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Multiqubit W states lead to stronger nonclassicality than Greenberger-Horne-Zeilinger states
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The N-qubit states of th&V class, forN>10, lead to more robugfgainst noise admixturesiolations of
local realism, than the Greenberger-Horne-Zeilingg@HZz) states. These violations are most pronounced for
correlations for a pair of qubits, conditioned on specific measurement results for the rendxiRiggbits. The
considerations provide us withcaalitativedifference between thé/ state and GHZ state in the situation when
they are separately sent via depolarizing channels. For sufficiently high amount of noise in the depolarizing
channel, the GHZ states cannot produce a distillable state between two qubits, wheéastdlbes can still
produce a distillable state in a similar situation.
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[. INTRODUCTION higherlevels of noise, and this feature grows wih These
results may be of importance in quantum cryptography and
The Greenberger-Horne-ZeilingéGHZ) states[1] give  communication complexity13,14. We also show that these
the maximal violation of correlation function Bell inequali- considerations lead to a relatively efficient entanglement
ties[2,3]. The second best known multiqubit states is iie  witness.
family [4,5]. Their behavior is opposite in some respects to
the GHZ family. Fpr examplg, in the three qubit case, \ttie Il. VIOLATION OF LOCAL REALISM BY W STATES
state has the maximal bipartite entanglement among all three
qubit stateg5], whereas the GHZ state has no bipartite en- To analyze how strongly thid-qubit W states violate local
tanglementcf. Refs.[6,7]). realism, we use the recently found multiqubit correlation
In this paper, we exhibit a kind of complementarity be- function Bell inequalities which form a necessary and suffi-
tween theN-qubit W states and GHZ states from the perspec-cient condition for the existence of a local realistic model for
tive of robustness of the nonclassical correlations againghe correlation function in experiments wito local set-
white noise admixtur¢8—11]. For theN-qubit W state tings for each of theN observerg2,3].
An N-qubit statep can always be written down as

1
N
diluted by white noise, if measurements in a Bell-type ex- ® ) ) ), _
periment aN— 2 parties are made in the computational basisWhere‘TO_ is the identity operator and;”'s (xi_—.x,y,z) are
and all yield the— 1 result(associated with0)), the remain-  the Pauli operators of thieth qubit. The coefficients
ing pair of observers is left with a mixture of a 2-qubit Bell
state with a substantially reduced amount of white noise. The Ty
probability of such a chain of events for the-2 observers

is quite low. Nevertheless, we shall show that such an event

contradicts very strongly any local realistic description In2re elements of thél-qubit correlation tensofi and they
the case of theN-qubit GHZ state diluted by white noise, fully define theN-qubit correlation functiof3]. A sufficient

scenario of this kind can lead with unit probability to a condition for theN-qubit correlation function to satisfy all

2-qubit Bell state without reduction of noise. Because of thatﬁ)ocrjlsggrr:jifnu;(e:tlgnsgﬂls'noer?eu?#ﬂ;s hlgﬁi[ah at famy set of
the N-qubit states of theV class, forN>10, can lead to Y ’

more robust, against noise admixture, violations of local re-

alism, than theN-qubit states of the GHZ class. We also > T2 <1, (1)
show that if anN-qubit W state and a GHZ state are sepa- X0 XNTXY '
rately sent through similar depolarizing channels, and the

2-qubit state conditioned on measurements atNke2 par-  the sum being taken ovany set of orthogonal pairs of axes
ties is considered, the rate of obtaining singl@tsspecific ~ of the local coordinate systems of all observers.
distillation protocol$ can be higher in the case W state for Consider a mixturepy,, of Wy with white noisepN. <o

a certain range of noise in the depolarizing channel. Impor=1M/2V, wherel™™) is the unit operator in the tensor prod-
tantly, in such scenarios, th#/ state performs better for uct of Hilbert spaces of the qubits:

|Wy)=——=(]100...00+]010...00 ...+|000...03) o

TX1...XN0-X1 " 'O-XN '

