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Multiqubit W states lead to stronger nonclassicality than Greenberger-Horne-Zeilinger states
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The N-qubit states of theW class, forN.10, lead to more robust~against noise admixture! violations of
local realism, than the Greenberger-Horne-Zeilinger~GHZ! states. These violations are most pronounced for
correlations for a pair of qubits, conditioned on specific measurement results for the remainingN-2 qubits. The
considerations provide us with aqualitativedifference between theW state and GHZ state in the situation when
they are separately sent via depolarizing channels. For sufficiently high amount of noise in the depolarizing
channel, the GHZ states cannot produce a distillable state between two qubits, whereas theW states can still
produce a distillable state in a similar situation.
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I. INTRODUCTION

The Greenberger-Horne-Zeilinger~GHZ! states@1# give
the maximal violation of correlation function Bell inequal
ties @2,3#. The second best known multiqubit states is theW
family @4,5#. Their behavior is opposite in some respects
the GHZ family. For example, in the three qubit case, theW
state has the maximal bipartite entanglement among all t
qubit states@5#, whereas the GHZ state has no bipartite e
tanglement~cf. Refs.@6,7#!.

In this paper, we exhibit a kind of complementarity b
tween theN-qubit W states and GHZ states from the persp
tive of robustness of the nonclassical correlations aga
white noise admixture@8–11#. For theN-qubit W state

uWN&5
1

AN
~ u100 . . . 00&1u010 . . . 00& . . . 1u000 . . . 01&)

diluted by white noise, if measurements in a Bell-type e
periment atN22 parties are made in the computational ba
and all yield the21 result~associated withu0&), the remain-
ing pair of observers is left with a mixture of a 2-qubit Be
state with a substantially reduced amount of white noise.
probability of such a chain of events for theN22 observers
is quite low. Nevertheless, we shall show that such an ev
contradicts very strongly any local realistic description.
the case of theN-qubit GHZ state diluted by white noise
scenario of this kind can lead with unit probability to
2-qubit Bell state without reduction of noise. Because of th
the N-qubit states of theW class, forN.10, can lead to
more robust, against noise admixture, violations of local
alism, than theN-qubit states of the GHZ class. We als
show that if anN-qubit W state and a GHZ state are sep
rately sent through similar depolarizing channels, and
2-qubit state conditioned on measurements at theN22 par-
ties is considered, the rate of obtaining singlets~in specific
distillation protocols! can be higher in the case ofW state for
a certain range of noise in the depolarizing channel. Imp
tantly, in such scenarios, theW state performs better fo
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higher levels of noise, and this feature grows withN. These
results may be of importance in quantum cryptography a
communication complexity@13,14#. We also show that thes
considerations lead to a relatively efficient entanglem
witness.

II. VIOLATION OF LOCAL REALISM BY W STATES

To analyze how strongly theN-qubit W states violate local
realism, we use the recently found multiqubit correlati
function Bell inequalities which form a necessary and su
cient condition for the existence of a local realistic model
the correlation function in experiments withtwo local set-
tings for each of theN observers@2,3#.

An N-qubit stater can always be written down as

1

2N (
x1 , . . . ,xN50,x,y,z

Tx1 . . . xN
sx1

(1) . . . sxN

(N) ,

wheres0
(k) is the identity operator andsxi

(k)’s (xi5x,y,z) are

the Pauli operators of thekth qubit. The coefficients

Tx1 . . . xN
5tr~rsx1

(1) . . . sxN

(N)!, ~xi5x,y,z!

are elements of theN-qubit correlation tensorT̂ and they
fully define theN-qubit correlation function@3#. A sufficient
condition for theN-qubit correlation function to satisfy al
correlation function Bell inequalities is that forany set of
local coordinate systems, one must have@3#

(
x1 , . . . ,xN5x,y

Tx1 . . . xN

2 <1, ~1!

the sum being taken overanyset of orthogonal pairs of axe
of the local coordinate systems of all observers.

