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Control of angular momentum evolution in Stark wave packets
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FOCUS Center, Department of Physics, University of Michigan, Ann Arbor, Michigan 48109-1120, USA

~Received 24 June 2003; published 14 November 2003!

Using techniques of ultrafast coherent control, we propose a method to produce high-purity high-, ~angular
momentum! states in Rydberg Stark wave packets. Two time-delayed phase-locked laser pulses excite the atom
from a low-lying ‘‘launch state’’ into a low-, Rydberg wave packet, in the presence of a static electric field. By
choosing the time delays between the pulses, and the static electric field, we find that a high-, state with high
purity can be created at the target time.
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lo
as
av
er

io
al
e
ou
an
d
f
s

ar
ol
r
n
,
d
h
w

re
-

tu
e
la

an
w
a

d
n
e
e

ra
lu

al
en-
tes

ark

e

m

r-
ion of

en.
be-
le

ave

s

ly
-

I. INTRODUCTION

Rydberg atoms are important model systems to exp
and elucidate aspects of quantum dynamics. Ultrafast l
excitation of a Rydberg atom generates an electronic w
packet composed of a coherent superposition of sev
eigenstates. Studies of wave packet dynamics@1–4# have
revealed both their particlelike behavior such as localizat
@5#, and their wavelike behavior such as fractional reviv
@6#. The dynamics of wave packets can be enriched by
ternal fields that break the spherical symmetry of the C
lomb potential. For example, Stark wave packets exhibit
gular momentum revivals@7,8#, which have been explaine
by simple classical models@10#. Nonhydrogenic features o
alkali-metal Stark spectra have been understood in term
semiclassical models of core scattering@9#. In this paper, we
extend the study of angular momentum evolution in St
wave packets and suggest a simple scheme for its contr

Wave packet control of the principal quantum numben
has been used for the storage and retrieval of informatio
Rydberg atom data registers@11–13#. In Stark wave packets
the parabolic quantum numberk could be used as a secon
degree of freedom for quantum information processing. T
control of both the radial and angular evolution would allo
us to produce atomic wave packets correlated in two deg
of freedomn andk, to facilitate more complex quantum in
formation processes@14#.

In this paper we propose to use the angular momen
represented by the quantum number, as the second degre
of freedom for a Stark wave packet. Even though angu
momentum does not commute with the Stark Hamiltoni
and therefore is not stationary, we nonetheless find that
can produce high-purity, states at a target time using
series of ultrafast pulses.

This paper is organized as follows. In Sec. II, we stu
the dynamics of an electronic wave packet in an exter
static electric field. In Sec. III, a pair of phase-locked las
pulses is employed to excite two electronic wave pack
with relative phased and delay timet. Specific angular mo-
mentum states can be obtained by choosing the pulse pa
etersd and t appropriately. Further discussion and conc
sions are presented in Sec. IV.

II. DYNAMICS OF ANGULAR MOMENTUM
COMPONENTS IN STARK WAVE PACKETS

A one-electron atom in a static electric fieldF is described
by the time-independent HamiltonianH5p2/21V(r )1Fz
1050-2947/2003/68~5!/053405~6!/$20.00 68 0534
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~in atomic units!. The static electric field breaks the spheric
symmetry of the Coulomb potential, and the angular mom
tum , is no longer a good quantum number. The eigensta
of the Stark Hamiltonian are denoted byunk&, wherek is a
label for the Stark eigenstates in parabolic coordinates@15#.

A Stark wave packet is a coherent superposition of St
eigenstates written as

uC&5(
nk

ankunk&. ~1!

Its time evolution is written as

uC~ t !&5(
nk

anke
2 iwnktunk&. ~2!

Each of the Stark eigenstatesunk& can be expanded in th
un,m& basis of the field-free Hamiltonian asunk&
5(n,cn,

nkun,& and each carries different angular momentu
components~the magnetic quantum numberm is conserved
and chosen to bem50). In the wave packet, quantum inte
ference between these eigenstates leads to the precess
angular momentum.