L= o a), (=xy,2)
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pN|WN><WN|+(1 pN)anse 2 2

B Tj;ﬁs1+ 2 (sir ¢p31C0S 0, + SIrP hosSirP 6,

The parametepy will be called here “visibility.” It defines
to what extent the quantum processes associatedMgtare +Sir? p1C0S 01 + SiN? p3,Sin? 0,
“visible” in those given byp‘,(}’. If the N-qubit correlations of

a pure statdy) are represented by a correlation ten3or + SN 15C0S O+ SirP h.SiNt 0

then the correlation tensor of a mixed state +coZ ¢8It O3+ oL h15Sif 6,
P+ (1= pu) plosse +C0S possirnto;).

is given by T’ =p,T. The right-hand(rhs) side of this inequality is a linear func-

tion in cogé’s and cod¢y’s. Thus its maximal value is for

A. The case of three qubits extreme values of these parameters, and

Consider now the mixture of the 3-qubit stdi#/;) (of
visibility p3) with white noise. The correlation tensor of the _ 2 Tijks=
pure statdWs,) is -

The last set of Euler rotations around the axes cannot
change the value of the Ihs of this relation. So, for any set of
— 2(Z,®@ Xy ® X3+ X1 @ Zy® Xg+ X1 @ Xo® Z3) local coordinate systems, one hEej,k:X’yTizjksws. This
inequality is saturated, as in the system of coordinates in
—(Z2,0Y,0Y3+Y102,0Y3+Y,10Y,8275), (3)  which Eqg.(3) is written down,

TW3: 2,807,873

wherex; ,y; ,z; forms a Cartesian coordinate system wath S 12 7
defining the computational basis. iikexz k=3

Let us find the maximal value of the left-hand sitles) of
Eqg. (1) for W5. We will show that in an arbitrary set of local (Note thaty is replaced by, in the last equatioi.

coordinate systems, For the noisy 3-qubitV state, one has
7 7
Gy T3 max Ey TP

The value of the Ihs of Eq1), for the case when we are in and thus there is no violation of the correlation function Bell

the coordinate system in which E() is written down, is  inequalities[2,3] for

zero. Moving into a different coordinate system can be al-

ways done for each observer using three Euler rotafibls 3

Therefore, we shall assume that first all three observers per- Ps= \[ 0.654 654

form a rotation about the axes, then around the new’ _ _ .

directions and finally arounﬂ’ directions. Note that at least one of the correlation function Bell in-
£qualities is violated(as checked numericallyfor ps

=0.65664{16].

Surprisingly, if one takes a second look at the data, that
can be acquired in a 3-qubit correlation experiment, with the
noisy W state, one can lower the bound foy which allows
for a local realistic descriptiofcf. Ref.[17]). Suppose that
in the Bell experiment, the observer 3 chooses as her/his
measurements as follows: the first observable isot{ié op-
erator, and the second one something else. The computa-
tional basis for the third qubit is the eigenbasisodf’ . The

The set of first Euler rotations leaves the value of the Ih
of Eq. (1) at zero. The second rotation arowﬁ’daxes leads
to following values of the components of the correlation ten-
sor in thexy sector:Ty,, is vanishing, whereas

Tgyx £(sin ¢ p55in 6,C0SH,— Sin h3,C08H;SiN 6,),

T”

yxy= 3 2(sin ¢3,5iN #;C0SH5— SiN ¢h,1,C0SH;SiN 3),

TVv= 2(SiN ¢,1SiN 63C086,— SiN ¢1360S03SiN 6,),

Xy~ measurements aF\¥=|1)(1|—|0)(0| will cause collapses
Thhey= 2C0S¢h,SiN b5, Th= 2C0SpySin by, of the fuII.statep\:Q’ [cf. Eq..(Z)] into new states. Whenever
the result is— 1, the emerging state is of the following form:
T) = §C0SPossin 6 p(3)®|0><0| where the Werner staﬁe(; reads
(T§yy is not explicitly needeld whered;'s are local angles of p(3§: P3—2)| Wa)(W5|+(1— p(%z))p%)ise, (4)

the first rotations and;’s are those for the second one and
¢|, #i— ¢; . Employing (Acosp+Bsiny)’<A*+B?and that  with |W,)=(]01)+|10))/y2. The new visibility parameter
Tgyy<l one gets is given by

