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Harmonic generation by atoms in circularly polarized two-color laser fields
with coplanar polarizations and commensurate frequencies
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The generation of harmonics by atoms or ions in a two-color, coplanar field configuration with commensu-
rate frequencies is investigated through both an analytical calculation based on the Lewenstein model and the
numericalab initio solution of the time-dependent Scdinger equation of a two-dimensional model ion.
Through the analytical model, selection rules for the harmonic orders in this field configuration, a generalized
cutoff for the harmonic spectra, and an integral expression for the harmonic dipole strength are provided. The
numerical results are employed to test the predictions of the analytical model. The scaling of the cutoff as a
function of both one of the laser intensities and frequency ratas well as entire spectra for differeptand
laser intensities are presented and analyzed. The theoretical cutoff is found to be an upper limit for the
numerical results. Other discrepancies between analytical model and numerical results are clarified by taking
into account the probabilities of the absorption processes involved.
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I. INTRODUCTION rules arise when also excited states are taken into account
[7]. Let us now turn to the actual target and field configura-
The possibility of obtaining high-frequency radiation tion examined in the present paper, namely, the situation of
through the interaction of a laser field and an atom is a topi@n atom(or ion) in a circularly polarized two-color laser field
that has been extensively addressed during the last two déf frequenciesw and »w with 7 being a positive integer
cades from both a theoretical and an experimental point ofumber, and coplanar polarizations. In the case of counterro-
view (see Ref[1] for recent reviews Harmonic generation tating electric-field vectors the I—!amlltqman is invariant un-
from sources other than atoms, such as linear molegales der the same symmetry operatioh) with N replaced by
fing moleculege.g., benzend3,4], nanotube$s], and plas- 7+ 1. The polar coordinates and ¢ are with respect to the
mas[6] have been also investigated. polarization plane now. In the case of corotating electric-field
From the invariance of the Hamiltonian under dynamicalvecfot\orSN hasllto t?e rteplac??hby—ll. i is the fact
symmetry operations, selection rules for harmonic generatio;Ehat Cvi?rf) ipnec?elggsineg? lijree %um% esreo?(i:olr?g org??e:qsu en?:yar;ti o
can be elegantly derive[B,7]. It turns out that apparently -

; . : . . 7 of the two laser fields, respectively, less harmonics are emit-
very different target and field configurations yield selectmnted within a fixed frequency interval. This filtering effect

rules of the same type. Let us consider, e.g., a ring moleculg,ay e accompanied with more efficient emission of har-
with Nions(e.g.,N=6 in the case of benzen@ a circularly  monics at short wavelengths which are of interest in spectro-
polarized laser field of frequenay. The electric-field vector scopic applications, for instance.

lies in the plane that is spanned by the molecule and which Harmonic generation in two-color fields has been studied
we parametrize through the polar coordingteand ¢. The  both experimentally8] and theoreticallf9—11].

corresponding Hamiltoniatwith the laser interaction taken  The present paper is organized as follows. In Sec. Il the
in dipole approximationis invariant under the dynamical theoretical modeling proposed by Lewenstetral. [12] for

symmetry operation harmonic generation in the case of an atom interacting with a
single linearly polarized field is extended to the two-color

R 2w 2m configuration, and several expected features of the harmonic

Pn={p—=p.o—¢t W*tﬂm : @ spectra are deduced, among them the scaling of the cutoff

and the dependence of the relative dipole strengths within a
From this invariance it follow§3,7] that only harmonics of ~Certain harmonic couplg. In Sec. Il ab initio numerical
order results obtained through the integration of the time-
dependent Schdinger equation for a two-dimensional
n=gN+1, gel, (2)  Model ion are presented and compared with the predictions
by the analytical model. Finally, a conclusion is given in Sec.
can be emitted. The harmonic radiation is circularly polar-'V- . .
ized and subsequent harmonics are alternately clockwise and Atomic units(a.u) are used throughout the paper.

