
with coherent redistribution function, Eq.~5!.
5-3
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BEZUGLOV et al. PHYSICAL REVIEW A 68, 063415 ~2003!
5exp(ipr). It is noteworthy that the Fourier parameterp in
R3 plays the role of the mode indicesj. The corresponding
spectral problem in the frequency domain with the linesh
and the redistribution function of Eqs.~4! and ~5!, respec-
tively, reads as

Vp~n!wp~n!5
lp

12lp

p21

11n2E2`

`

dx@12Vp~x!#wp~x!,

Vp~n!512k (L)~n!p21arctan@p/k (L)~n!#, ~8!

@12Vp(n)#/k (L)(n) being the Fourier transform of the ke
nel functionG̃n8 entering Eqs.~2! and ~6!.

As in V` the spatial dependence exp(ipr) of the modes
has the form of a wave function of some freely moving p
ticle ~an associated quasiparticle in the notation of Ref.@19#!,
the parameterp may be interpreted as its momentum@21#.
Under such interpretation the spectral equation~6! acquires
meaning @19# of some generalized stationary Schro¨dinger
~wave! equation determining eigenfunction~modes! C j and
eigenvalues~effective rate constants! l j of the quasiparticle.

The frequency spectral problem, Eq.~8!, has simple solu-
tions

lp
215

1

pE2`

` dn

11n2

1

Vp~n!
, wp~n!5

lp

p

1

11n2

1

Vp~n!
.

~9!

This allows us to find explicit forms of both the emissio
profile wp(n) and the effective radiative constantlp as func-
tions ofp. On the other hand, the dependence ofGlp on the
momentump determines the quasiparticle dispersion la
which, as discussed in detail in Ref.@19#, plays the role of
the quasiparticle kinetic energy.

Thus, considering an infinite volume enables derivation
the quasiparticle HamiltonianH(pW ,rW)5Glp , i.e., determin-
ing its dynamical properties. In our experimental conditio
however, we obviously have afinite sample volume. In othe
words, the quasiparticle is confined in the volumeVSh @19#.
As a consequence, its momentump ~the mode indices! ac-
quires a discrete set of valuespj while npj

* (r ) satisfies@19#

the conventional Holstein spectral equation@17#

l jnpj
* ~r !5npj

* ~r !2E
VSh

d3r 8npj
* ~r 8!

3E
2`

`

dn8w~n8!k (L)~n8!G̃n8~ urW2rW8u!,

~10!

with the emission profilew(n) equal towp5pj
(n) @22#. At

the same time, the decay constantsGl j of the modes coin-
cide with the quantized energy valuesGlp5pj

of the quasi-

particle. Thus, the relevant momentumpj turns out to be the
characteristic of the spatial part of the problem and can
determined within GQT by using the Bohr-Sommerfe
quantization rules for the quasiparticle confined intoVSh
@18#:
06341
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k0
(L)

k0
(L)R52p j 1DS~p!1p ~11!

with

DS~p!5
p

2 F11
1

2
p

d

dp
lnS p

dlp

dp D G .
The mode index~quantum number! j 5$0,1,2, . . . % fixes

‘‘permitted’’ values of the momentump j5p( j ) for a given
sample opacityx5k0

(L)R via the mode resonance condition
~11!. The functionDS(p) entering Eq.~11! is the phase jump
due to quasiparticle reflection at the boundary of the volu
VSh @18#. Equation ~11! establishes also a relationsh
x(p, j ) between MOT opacityx and quasiparticle momen
tum p. In combining x(p, j ) with the explicit dependence
g(p)5l21(p) of the trapping factor onp presented by Eq.
~9!, we obtain parametric form ofgj as a function of the
opacity x convenient for practical plotting~see Figs. 2 and
3!. Note that the momentum enters all formulas as the
mensionless ratiox r5k0

(L)/p, which may be considered as
reduced opacity. As is seen from Eq.~11!, higher modes have
smaller values of their individual opacityx r

( j )5k0
(L)/pj , so

that x r
( j )→0 with j→`. For this reason the trapping facto

gj is a decreasing function on the mode index@Fig. 3~b!# and
drops into unit value forj 5`.