062306-2



MULTIQUBIT W STATES LEAD TO STRONGR.. .. PHYSICAL REVIEW A 68, 062306 (2003

b= = p (5) fim )=
(3—2) 3+p3 3- m 3N—2_ﬁ,

N—o

The 2-qubit Stat@fé"; has no local realistic description for  explicit local realistic models for thé\-qubit correlation
functions (in a standard Bell experiment involving pairs of
1= - i alternative observables at each siists for largeN for p;
=P@-2= V2 as high as /3. We have also numerically found the thresh-
old value ofpy, above which at least one of the correlation
Therefore, for this range qﬂ(sﬂz), the results received by function Bell inequalities is violated. It does not differ too
the observers 1 and 2, which are conditioned on observer Bwuch from the right-hand side of E¢7) and, e.g., forN
getting the—1 result(when she/he measures®) cannot =4, it reads 0.63408 and fdi=11, it is 0.598 97.
have a local realistic model. We have a subset of the data in However, the more refined method of data analysis leads
the full experiment with no local realistic interpretation. Sur-to different results. Imagine now that the l&6t-2 observers

prisingly, the critical value op, above which this phenom- have theo, observable within their local pair of alternative
enon occurs is lower thag3/7, observables in the Bell test. Then, if all of them get the

—1 result, the collapsed state will be given by

crit _ 3

P3 4\/5_1

and can be obtained by puttings .=1/12 in Eq. (5).
The correlation functions are averages of products of the
local results, and as such do not distinguish the situation
when, e.g., local results are1,+1,—1 (for the respective \yhere
observers with the one when the results arel,—1,+1.
Therefore, an analysis of the results of the first two parties Py
conditioned on the third party receiving, e.g¢.1 can lead to P(N—2)= . (9)
a more stringent constraint on local realism. And this is ex- b+ (1= py) N
actly what we have received here. Note that no sequential N NIoN-1
measurements are involvéihe third party may perform just
one measurementCommunication between the parties is Since forpin_2)> 1/4/2, no local realistic description of this
only after the experiment, just to collect the data. subset of data is possible, the critical visibilipg, which
For theW; state, this refinement of data analysis seems tealoes not allow a local realistic model reads
be optimal. To test the ultimate critical value fpg, we
employed the numerical procedure based on linear optimiza- crit N
tion, which tests whether the full set gfobabilities in- PN = N (10
. ) ; : . (V2—1)2N"14N
volved in anN-particle experiment admits an underlying lo-
cal realistic model. The procedure has been described i
many workdg 12], and therefore will not be given here. Since
the program analyzes the full set pfobabilities its verdict
is based on thefull set of data available in the Bell-
experiment. The program has found that Bell type exper

ments on a noisyV; state have always a local realistic de- For low N, the value ofpC™ was confirmed by the nu-

.Sl_%g?ti'gnv\tgrﬁgvzefmtlhae ?;é?]:eéftall}hrg SPhcgdnzl;noéﬁggl2alczc'ur_nerical procedurd 12] mentioned earliefwhich analyzes
" | agre » up the full set of data for the problemThe critical numerical
racy, with the result given in Eq6).

values arepzhr=0.546 918, which is exactly equal to the

6-digit approximation of thep$"™ value given by Eq(10)

and pghr=0.4300, which is equal to the 4-digit approxima-

For N>3, the above phenomenon gets even more protion of p¢"™ of Eq. (10). This suggests a conjecture that Eq.
nounced. The sufficient condition for the local realistic de-(10) is the real threshold. However, if this is untrue, the