We start the discussion with the simplest atom, hydrog
Spin-orbit coupling is neglected throughout this paper,
cause the small spin-orbit splitting contributes negligib
dephasing over the evolution time of interest for these w
packets. The energy of hydrogen in an electric fieldF is
given to first order by

W52
1

2n2
1

3nFk

2
~3!

5v01kDE, ~4!

where k is the state index that runs between2(n21),
2(n23), . . . ,(n23),(n21). Since no quantum defect
are involved, the first-order energy levelswnk are separated
symmetrically aroundW521/2n2. The eigenvectorsunk&
expanded in theun,& basis can be computed analytical
@15#. Assuming only onen manifold is excited, the expecta
tion value of theL2 operator evolves in time as

^C~ t !uL2uC~ t !&5(
k8,k

ank8
* anke

i (wnk82wnk)t

3(
,

c* n,
nk8cn,

nk,~,11!. ~5!
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FIG. 1. The dynamics of angular momentum evolution in then55 manifold of hydrogen atoms in an external dc electric fieldF
5500 V/cm. ~a! The evolution of observablêL2&; ~b! the evolution of angular momentum composition for individual, states;~c! the
diagram to illustrate the quantum properties of the evolution. Arrows indicate the dipole coupling due to the electric field. The
indicate the, components that get population at half of the evolution period. Column~i! is the plots where the initial state carries only pu
,50 component; column~ii ! is the plots where the initial state carries only pure,51 component.
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For simplicity of discussion, we choose ann55 wave packet
in this section, but the arguments are generally valid for
bitrary n as seen in the next section. The calculated evolu
of ^L2(t)& is plotted in Fig. 1~a!~i! and Fig. 1~a!~ii !, taking
pure s and p states as the initial states, respectively. Th
periodic structures reveal the classical properties of the w
packets. In a simple classical model, an electron bound to
nucleus experiences a torquetW52rW3FW due to the externa
electric field. In the first half of the revival period,tW•LW .0,
and the torque increases the magnitude ofLW , while in the
second half of the revival period,tW•LW ,0, and the torque
decreases the magnitude ofLW . Therefore, the electric field
drives the magnitude ofLW to its maximum value at time
tang/2 and brings it down to the low angular momentum
tang , provided the initial state carries low-angula
momentum components. This has been observed in ex
05340
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ments on atomic Rydberg states in atomic beams@7,8#. The
frequency of thê L2(t)& oscillation is governed by the en
ergy difference between the nearest-neighbor Stark st
DE5Wn,k2Wn,k2153Fn, leading to the angular momen
tum revival timetang52p/3nF.

This periodicity can be seen explicitly in the time evol
tion of the wave packet as shown below. For compactnes
notation, we drop the subscriptn when we refer to a wave
packet with states from the samen manifold.

uC~ t6tang!&5(
k

ake
2 ivk(t6tang)uk& ~6!

5(
k

ake
2 ivkte7 ivktanguk& ~7!
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5(
k

ake
2 ivkte7 i (v01kDE)tanguk& ~8!

5(
k

ake
2 ivkte7 iv0tange7 ikDEtanguk& ~9!

5e7 iv0tang(
k

ake
2 ivkte7 i2pkuk& ~10!

5e7 iv0tanguC~ t !&. ~11!

So the classical revival of the wave function is good only
to an overall phase, and, as shown in Ref.@16#, it is depen-
dent on the energy level separations being roughly equa

Now, we examine the evolution of angular momentum
the Stark Rydberg wave packet. The evolution of a particu
, component in the wave packet is given by

P,5 z^n,uC~ t !& z25U(
k

anke
2 iwnktcnl

nkU2

. ~12!

Figure 1~b!~i! shows all, components of the wave pack
with the initial P,50(t50)51 as a function of time. As the
classical value of̂L2(t)& increases from its initial low value
the wave packet, component distribution changes as we
i.e., the dominant, component goes from low, to high, in
a sequence that we call the strongest revival sequence.~Here
we define the revival sequence as a set of revival peak
different , components in sequence.! The angular momen
tum revival time istang52p/3nF5104 ps forn55 andF
5500 V/cm as already seen in the^L2(t)& plot.