Consider a mixturerN
W , of WN with white noisernoise

N

5I (N)/2N, whereI (N) is the unit operator in the tensor prod
uct of Hilbert spaces of the qubits:
©2003 The American Physical Society06-1
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rN
W5pNuWN&^WNu1~12pN!rnoise

(N) . ~2!

The parameterpN will be called here ‘‘visibility.’’ It defines
to what extent the quantum processes associated withWN are
‘‘visible’’ in those given byrN

W . If the N-qubit correlations of

a pure stateuc& are represented by a correlation tensorT̂,
then the correlation tensor of a mixed state

pNuc&^cu1~12pN!rnoise
(N)

is given byT̂85pNT̂.

A. The case of three qubits

Consider now the mixture of the 3-qubit stateuW3& ~of
visibility p3) with white noise. The correlation tensor of th
pure stateuW3& is

T̂W35zW1^ zW2^ z3
W

2 2
3 ~zW1^ xW2^ xW31xW1^ zW2^ xW31x1

W ^ xW2^ zW3!

2 2
3 ~zW1^ yW 2^ yW 31yW 1^ zW2^ yW 31yW 1^ yW 2^ zW3!, ~3!

wherexW i ,yW i ,zW i forms a Cartesian coordinate system withzW i
defining the computational basis.

Let us find the maximal value of the left-hand side~lhs! of
Eq. ~1! for W3. We will show that in an arbitrary set of loca
coordinate systems,

(
i , j ,k5x,y

Ti jk
2 <

7

3
.

The value of the lhs of Eq.~1!, for the case when we are i
the coordinate system in which Eq.~3! is written down, is
zero. Moving into a different coordinate system can be
ways done for each observer using three Euler rotations@15#.
Therefore, we shall assume that first all three observers
form a rotation about the axeszW i , then around the newxW i8

directions and finally aroundzW i8 directions.
The set of first Euler rotations leaves the value of the

of Eq. ~1! at zero. The second rotation aroundxW i8 axes leads
to following values of the components of the correlation te
sor in thexy sector:Txxx9 is vanishing, whereas

Tyyx9 5 2
3 ~sinf23sinu1cosu22sinf31cosu1sinu2!,

Tyxy9 5 2
3 ~sinf32sinu1cosu32sinf21cosu1sinu3!,

Txyy9 5 2
3 ~sinf21sinu3cosu22sinf13cosu3sinu2!,

Txxy9 5 2
3 cosf12sinu3 , Txyx9 5 2

3 cosf13sinu2 ,

Tyxx9 5 2
3 cosf23sinu1

(Tyyy9 is not explicitly needed!, wheref i ’s are local angles of
the first rotations andu i ’s are those for the second one a
f i j 5f i2f j . Employing (Acosh1Bsinh)2<A21B2 and that
Tyyy92 <1, one gets
06230
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(
i , j ,k5x,y

Ti jk92<11 4
9 ~sin2f31cos2u11sin2f23sin2u1

1sin2f21cos2u11sin2f32sin2u1

1sin2f13cos2u31sin2f21sin2u3

1cos2f12sin2u31cos2f13sin2u2

1cos2f23sin2u1!.

The right-hand~rhs! side of this inequality is a linear func
tion in cos2ui’s and cos2fjk’s. Thus its maximal value is for
extreme values of these parameters, and

(
i , j ,k5x,y

Ti jk92<
7

3
.

The last set of Euler rotations around thezW i8 axes cannot
change the value of the lhs of this relation. So, for any se
local coordinate systems, one has( i , j ,k5x,yTi jk

2 <7/3. This
inequality is saturated, as in the system of coordinates
which Eq.~3! is written down,

(
i , j ,k5x,z

Ti jk
2 5

7

3
.

~Note thaty is replaced byz, in the last equation.!
For the noisy 3-qubitW state, one has

max (
i , j ,k5x,y

Ti jk
2 5

7

3
p3

2 ,

and thus there is no violation of the correlation function B
inequalities@2,3# for

p3<A3

7
'0.654 654.

Note that at least one of the correlation function Bell i
equalities is violated~as checked numerically! for p3
>0.65 664@16#.