3
~0.644212 \[7<0.65664, (6) pag@(®1L5]0)i(0)),
with the 2-qubit state)\(%z) being

W.
p(Nz):p(N—>2)|W2><W2|+(1_p(N—>2))PE120)ise, (8)

Note thatp$"™—0 whenN—co. For sufficiently largeN the
decrease has an exponential character! This behavior is strik-
ingly different than the one for the threshold value mf
.which is sufficient to satisfy th&l-qubit correlation function
"Bell inequalities(Fig. 1). .

crit

B. The case ofN qubits

scription (1) can be shown to be satisfied for decrease irpy must be even bigger!
/| N
pNsS IN_2 (7) [ll. COMPARISON OF GHZ AND W STATES

FROM THE PERSPECTIVE OF VIOLATION

. . OF LOCAL REALISM
The method that we have used to get EQ.is the straight-

forward generalization of the Euler rotations method to the The GHZ states exhibit maximal violations of the corre-
N-qubit case. Since lation function Bell inequalitied2,3], and the violations
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Critical scalar product of two vectors has a lower value than the
visibility length of one of them, then the two vectors cannot be equal.
Let o\ be a state shared betwelrseparated parties. Let

1+ O, be an arbitrary observable at thath location f
0.8 =1,... N). The quantum-mechanical predictidty, for
* e . the correlation in the statg,, when these observables are
0.6 MAR A AR R R measured, is
0.4 * .
* Eom(€1, -+ - ,En)=1r(O1 ... Onen), (11
0.2 *
* N where¢, is the aggregate of the local parameters atritie
R R S a7 site. Our object is to see whether this prediction can be re-
Number of qubits produced in a local hidden variable theory. A local hidden

variable correlation in the present scenario must be of the
FIG. 1. The stars are a plot of critical visibilitya higher vis-  form

ibility gives violation of local realismp& obtained by the method

of projections and the diamonds are a plot of the values B N

JN/(3N—2) of py, below which exist a local hidden variable Env(ér, - 6n)= | dhp(M)ITG_i1n(&nN), (12
description of theN-qubit correlation function, for the noisW/ state

of N qubits. wherep(\) is the distribution of the local hidden variables

andl (&, ,\) is the predetermined measurement result of the
when measured by the threshold visibilipg " exhibit an  observableD,(£,) corresponding to the hidden variable
exponential behavior. Let us now compare these two fami- Consider now the scalar product
lies. A noisyN-particle GHZ state, given by

, , (EomlE >=fdg...d§E (€1, .. &)
pSH2=p{IGHZ)(GHZ|+(1—pi) pTse QUITLRY ' NN N

. . . . . XE e 13
violates correlation function Bell inequalities whenever Lhv(£1 &) (13

and the norm

1
pl>pCHZ= _.
NIV Nt llEQM||2=fdgl...dsN[EQM(sl,...,§N>]2. (14)

We have performed foN=3,4,5, the numerical analysis of |f we can prove that a strict inequality holds, namely, for all
the possibility of the existence of a local realistic model forpossibleE, ,;,, one has

the full set of data for GHZ correlations, and the returned

numerical critical values fully agree with this value. Rdr (Eqm|ELnv)<B, (19
=11, py™"* of Eq. (10) for the W states is lower than the one ) o _
for GHZ ones. The 11 or more qubi states violate local With the numberB<[[Eqy|*, we will immediately have

realism more strongly than their GHZ counterparts, and thi€em? ELny, indicating that the correlations in the statg
increases exponentially. are of a different character than in any local realistic theory.

We then could say that the statg violates the “functional”

Bell inequality (15), as this Bell inequality is expressed in

terms of a typical scalar product for square integrable func-
It may seem that the GHZ states will regain their glory oftions. Note that the value of the product depends on a con-

being the most nonclassical ones, if one introduces mortinuous range of parametefsf the measuring apparajuat

alternative measurements, than just two, for each observegach site.