The evolution of angular momentum components sho
other interesting properties. A weaker revival sequence s
ing after the first sequence is also evident. The presenc
two different sequences can be traced to the dipole coup
properties of angular momentum states. The external ele
field couples each, to its neighbors (,61) according to the
dipole selection rule, except for,50 and,5n21, which
form , ‘‘boundaries.’’ These coupling ‘‘paths’’ are show
schematically in Fig. 1~c!. The strong revival sequence i
Fig. 1~b! goes along the path on the bottom-most edge of
graph in Fig. 1~c!. The weaker one goes along the path p
allel with the previous path in Fig. 1~c!. It is interesting to
note that there are int@n/2# such paths and hence int@n/2#
revival sequences for a Stark wave packet in a particulan
manifold.

The value of, at the classical maximum, halfway throug
the angular momentum precession period, depends on
eral factors. In general, through one full angular moment
period there are 2(n21) changes in,. Therefore, in half
this period, there aren21 changes in,. Consequently, if the
initial , is even~odd! andn is odd~even!, the only populated
, at t5tang/2 will be even, ’s; if the initial , is even~odd!
andn is even~odd!, the only populated, at t5tang/2 will be
odd , ’s. Classically, we always expect that the highest,
state (,5n21) should dominate att5tang/2 to maximize
^L2(t)&. This behavior is observed in a wave packet start
from a pures state as seen in Fig. 1~b!~i!. However, this
05340
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behavior is not always observed as shown in Fig. 1~b!~ii !—
when the initial, is odd, at half the revival time, the,5n
21 component has zero population, even though the ave
angular momentum is a maximum.

Alkali-metal atoms behave similarly to hydrogen, exce
for low-, components for which quantum defects are n
negligible. These low-, states are separated from the rest
the Stark manifold. During angular momentum evolution, t
low-, components are relatively ‘‘conserved.’’ As an e
ample, we calculated the wave packet evolution in a lithiu
atom generated by exciting the atom from the 3p state to the
n525 manifold using a Gaussian pulse. Since the pulse
ration is much smaller thantang , the angular momentum
components of the wave packet are frozen during the exc
tion; so the initial wave packet contains onlys and d com-
ponents. As Fig. 2~a! shows, the probability of the low-,
components, which do not mix with the other, states, never
goes to zero. The evolution of the,510 component is illus-
trated separately in Fig. 2~b! and is representative of th
intermediate, components. The evolution of high-, states is
shown in Fig. 2~c!, and this shows the wavelike behavio
described in the previous paragraphs.

In a wave mechanical view, each Stark eigenstateunk&
carries all, components. The coherent evolution of the wa
packet leads to the constructive interference between som,
components and the destructive interference of others, w
leads to the evolution of angular momentum in Stark wa
packets. By a coherent superposition of the Stark eigenst
it is possible to produce a high-purity high-, state, which
leads the discussion in Sec. III.

III. PRODUCING ARBITRARY HIGH- ø STATES

General laser excitation schemes which excite from lo
lying low-, states with only a few photons are limited
low-angular-momentum states by angular momentum se
tion rules. Making high-, Rydberg states is challenging. Th
key is to break the spherical symmetry of the Coulomb p
tential, thus causing the evolution of angular momentu
Most schemes to make high-, states are based on this prin
ciple. For instance, the adiabatic rf dressing method@17# uses
a rf field to break the symmetry and adiabatic passage
evolve the angular momentum to the desired value. T
crossed fields method@18# employs both electric and mag
netic fields to break the symmetry. In the strong-laser ex
tation scheme, the fast oscillating laser field breaks the s
metry by causing ac Stark shifts and consequent ang
momentum evolution@19–21#. A recent report demonstrate
control of low-angular-momentum composition, rooted
symmetry breaking by quantum defects@22#. These schemes
are not generally able to achieve a full control of angu
momentum composition, although some of them can prod
particular states such as circular states with high probabi
Here, we present a general scheme to makearbitrary angular
momentum states within a certain range, even those w
nearly pure high, in particular circumstances, by a pair o
phase-locked laser pulses.