Surprisingly, if one takes a second look at the data, t
can be acquired in a 3-qubit correlation experiment, with
noisyW3 state, one can lower the bound forp3 which allows
for a local realistic description~cf. Ref. @17#!. Suppose that
in the Bell experiment, the observer 3 chooses as her
measurements as follows: the first observable is thesz

(3) op-
erator, and the second one something else. The comp
tional basis for the third qubit is the eigenbasis ofsz

(3) . The
measurements ofsz

(3)5u1&^1u2u0&^0u will cause collapses
of the full stater3

W @cf. Eq. ~2!# into new states. Wheneve
the result is21, the emerging state is of the following form
r (3)

W2^ u0&^0u, where the Werner stater (3)
W2 reads

r (3)
W25p(3→2)uW2&^W2u1~12p(3→2)!rnoise

(2) , ~4!

with uW2&5(u01&1u10&)/A2. The new visibility parameter
is given by
6-2
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MULTIQUBIT W STATES LEAD TO STRONGER . . . PHYSICAL REVIEW A 68, 062306 ~2003!
p(3→2)5
4p3

31p3
>p3 . ~5!

The 2-qubit stater (3)
W2 has no local realistic description for

1>p(3→2)>
1

A2
.

Therefore, for this range ofp(3→2) , the results received by
the observers 1 and 2, which are conditioned on observ
getting the21 result ~when she/he measuressz

(3)) cannot
have a local realistic model. We have a subset of the dat
the full experiment with no local realistic interpretation. Su
prisingly, the critical value ofp3 above which this phenom
enon occurs is lower thanA3/7,

p3
crit5

3

4A221
'0.644212,A3

7
,0.65664, ~6!

and can be obtained by puttingp(3→2)51/A2 in Eq. ~5!.
The correlation functions are averages of products of

local results, and as such do not distinguish the situa
when, e.g., local results are11,11,21 ~for the respective
observers!, with the one when the results are11,21,11.
Therefore, an analysis of the results of the first two par
conditioned on the third party receiving, e.g.,21 can lead to
a more stringent constraint on local realism. And this is
actly what we have received here. Note that no sequen
measurements are involved~the third party may perform jus
one measurement!. Communication between the parties
only after the experiment, just to collect the data.

For theW3 state, this refinement of data analysis seem
be optimal. To test the ultimate critical value forp3, we
employed the numerical procedure based on linear optim
tion, which tests whether the full set ofprobabilities in-
volved in anN-particle experiment admits an underlying l
cal realistic model. The procedure has been describe
many works@12#, and therefore will not be given here. Sinc
the program analyzes the full set ofprobabilities, its verdict
is based on thefull set of data available in the Bell
experiment. The program has found that Bell type exp
ments on a noisyW3 state have always a local realistic d
scription forp3 below the numerical threshold of 0.644 21
That is, we have a full agreement, up to the numerical ac
racy, with the result given in Eq.~6!.

B. The case ofN qubits

For N.3, the above phenomenon gets even more p
nounced. The sufficient condition for the local realistic d
scription ~1! can be shown to be satisfied for

pN<A N

3N22
. ~7!

The method that we have used to get Eq.~7! is the straight-
forward generalization of the Euler rotations method to
N-qubit case. Since
06230
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A N

3N22
5

1

A3
,

explicit local realistic models for theN-qubit correlation
functions ~in a standard Bell experiment involving pairs o
alternative observables at each site! exists for largeN for p3

as high as 1/A3. We have also numerically found the thres
old value ofpN , above which at least one of the correlatio
function Bell inequalities is violated. It does not differ to
much from the right-hand side of Eq.~7! and, e.g., forN
54, it reads 0.634 08 and forN511, it is 0.598 97.

However, the more refined method of data analysis le
to different results. Imagine now that the lastN22 observers
have thesz observable within their local pair of alternativ
observables in the Bell test. Then, if all of them get th
21 result, the collapsed state will be given by

r (N)
W2 ^ ~ ^ i 53

N u0& i i ^0u!,

with the 2-qubit stater (N)
W2 being

r (N)
W2 5p(N→2)uW2&^W2u1~12p(N→2)!rnoise

(2) , ~8!

where

p(N→2)5
pN

pN1~12pN!
N

2N21

. ~9!