However, let us note that there exists a sequence of func-

tional Bell inequalitied 18] for N qubits, which involve the 2. Comparison ofW state with GHZ state when the latter

entire range of local measurements in one plane. We will violates functional Bell inequalities

now show that even if we consider these functional Bell  The critical visibility for which the GHZ state violates the
inequalities, the/ states remain more nonclassical than thegnctional Bell inequalitie§18] is lower than that for which
GHZ states. But before that, we first briefly discuss the funci; yjolates the multiqubit two-settings Bell inequalitigz,3].
tional Bell inequalities. Precisely, the critical visibility above which a functional Bell
inequality is violated by amN-qubit GHZ state is 2(2/)N
[18,19. This is obtained for measurement settings in the
The functional Bell inequalitie$18] essentially follow —y planes for all observers sharing the GHZ state. This criti-

from a simple geometric observation that in any real vectorcal visibility is better than that for violation of the multiqubit
space, if for two vector& andq one hagh|q)<|q||?, then  Bell inequalities folN=4. Nevertheless, the/ family leads
this immediately implies thah+q. In simple words, if the to stronger violations of local realism fdd= 15 [compare

Violation of local realism using functional Bell inequalities

1. The functional Bell inequalities
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with Eq. (10)]. Interestingly, thew states do not violate the V. COMPARISON BETWEEN GHZ AND W STATES WITH
functional Bell inequalities involving all settings in one RESPECT TO YIELD OF SINGLETS

plane forN=>3. The method of data analysis presented above implies an-

other difference between thé&/' states and the GHZ states.
IV. THE CASE OF G STATES For a noisy GHZ state, if one of the observers performs a

It may seem that the results obtained in Sec. Il depend off'e@surement in the bas{¢|0)+|1))/V2}, the projected
the fact that the GHZ state has an equal numbgbpé and state, has for the othed —1 _o_bgc_ervers again the form of a
|1)s, when expressed in the, basis, while thew state has noisy GHZ state, and the visibility parameter is g@meas

an asymmetry in this respect. In this section, we show thatPefo.re' Fu_rther, aftel —2 obsgrvers perform measurements
this is not the case. in this basis, whatever are their results, the last two observers

Consider for example, thi (=3) qubit statd 20 share a noisy Bell state, with the same visibil_ity as the origi-
P (=3) 9 420 nal noisy GHZ state. In contrast, noisil{qubit) W states,
upon a measurement of,, by the first observer, resulting in

|G\ = i(|WN>+ |V_VN>), —1, lead to a noisyV statep‘,(}’_l, for the remainingN —1
V2 observers, ofncreased visibility namely to
where |W,) is obtained by interchanging) and [1) in P Wy (W] +(1—p")pMN),

|[Wy). For N=2, we defing|G,)=|W,)=|W,). This state
(IGy)) has an equal number ¢8)s and|1)s, just as in the with
GHZ states. Now consider the staBg, admixed with white

noise, Py

P =pmNon-1)= N =P -

G_ _ N
pN_qN|GN><GN|+(1 qN)pHOISe' pN+(1—pN)m

In a similar process as described before Nif-2 parties

make measurements in tle, basis and when all of them The other result+1 leads to a separable mixture of
obtain+1 or all of them obtain- 1, the state obtained at the |00 ... 0 with white noise.

remaining two parties is th@-qubiy Werner statésimilarly If one’s aim is to get a Bell state in the hands of just two
as in Eq.(8)] observers of the requirethigh) visibility, say at leastp,
then this can always be achieved with some probability by
pf,\f):q(Nﬂz)|G2><Gz|+(1—q(NH2))p§1%)ise taking a noisyW state of sufficiently many qubits, and per-
forming N—2 measurements @f, on N—2 qubits. The suc-
with cess is conditioned on all results beirgl. For the given

pg, the noisyW state of visibilitypy must be for the number

an of qubitsN for which

adiNn-2)=

N
QN+(1_qN)2N_2 02> Pn

N
: . . Pt (1—pn)
We can then proceed just as we did in Sec. lll, in the case of N NoN-1