FIG. 3. ~a!: Trapping factorg0 for the fundamental mode as
function of the MOT opacityx, calculated according to three dif
ferent RI models, as indicated in the legend. Experimental d
obtained under excitation of the whole MOT volume with ze
detuning are shown in the case of Rb and Cs MOTs~open and
closed circles, respectively!. ~b!: Trapping factorsgj for the first
three modes (j 50,1,2) calculated as a function of the MOT opaci
x according to the SCS model.
5-4
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V. RESULTS AND DISCUSSION

The quantum numberj 50 corresponds to the fundame
tal mode and the factorg05lp0

21 determines the delay in th

radiative decay process due to RI at late times, when hig
modes (j .0) have disappeared. Experimental values ofg0
have been evaluated from fluorescence decay curves~see,
e.g., Fig. 1! according to the best fit procedure mentioned
Sec. II. So-determinedg0 factors obtained in Cs and Rb ex
periments under probe excitation at zero detuning (d50) are
plotted as a function of the MOT opacityx in Fig. 3~a!.
Since the accuracy of the experimental evaluation ofg0 re-
lies on the circumstance that only the fundamental modj
50 survives for the data considered in the best fit, the
havior expected for the higher modes is worthy to be con
ered. Figure 3~b! shows the trapping factors forj 50,1,2
calculated according to our approach~based on the SCS
model! as a function of the MOT opacityx. Trapping factors
for higher modes appear to be much smaller than for
fundamental mode in all the opacity ranges explored in
experiments. Furthermore, our analysis allows us to estim
the time of the decay process starting from which hig
modes can be neglected as;te f5g0 /G that roughly corre-
sponds to the criterion applied in fitting experimental d
~see Sec. II!.

Superimposed to experimental data in Fig. 3~a! are the
results of our calculations forg0 ~solid line, indicated as SCS
in the legend!. A rather good agreement is obtained in t
whole opacity range explored. The same figure displays
calculations based on the model of Payneet al. @15# ~dashed
line! and results obtained assuming complete frequency
distribution with a Lorentz line profile~dotted line, denoted
as CFR in the legend!. For small opacities, SCS and CF
values of trapping factors are close to each other. For la
opacities, the following asymptotical expressions are av
able with the above discussed GQT~Sec. IV! for spherical
geometries:

g0
(SCS).

9

8p2
x2, g0

(Ch).
3

p2
x2, g0

(CFR).
Apx

1.34
.

~12!

In other words, when increasing atom density, SCS
havior exhibits thex2 dependence typical for coherent radi
tion scattering~Ch! occurring under Milne’s treatment of R
@1#. It is noteworthy that the coherent scattering is rep
duced under MOT conditions by the results based on
model of Payneet al. @15#. On the other hand, calculation
demonstrate a marked difference between SCS and P
et al. results under the conditions of our experiments. Th
indicate as well that implementation of complete frequen
redistribution leads tog0 factors remarkably smaller tha
those measured in the MOTs.

Numerical description of the entire fluorescence time
havior needs special techniques for solving nonlinear ra
tion trapping problems@3#. Indeed, the intensity of the prob
laser used in the experiment was large enough to pro
partial saturation of the vapor and, thus, to decrease the
fective absorption coefficient. The total fluxJ of fluorescence
06341
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emerging from the MOT is directly connected with the to
number of excited atomsN̄* (t)5*VSh

d3rn* (r ,t): J5

2dN̄* (t)/dt. The following closed system of balance equ
tions can be written to evaluateN̄* (t):

dN̄*

dt
52

GN̄*

g0„x~ t !…
,

x~ t !

x
5F12

N̄* ~ t !

N̄s*
GF12

5

9

N̄* ~ t !

N̄s*
G .

~13!

The set of not very restrictive assumptions leading to s
a closed system of equations is discussed in detail in Ref.@3#.
Briefly, it is required that~i! the whole MOT volume is
crossed by the laser beam homogeneously,~ii ! the probe la-
ser detuning is zero,~iii ! a two-level atom model is consid
ered, ~iv! collisional quenching and broadening are neg
gible, and~v! the probe laser pulse must be strong enough
cause appreciable saturation of the resonance transition,
at the same time, its intensity has to be low enough t
high-field effects~e.g., ac-Stark splitting! remain negligible.