Since forp(N→2).1/A2, no local realistic description of this
subset of data is possible, the critical visibilitypN , which
does not allow a local realistic model reads

pN
crit5

N

~A221!2N211N
. ~10!

Note thatpN
crit→0 whenN→`. For sufficiently largeN the

decrease has an exponential character! This behavior is s
ingly different than the one for the threshold value ofpN
which is sufficient to satisfy theN-qubit correlation function
Bell inequalities~Fig. 1!.

For low N, the value ofpN
crit was confirmed by the nu

merical procedure@12# mentioned earlier~which analyzes
the full set of data for the problem!. The critical numerical
values arep4

thr50.546 918, which is exactly equal to th
6-digit approximation of thep4

crit value given by Eq.~10!
and p5

thr50.4300, which is equal to the 4-digit approxim
tion of p5

crit of Eq. ~10!. This suggests a conjecture that E
~10! is the real threshold. However, if this is untrue, th
decrease inpN must be even bigger!

III. COMPARISON OF GHZ AND W STATES
FROM THE PERSPECTIVE OF VIOLATION

OF LOCAL REALISM

The GHZ states exhibit maximal violations of the corr
lation function Bell inequalities@2,3#, and the violations
6-3
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SEN~DE! et al. PHYSICAL REVIEW A 68, 062306 ~2003!
when measured by the threshold visibilitypN
GHZ exhibit an

exponential behavior. Let us now compare these two fa
lies. A noisyN-particle GHZ state, given by

rN
GHZ5pN8 uGHZ&^GHZu1~12pN8 !rnoise

(N)

violates correlation function Bell inequalities whenever

pN8 .pN
GHZ5

1

A2N21
.

We have performed forN53,4,5, the numerical analysis o
the possibility of the existence of a local realistic model
the full set of data for GHZ correlations, and the return
numerical critical values fully agree with this value. ForN
>11, pN

crit of Eq. ~10! for theW states is lower than the on
for GHZ ones. The 11 or more qubitW states violate loca
realism more strongly than their GHZ counterparts, and
increases exponentially.

Violation of local realism using functional Bell inequalities

It may seem that the GHZ states will regain their glory
being the most nonclassical ones, if one introduces m
alternative measurements, than just two, for each obse
However, let us note that there exists a sequence of fu
tional Bell inequalities@18# for N qubits, which involve the
entire range of local measurements in one plane. We
now show that even if we consider these functional B
inequalities, theW states remain more nonclassical than
GHZ states. But before that, we first briefly discuss the fu
tional Bell inequalities.

1. The functional Bell inequalities

The functional Bell inequalities@18# essentially follow
from a simple geometric observation that in any real vec
space, if for two vectorsh andq one haŝ huq&,iqi2, then
this immediately implies thathÞq. In simple words, if the

FIG. 1. The stars are a plot of critical visibility~a higher vis-
ibility gives violation of local realism! pN

crit obtained by the method
of projections and the diamonds are a plot of the valu
AN/(3N22) of pN , below which exist a local hidden variabl
description of theN-qubit correlation function, for the noisyW state
of N qubits.
06230
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scalar product of two vectors has a lower value than
length of one of them, then the two vectors cannot be eq

Let %N be a state shared betweenN separated parties. Le
On be an arbitrary observable at thenth location (n
51, . . . ,N). The quantum-mechanical predictionEQM for
the correlation in the state%N , when these observables a
measured, is

EQM~j1 , . . . ,jN!5tr~O1 . . . ON%N!, ~11!

wherejn is the aggregate of the local parameters at thenth
site. Our object is to see whether this prediction can be
produced in a local hidden variable theory. A local hidd
variable correlation in the present scenario must be of
form

ELHV~j1 , . . . ,jN!5E dlr~l!Pn51
N I n~jn ,l!, ~12!

wherer(l) is the distribution of the local hidden variable
andI n(jn ,l) is the predetermined measurement result of
observableOn(jn) corresponding to the hidden variablel.