counterclockwise polarized. More complicated selection Il ANALYTICAL THEORY

A theory of harmonic generation should answer mainly
*Electronic address: ceccherini@df.unipi.it two fundamental questiong) which harmonics are emitted
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and (i) what is the intensity of the harmonics as a functioncontinuumv(r) plays no role and the electron is treated like
of the laser and target parameters. These questions have begfee particle in the laser field, that is, as a Volkov wave; and
addressed in Ref12] for the case of an atorfin the single-  (jv) contributions from continuum-continuum transitions to
e|eCtI’0n approximatidl’interacting Wlth a Iinearly polarized harmonic generation can be neg|ected_
laser field(in dipole approximatioh In a similar approach, For fields(3) and(4), the general expressidh) evaluated
the more general and more complicated case of eIIiptica1lOr eg n=e.  reads
polarization was studied in Reff13] (single coloy. The el- T X
liptically polarized two-color field was addressed in Hé#| t ..
but the discussion of the cutoff law as well as the presenta—X(t)=if dt’f d3p[Ex(t")dy(p—A(t")+E,(t")
tion of the numerical results were restricted to linear polar- 0
ization there. Here, we focus on the case of two laser fields
with circular polarizations and arbitrary integer frequency
ratios and compare carefully the model predictions vaith
initio numerical simulations.

The electric field caused by the two lasers of frequency
w1=w and w,= npw is assumed to be m

Xdy(p—A(t))]d} (p—A(t))exd —iS(p,t,t')] (8)

(“ +c.c.” is suppressed from now @n

The integration over|5 is performed approximately by
eans of the saddle-point method, assuming that the major
contribution to the integral is given by stationary points of

- : ; ; soast st ;
E(t)= (Ex(1),E,(t),Ex(t)) the classical action, i.e, the poins', py that satisfy
= (E,cog wt) + E,Ccoq nwt), E;sin( ot) V;S(p,t,t')=0. 9
—Ezsin(gwt),0), (3 One finds

where E; and E, are the amplitudes of the first and the E

second laser field, respectively, and the dipole approximation pi‘(t,7)= _21{(;05( wt)—cod w(t—7)]}

is applied. The two fields are oppositely polarized and copla- ©°T

nar. The case of corotating electric-field vectors will be dis-

cussed later on. The vector potenti(t)=— ['E(t')dt’ + E. {cog not)—cod no(t—7)]}, (10)
reads 7wt ’

A(D)= (A1), Ay(1),AL(1)) t E, , E,
p;(t,r)z —z{sm(wt)—sw[w(t— T)]}—T{SIH( not)
E, . E, . 0T nw°T
= —| —sin(wt) + —sin( ywt),

o nw —sin no(t— 7)1}, (11)

E E . . .
- —lcos(wt)+ —2cos( nwt),0]. (4 wherer=t—t’ is the electron’s “travel time.” Introducing
w nw the stationary action

Our starting point is the dipole moment along the direc-

tion n as it is calculated in the Lewenstein modef. Eq. Sst(t,r)zs(ﬁst,t,t—r)zf
(10) of Ref.[12]]

t [ [psft,7)—A(t")]? .,
Bt ROR

(12

t - - - - - - - -
Xﬁ(t):ifodt’J dpn-d* (p—A(t))E(t")-d(p—A(t')) with pg=(p5',p$'0) we obtain, after the saddle-point inte-

>

gration overp,

t—7

xexd —iS(p,t,t")]+c.c. (5) ) "
Here, X(t)zifO dr T exd —iSg(t,7)]
d(p)=(plr|0), (6) X d¥ (Pl t,7) — A()) Ex(t— 7)dy (Pt 7) — A(t— 7))
and the actiorS(p,t,t’) is given by +Ey(t—7)d,(pst, 7) — A(t—7)]. (13)
. t{[p—At"]? The factor with infinitesimalk in Eq. (13) comes from the
S(p,t,t') = Jt,(THp)dt"' (7 regularized Gaussian integration ofmr It expresses quan-

tum diffusion of the released wave packet and damps away
In order to arrive at expressigb) several assumptions have contributions from timesr much larger than a laser cycle,
been made in Ref12]: (i) among the bound states only the allowing for the extension of the integration to infinity
ground state plays a role in the evolution of the systéin; [12].
the depletion of the ground state can be negledied;n the The stationary actiofil2) can be written in the form