W state.
G,

The state [ has no local realistic description for Therefore, if one’s aim is to have a Bell state between two
dn_2)>1/\2 and this implies that the stape cannot have —observers with as high visibility as possible, one can send
a local realistic model for through a noisy channel W, state. From the noisyVy

state, in a probabilistic way, one can extract a high visibility
. N Bell state. No such possibility exists for the GHZ state.
an>ay't= —. Consider now the situations when a large number of cop-
N+(y2-1)2N"2 ies of theN-qubit W state and GHZ state are separately sent
through a depolarizing channel of visibilify[21]. For Wy,
For N=13, using the method of projections, one is able to obtain with
probability

qKlritg pﬁHZ-

. . 2p
Therefore, folN=13, theG states also violate local realism = —,
more strongly than GHZ states. However the nonclassicality N+(1—p)/2
in the G states is less pronounced than that in Metates.
For theW states, the crossover washit=11 (see Sec. Il a Bell state of visibility[see Eq.(9)]
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Yield B. Two-way recurrence-hashing distillation protocol
1 . Similar features are obtained féwo-way distillable en-
] tanglement. For example, although one-way distillable en-
0.8 /! tanglement is vanishing faz (1/2), the two-way recurrence-
0.6 ] hashing distillation protocol gives a positive yi€gl@2]. To
) K get 0(1/2) from, sayW-, the visibility in the depolarizing
0.4 ) channel can be as low as
/
0.2 ,’ 0.098 592.
0T 04 03¢ '(;_8 T [This value is obtained by putting=1/2 andN=7 in Eq.
Visibility (16).] For the same visibility in the channel, GHproduces

the separablestatep (0.098 592)[23]. We therefore obtain a

FIG. 2. Plot of visibility in the depolarizing channel vs the yield qualitativedifference between the/ state and the GHZ state
in the one-way hashing protocol. The undashed line is for the statg, thig respect.

W5 while the dashed line is for GHZ
VI. A SIMPLE ENTANGLEMENT WITNESS

D Looking at the projected state can also serve as a simple
vr=—m (16)  entanglement witness. The state

p+(1-p) (1—¢)
2N

2N—l

p=gp'+ [N,

For the state GHg, one obtains with unit probability a Bell . . . o
state with the original visibility. We will now compare the Wherep' is a normalized density matrix is separable 4]

yield of singlets in these two situations, by usifig both

casep two different protocols for distilling the resulting o< 1 -
2-qubit state, obtained after the specific projections on the 1+ 2_
multiqubit states. 2

Choosingp’ as theN-qubit W state and using Ed9), one

A. One-way hashing protocol for distillation -
obtains an upper bound

Using the one-way hashing protocol for distillatif2?],
the per copy yield of singlet&f arbitrarily high fidelity is 1

[1-S(e(v))]P 1+2N_N

for the stateWVy and 1- S(o(p)) for the state GHg, where ) ) )
of the radiuse of the separable balas a noisy Bell state is

0 (X) =X|Wo)(Wo| + (1—X) p{Zce separable fop(y_.2y=<1/3[23]), which is of the same order
as obtained in Ref.24].
and It is interesting whether states of other families have simi-
lar surprising properties, which can emerge after specific
S(7)=—tr(7logz7) measurements by some of the observers.

is the von Neumann entropy of. As shown in Fig. 2(for
N=7), the yield for theW state is better for a large range of
p than that for the GHZ state. This feature remains fomall We acknowledge discussions with Wiestaw Laskowski.
and gets pronounced with increasiig Even for N=3, A.S. and U.S. acknowledge University of Gag&nGrant No.
there is a small range qf, in which the yield of singlets is BW/5400-5-0256-3 and EU Grant No. EQUIP IST-1999-
higher for theW state. And importantly, the ranges in which 11053. M.Z. is supported by Professorial subsidy of the
the W states are better are foigher levels of noise. foundation for Polish science.
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