Consider now the scalar product

^EQMuELHV&5E dj1 . . . djNEQM~j1 , . . . ,jN!

3ELHV~j1 , . . . ,jN! ~13!

and the norm

iEQMi25E dj1 . . . djN@EQM~j1 , . . . ,jN!#2. ~14!

If we can prove that a strict inequality holds, namely, for
possibleELHV , one has

^EQMuELHV&<B, ~15!

with the numberB,iEQMi2, we will immediately have
EQMÞELHV , indicating that the correlations in the state%N
are of a different character than in any local realistic theo
We then could say that the state%N violates the ‘‘functional’’
Bell inequality ~15!, as this Bell inequality is expressed i
terms of a typical scalar product for square integrable fu
tions. Note that the value of the product depends on a c
tinuous range of parameters~of the measuring apparatus! at
each site.

2. Comparison ofW state with GHZ state when the latter
violates functional Bell inequalities

The critical visibility for which the GHZ state violates th
functional Bell inequalities@18# is lower than that for which
it violates the multiqubit two-settings Bell inequalities@2,3#.
Precisely, the critical visibility above which a functional Be
inequality is violated by anN-qubit GHZ state is 2(2/p)N

@18,19#. This is obtained for measurement settings in thex
2y planes for all observers sharing the GHZ state. This cr
cal visibility is better than that for violation of the multiqub
Bell inequalities forN>4. Nevertheless, theW family leads
to stronger violations of local realism forN>15 @compare

s

6-4
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MULTIQUBIT W STATES LEAD TO STRONGER . . . PHYSICAL REVIEW A 68, 062306 ~2003!
with Eq. ~10!#. Interestingly, theW states do not violate the
functional Bell inequalities involving all settings in on
plane forN.3.

IV. THE CASE OF G STATES

It may seem that the results obtained in Sec. III depend
the fact that the GHZ state has an equal number ofu0&s and
u1&s, when expressed in thesz basis, while theW state has
an asymmetry in this respect. In this section, we show
this is not the case.

Consider for example, theN (>3) qubit state@20#

uGN&5
1

A2
~ uWN&1uW̄N&),

where uW̄N& is obtained by interchangingu0& and u1& in
uWN&. For N52, we defineuG2&5uW2&5uW̄2&. This state
(uGN&) has an equal number ofu0&s andu1&s, just as in the
GHZ states. Now consider the stateGN admixed with white
noise,

rN
G5qNuGN&^GNu1~12qN!rnoise

N .

In a similar process as described before, ifN22 parties
make measurements in thesz basis and when all of them
obtain11 or all of them obtain21, the state obtained at th
remaining two parties is the~2-qubit! Werner state@similarly
as in Eq.~8!#

r (N)
G2 5q(N→2)uG2&^G2u1~12q(N→2)!rnoise

(2)

with

q(N→2)5
qN

qN1~12qN!
N

2N22

.

We can then proceed just as we did in Sec. III, in the cas
W state.

The state r (N)
G2 has no local realistic description fo

q(N→2).1/A2 and this implies that the staterN
G cannot have

a local realistic model for

qN.qN
crit[

N

N1~A221!2N22
.

For N>13,

qN
crit<pN

GHZ .

Therefore, forN>13, theG states also violate local realism
more strongly than GHZ states. However the nonclassica
in the G states is less pronounced than that in theW states.
For theW states, the crossover was atN511 ~see Sec. III!.
06230
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V. COMPARISON BETWEEN GHZ AND W STATES WITH
RESPECT TO YIELD OF SINGLETS

The method of data analysis presented above implies
other difference between theW states and the GHZ state
For a noisy GHZ state, if one of the observers perform
measurement in the basis$(u0&6u1&)/A2%, the projected
state, has for the otherN21 observers again the form of
noisy GHZ state, and the visibility parameter is thesameas
before. Further, afterN22 observers perform measuremen
in this basis, whatever are their results, the last two obser
share a noisy Bell state, with the same visibility as the ori
nal noisy GHZ state. In contrast, noisy (N-qubit! W states,
upon a measurement ofsz , by the first observer, resulting in
21, lead to a noisyW staterN21

W , for the remainingN21
observers, ofincreased visibility, namely to

p8uWN21&^WN21u1~12p8!rnoise
(N)

with

p8[p(N→N21)5
pN

pN1~12pN!
N

2~N21!