In Sec. II, we saw that each, component is significan
once or twice in a full revival period~see Fig. 2! with rela-
5-3
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FIG. 2. The dynamics of angular momentum evolution in t
n525 manifold of lithium atoms in a dc electric fieldF
5150 V/cm. The initial state is the superposition of 25s and 25d
states after the excitation from the 3p launch state.~a! The popula-
tion of low-, states where quantum defects are not negligible;~b!
the population of,510 states;~c! the population of high-, states.
05340
tively low population. This can be understood using the f
lowing analysis. A particular, component dominates a
times tang1t and tang2t. The time-dependent wave func
tion at these times can be written as

uC~tang6t !&5eiv0tanguC~6t !&. ~13!

Also,

A,~tang6t !5^,uC~tang6t !&5eiv0tang(
k

ck*
,ake

7 ivkt

~14!

5eiv0tang(
k

ck*
,ake

7 i (v01kDE)t ~15!

5eiv0(tang7t)(
k

ck*
,ake

7 ikDEt. ~16!

For Stark states, the energies are symmetrically split aro
v0. So for everyk term there is an opposite2k term and
C2k equalsak since all the excitations we have consider
are Gaussian. Also, the, components of the downhill state
are equal to the, components of the uphill states, i.e.,c2k* ,

5ck*
, . This explains why we see a symmetric revival of,

states within each angular momentum period. This also s
gests that the control scheme may not work in some case
which C2ka2k* , is not equal toCkak*

, .
High population for the target, may be obtained by en

hancing the probability of the target, at the expense of othe
, components. We can do this via wave packet interferen
If the overall phase between two identical, time-delay
wave packets is chosen properly, constructive interfere
occurs for the target, and destructive interference for othe
, states, leading to significant enhancement of the targe,
population. For maximum effect, the second laser pulse m
excite the second wave packet at a specially selected d
time t such that the target, dominates in both wave packe
at time t. We start with the initial state as

uC~ t !&5(
,

b,~ t !un,&, ~17!

whereb,(t)5(kcnke
2 iwnktan,*

k . After a delay timet, a sec-
ond wave packet is excited with an overall phase differe
d from the first. Therefore, the final wave packet at a tar
time t can be written as

uC~ t,t,d!&5(
,

b,~ t !un,&1eid(
,

b,~ t1t!un,&.

~18!

We assume that only a small amount of population is exc
to the Rydberg series and the ground state always has al
unity population. Thus, up to a normalization factorN(t,d)
for Rydberg series, the probability of the, component is

P,~ t,t,d!5
ub,~ t !1eidb,~ t2t!u2

N2
. ~19!
5-4
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We can illustrate this method with the previous example
an n525 lithium wave packet consisting of onlys and d
components initially. The target is a pure,510 state. Figure
2~b! shows that there are two peaks of the,510 population
within one angular revival period. We label the peak at tim
t2tang as peak1 and the peak at timet1tang as peak2.

After generating the first wave packet, peak2 appears at
t581.76 ps. The second wave packet is excited after a d
of t551.12 ps so that its peak1 can be expected at the sam
time of t581.76 ps. The two wave packets interfere w
each other to enhance or suppress the,510 components a
this target time, depending on their relative phase.

In the pulse-interference plot@Fig. 3~c!#, the ,510 com-
ponent stands out from its neighbors with normalized pr
ability 0.52 at target time. We can perform a search to id
tify the value of d that leads to maximum constructiv
interference for,510. In a three-dimensional~3D! plot of
t, d, and P10 ~Fig. 4!, the probability of,510 varies as a
function of d. By changing the relative phased, we can
achieve a good amount of control over generating hi
angular-momentum states.