The physical meaning of the system of Eq.~13! is as
follows. The effective decay rate of excited atoms depe
on the current MOT opacityx(t), which, in turn, is deter-
mined by the current value ofN̄* . If the initial saturation
was complete, i.e., the excitation of the MOT vapor by t
probe laser pulse got the maximum allowed valueN̄s* ruled
by the normal atoms concentrationN and level degeneracie
@3#, the sample would become transparent, withx(t50)
50. For low excitation power,N̄* /(N̄s* )!1 at a later stage
of the decay process, the opacityx(t) acquires its maximum
value x5k0

(L)R. Results of our fluorescence signal evalu
tions based on solution of Eq.~13! are superimposed on ex
perimental data in Fig. 1, which confirms the validity of o
treatment in reconstructing the whole process dynamics.

Data discussed so far deal with a probe laser in resona
with the transition, i.e., with zero detuning. We stress that,
changing the probe laser detuning, initial~i.e., excitation!
conditions are modified. However, as we will discuss in t
following, manipulation of the initial conditions turns out t
affect the whole RI process in our MOTs. Moreover, analy
of RI features as a function of the detuning provides us w
essential insights into the basic mechanisms of radia
transfer in our experimental conditions.

Let us start by studying the frequency part of the spec
problem, i.e., let us consider calculations of the mode em
sion profileswp(n) determined by Eq.~9!, presented in Fig.
4. The modes have individual values of the momentumpj

and, accordingly, of the reduced opacityx r
( j ) , which are

found from resonance conditions, Eq.~11!. As it was men-
tioned above~Sec. IV!, higher modes acquire smaller opac
ties x r

( j ) provided the sample optical thicknessx is fixed in
the experiment. The modes, thus, possess different spe
emissivity that has to result in some relaxation proces
occurring in the frequency space for optically dense MO
To justify the latter statement and, at the same time, to
derstand the trend of the curves depicted in Fig. 4, it
worthwhile to describe the limiting profile shapeswp

(sm)(n)
5-5
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and wp
( lar )(n), at small and large opacities (x r!1 and x r

@1, respectively!:

wp
(sm)~n!.

1

p

1

11n2
, wp

( lar )~n!.
8

3p

1

~11n2!3
. ~14!

For a low-opacity MOT, the emission profile has a Lo
entz character, while in the other limit the profile is esse
tially narrower, as seen in Fig. 4, and acquires a new po
dependence (}n26) in the wings. The fundamental mod
( j 50) exhibits a larger value of the reduced opacityx r

( j 50)

as compared with other modes (j .0). Thus, the initial fre-
quency curve of the fluorescence signal tends to relax
the narrower profilewp5p0

(n) at the later stage of the deca
process when the fundamental mode survives. Neverthe
the corresponding fluorescence broadeningDv f l ~angular
frequency units! remains always greater than zero; indeed
exceeds the full-width at half-maximum bandwidth (.2
3G/4) of thewp

( lar )(n) profile also at late times of the deca
This can be interpreted as some ‘‘memory’’ mechanism c
serving~during the decay stage! the radiative broadeningG8
of the initially formed~during the excitation stage! fluores-
cence line at the approximate level ofG/2. Importantly, ex-
istence of the residual bandwidthDv f l>G/2 turns out to be
a feature inherent to the SCS model. Under the frame
Payne treatment~coherent scattering!, the fundamental mode
has the spectral emissivity in the form ofd(n2c/l) with
zero width.

Furthermore, we note that the spectral distributionPex(v)
of a weak radiation field formed in the MOT volume due
the fluorescence of decaying modes can be found from
convolution theorem @23# as well: wp(v)5Pex(v)(1
14v2/G2)21. The bandwidthDvex of the radiation, thus,
appears to exceed always the natural widthG in SCS model.
It can be seen also that the requirement ‘‘the product of
bandwidth of the radiation and the time scale over which
intensity changes is much larger than unity’’~i.e., Dvexte f
@1) @24#, formulated in Ref.@11# for the implementation of
the SCS equation, is satisfied in the case of strong eno

FIG. 4. Emission profileswp(n) of the modes calculated as
function of the frequencyn for different reduced opacitiesx r of the
modes, as indicated in the plot. The frequency is measured from
line centern0 in units of the Lorentz widthG/4p.
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imprisonment and detuning belowG/2. In other words, Eq.
~2! remains valid even in the decaying stage of our exp
ments, when no broadening is stimulated by external ra
tion sources. In this sense, as anticipated above, the in
conditions affect the whole RI process. The situation chan
dramatically in the dispersive part of the line profile~probe
laser detuning aboveG/2), where virtual processes play th
main role and scattering events become strongly influen
by the field strength. The inequalityte f.tsc is obviously not
fulfilled here, and it is hard to expect adequacy of the S
model to the experiment.