>pN .

The other result11 leads to a separable mixture o
u00 . . . 0& with white noise.

If one’s aim is to get a Bell state in the hands of just tw
observers of the required~high! visibility, say at leastp2

R ,
then this can always be achieved with some probability
taking a noisyW state of sufficiently many qubits, and pe
forming N22 measurements ofsz on N22 qubits. The suc-
cess is conditioned on all results being21. For the given
p2

R , the noisyW state of visibilitypN must be for the numbe
of qubitsN for which

p2
R.

pN

pN1~12pN!
N

2N21

.

Therefore, if one’s aim is to have a Bell state between t
observers with as high visibility as possible, one can se
through a noisy channel aWN state. From the noisyWN
state, in a probabilistic way, one can extract a high visibil
Bell state. No such possibility exists for the GHZ state.

Consider now the situations when a large number of c
ies of theN-qubit W state and GHZ state are separately s
through a depolarizing channel of visibilityp @21#. For WN ,
using the method of projections, one is able to obtain w
probability

P5
2p

N1~12p!/2N22
,

a Bell state of visibility@see Eq.~9!#
6-5
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v5
p

p1~12p!
N

2N21

. ~16!

For the state GHZN , one obtains with unit probability a Bel
state with the original visibilityp. We will now compare the
yield of singlets in these two situations, by using~in both
cases! two different protocols for distilling the resulting
2-qubit state, obtained after the specific projections on
multiqubit states.

A. One-way hashing protocol for distillation

Using the one-way hashing protocol for distillation@22#,
the per copy yield of singlets~of arbitrarily high fidelity! is

@12S„%~v !…#P

for the stateWN and 12S„%(p)… for the state GHZN , where

%~x!5xuW2&^W2u1~12x!rnoise
(2)

and

S~h!52tr~h log2h!

is the von Neumann entropy ofh. As shown in Fig. 2~for
N57), the yield for theW state is better for a large range
p than that for the GHZ state. This feature remains for alN
and gets pronounced with increasingN. Even for N53,
there is a small range ofp, in which the yield of singlets is
higher for theW state. And importantly, the ranges in whic
the W states are better are forhigher levels of noise.

FIG. 2. Plot of visibility in the depolarizing channel vs the yie
in the one-way hashing protocol. The undashed line is for the s
W7 while the dashed line is for GHZ7.
rs

06230
e

B. Two-way recurrence-hashing distillation protocol

Similar features are obtained fortwo-waydistillable en-
tanglement. For example, although one-way distillable
tanglement is vanishing for%(1/2), the two-way recurrence
hashing distillation protocol gives a positive yield@22#. To
get %(1/2) from, sayW7, the visibility in the depolarizing
channel can be as low as

0.098 592.

@This value is obtained by puttingv51/2 andN57 in Eq.
~16!.# For the same visibility in the channel, GHZ7 produces
theseparablestate%(0.098 592)@23#. We therefore obtain a
qualitativedifference between theW state and the GHZ stat
in this respect.

VI. A SIMPLE ENTANGLEMENT WITNESS

Looking at the projected state can also serve as a sim
entanglement witness. The state

r5«r81
~12«!

2N
I 2N,

wherer8 is a normalized density matrix is separable for@24#

«,
1

11
2N

2

.

Choosingr8 as theN-qubit W state and using Eq.~9!, one
obtains an upper bound

1

11
2N

N

of the radius« of the separable ball~as a noisy Bell state is
separable forp(N→2)<1/3 @23#!, which is of the same orde
as obtained in Ref.@24#.

It is interesting whether states of other families have sim
lar surprising properties, which can emerge after spec
measurements by some of the observers.
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