In the discussion above, the delay timet is fixed at the
value suggested by the revival pattern for the designate,.
Is it possible to achieve better enhancement of the targ,
with a different delay timet? To help answer this question
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FIG. 3. The scheme to produce high population for,510 state
in lithium Rydberg wave packets.~a! The single wave packet evo
lution; ~b! the second wave packet evolution, which is generate
time delayt with relative phased; ~c! the population of,510
stands out compared with its neighbors (,58,9,11,12) at the de-
signed observation timet581 ps.
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we performed a search for the optimal values oft, d, andt.
The conclusion is that for two pulses the optimal time de
is indeed the one suggested by the revivals. The presenc
at least two revival peaks for the target, is critical. No
enhancement is possible for two pulses separated bytang ,
since then the two wave packets are identical up to an ove
phase. Therefore the normalized population of the targe,
can only be the same as that in the single pulse case.

In this simple two-pulse scheme to produce high-, states,
the maximum probability for target states depends on
strength of the two revivals. Most of the high-, components
in the lithium wave packets forn525 can be enhanced t
around 0.5 probability; but the maximum population of t
,524 ‘‘circular’’ state ~i.e., ,5n21) is only 0.17, since the
peak amplitudes in one wave packet are quite low. Howe
this failure to produce a high-purity,5n21 state is not a
general feature of this scheme. For instance, consider an
tial n57 state in hydrogen containing only a pures compo-
nent excited att50. The maximum probability for,56
during the angular momentum precession is 0.63. Whe
second wave packet is launched at delayt515 ps,F
5500 V/cm, with relative phased51.6755 rad, we find tha
at observation timet596 ps, the wave packet,56 compo-
nent peaks with probability 0.97.

This process of producing arbitrary angular moment
states can be written in the formalism of wave packet int
ference control. Our aim here is to start from a superposit
of Stark states that gives us the initial angular moment
state and produce a specific superposition of Stark states
gives us a different angular momentum state. That is,
initial stateC i5(kCkuk& must be transformed to a differen
stateC f5(kDkuk&. The initial wave packetC i is normal-
ized to 1, i.e.,(kuCku251. When two such wave packet
with a time delayt and a relative phased interfere with each
other, the wave packet at a target timeT is written as

uC f~T!&5uC i~T!&1eiduC i~T2t!& ~20!

at
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FIG. 4. A 3D plot of t, d, and probability of,510, in which
the delay timet is fixed.
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5(
k

~11ei (d1wnkt)!Cnke
2 iwnkTunk&. ~21!

The normalization constantN is a function of botht andd:

N25^C f~T!uC f~T!&52(
k

@11cos~d1wnkt!#uCku2.

~22!

The normalized wave function at timeT is written as

uC f~T!&5
1

N (
k

~11ei (d1wnkt)!Cnke
2 iwnkTunk&. ~23!

The terme2 iwnkT is simply the phase evolution. The popul
tion in thekth eigenstate is given by

uCk~T!u25
1

N2
2@11cos~d1wnkt!#. ~24!

One necessary condition to produce the appropriate, is to
make uCku2 equal to uDku2 for every k. This is a
k-dimensional optimization problem, which does not hav
simple solution. However, we may set some limits on
controllability of , states. Whent5mtang and d52pn,
then, as we said before,Ck(T)5Ck , and we get no enhance
ment. uCk(T)u2 can take a range of values between 0 a
(4/N2)uCku2. If the populations of the componentsuDku2 of
the target angular momentum state lie within this range, th
is a possibility that the desired angular momentum state
be produced.
r.
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v.

e

ys
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In the experiments described in Ref.@22#, arbitrary low-,
(s andd) wave packets in alkali metals can be created si
they can be resolved spectroscopically, and their individ
phases can be manipulated. However, that scheme cann
used to produce arbitrary higher-, states, which do not have
a quantum defect. In our scheme, we are able to produce
, state, albeit not with 100% probability. This is a contra
between coherent control in the frequency domain ver
wave packet interference control.

IV. CONCLUSIONS

In conclusion, we have studied the dynamics of angu
momentum in Stark wave packets in alkali-metal atoms.
propose an experimental scheme to control the angular
mentum composition. Phase-locked laser pulses are
ployed to excite two Rydberg wave packets separated b
delay timet, which interfere with each other constructive
to produce a target, state at a desired time by choosing t
proper phase differenced. Using this technique, even high-,
states can be created. It is well known that the measurem
of high-, Rydberg states is challenging. We are investigat
several schemes to perform this measurement.
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