It is noteworthy that in the low opacity regime we nee
larger probe laser intensities (s;3) to satisfy the inequality
te f.tsc . If we fix both opacityx52.4 and the saturation
parameters53 in the Rb experiment and then we start d
tuning the probe laser frequency, the above inequality bre
down approximately fors(d),2.4, i.e., at probe laser detun
ing uDu5udu/G.0.25. Thus, by simply tuning the probe la
ser frequency we can have direct experimental access
regime where the model based on SCS is expected to lo
validity. Figure 5 displays theg0 factor measured at differen
detuning values of the probe laser in the Rb MOT expe
ment. We recall that in the SCS model no strong depende
of initial conditions on the detuning is expected, due to t
Markov-like ~instantaneous! character of scattering process
@11#. Formally, it means a dominant excitation of the fund
mental mode (j 50) occurs, regardless of the frequency
the probe laser. We have represented such a circumstan
the figure, where a straight dotted line~at the value calcu-
lated for the actual conditions of the experiment! shows the
expected behavior ofg0 factor according to the SCS mode
On the contrary, the approach by Payneet al. @15# implies
independent decay of different frequencies in the fluor
cence signal, thus predicting a dependence on the detun

he

FIG. 5. Dependence of trapping factorg0 of the fundamental
mode on the probe laser frequency detuningd ~angular frequency
units! in the Rb MOT withx52.4. The detuning is measured i
units of G. Experimental data are reported as closed circles.
dashed line represents theg0 factors according to the model o
Payneet al. @15#, the dotted straight line is the constant value pr
vided by the SCS model in the conditions of the experiment. T
solid line corresponds to our ‘‘simulation’’ obtained as discussed
the text.
5-6
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This leads, in the conditions of our experiment, to the das
line displayed in the figure.

It is well seen that both SCS and Payneet al. equations
are unable to describe properly the experimental results
side the region of validity. Nevertheless, it is possible
achieve a satisfactory agreement with the experiment
combining the characteristic properties of both treatment
some kind of a ‘‘mixed’’ model; namely, Eq.~10! implies
that evaluation of effective radiative constantsl j can be re-
duced to the Holstein equation provided one hasa priori
information on the emission profilew(n) in the j mode. We
simulated RI features as a function of the detuning hav
assumed that during the decay stage the excited atoms e
sion profilew(n) remained homogeneous in the MOT vo
ume and preserved:~i! its initial radiative broadeningG8 ~the
main feature of SCS model!; ~ii ! its initial carrier frequency
~the main feature of Payneet al. model!: w(v);@G82

14(v2v02d)2#21. The results of trapping factor calcula
tions for the fundamental mode in a such ‘‘simulation’’ a
displayed in Fig. 5~solid line!. Even if experimental data ar
affected by a relatively large uncertainty, ascribed to fluct
tions in MOT and probe laser operation, they are relativ
well recovered by the curve.

VI. CONCLUSIONS

We have derived explicit analytical results of RI in co
atom samples by modeling it as a Markov-like process us
SCS equation and applying GQT for its solution. Our resu
confirmed through comparison with experimental findin
shed light on nonstationary radiative transfer in cold atom
.
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samples, and can be useful, for instance, in diagnosing
MOT average density. On the other hand, they demonst
that special care must be devoted to define the opera
regime, i.e., to identify correct theoretical assumptions
the specific conditions of the experiment. Indeed, we fi
that, in our experimental conditions, the SCS approach is
longer valid for probe excitation far from resonance. O
results as a function of the detuning suggest the occurre
of a transition regime where different processes that are n
local in time play a role in the radiative transfer.

Further work will be devoted to carry out experimen
with larger probe laser intensity and sample opacity, wh
may lead to the observation of subnatural fluorescence de
@3# in cold atom systems. Furthermore, excitation with
tightly focused probe beam will be analyzed in order
stimulate competition processes in the dynamics of
mechanisms, as predicted in Refs.@4,19#. Further theoretical
work on the basis of Ref.@2# will also be undertaken tha
might lead to describe those experimental findings not in
preted in the present work.
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