053402-2



HARMONIC GENERATION BY ATOMS IN CIRCULARLY . .. PHYSICAL REVIEW A68, 053402 (2003

4r T T ] 1.5 T T

n=1 j i n=2

0.5

0.0

0 1 2 3
0.8 T T
n=4
0.6 «
0.6 | [
0.4
0.4F I
H 0.2f
0.21 I
0.0l 0.0
0 1 2 3 0 1 2 3
wt /27

FIG. 1. The functiorC,(7)/U is plotted forp=1,2,3,4. Forp=1 the maximum energy gain is, as expected, 8117 for higher » the
maximum energy decreases.

Si(t,7)=Cy(7)+Cy(7)cod (n+ 1) w(t—7/2)], (14) AEy (6,7 = Ex(t)— Exn(t— 1) = &Ssg’;[, 7)

whereCy(7) andC4(7) are given by

) 2t— 71
=—(77+1)wCl(T)SIF{(7]+1)w( 5 )
2
1

Co(r)=lp7+ [Pw?—2+2codTw)] (17)
20T
E§ The value of the maximum energy gain is equal to the maxi-
T [7°T°w?—2+2cogp7®)], (15  mum of the functionCy(7)=(7+1)w|C,(7)|. Note that
meT C,(7) depends on the product of the two electric-field am-
plitudes only. If one of the two fields vanishes the resulting
4E,E, 2E,E, electric field is a pure circularly polarized field and, as ex-
Ciy(n)=—sinwr2)sipwr/2) - ————— pected, there is no possible energy gain and therefore no
7T n(ntlo harmonics are emitted.
xsi (n+1)7/2]. (16) We introduce
Expression(14) for the quasiclassical action is very useful U =5 = 18
and interesting. The time dependence is given by just one w2 (18)

term and through only one effective frequency which ig (

+1)w. This is consistent with the selection ruig »+ 1) ] ) o ]

+1 obtained previously. Taking=1 andE,=E,=E/2 the which, for linear poIarlzatlon anE_lz E2=2E/2,2 yleld§ the

coefficientsCo(7) andC,(7) calculated in Ref[12] for the ~ Well-known ponderomotive potentiél, = E“/4w". In Fig. 1

single linearly polarized field are easily recovered. the functionC,(7)/U is plotted for»=1,2,3,4. Writing the
As the semiclassical action is the integral over time of themaximum energy gain aAErk?r?X:y,,U one obtains fory

kinetic energy, an expression for the energy gain of the elecbetween 1 and 5 the valueg=3.17, y,=1.28, y3=0.91,

tron is obtained by derivingg(t, 7) with respect ta: v4=0.67, andys=0.52.
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By expanding a part of the integrand in E43) in Fou-
rier components,

d% (psft, 7) — A1) Ex(t— 1) dy (Psf(t, 7) — A(t— 7))
+Ey(t—7)d,(ps((t,7) —A(t—7))]
—E bu(7)exp —iM wt), (19)

the dipole projectiorx(t) becomes

x(t)=i% foxdf

Xexgd —iCq(7)]exp[iC,(7)cog (n+1)
Xw(t—1/2)]}.

3/2
by(7)exp —iM ot)

T
e+iT/2

(20

In the case of an infinite laser pulse the coefficidnj$r)
are nonzero only forM=-1+A,1+A,—»+A, and
»+A, with A=m(»+1) and meN. This can be easily

obtained by writing down the dipolé( 5) for a hydrogenlike
ion [15]. Moreover, one can see thdy, (7)| decreases very

PHYSICAL REVIEW A68, 053402 (2003

iy
e+iTl2

312
) exd —iCo(7)]

—ig+1
Xg(n+1)+1=1° fodT

xexdig(n+1)wr/2]{b;(7)I4(Cy(7))
+iexdi(n+1)w/2]b_,(7)dg+1(Ci(7))},
(23

32
exp —iCo(7)]

oo
—ig+1
Xg(n+1)-1=1° fo dr

xXexgig(7+1)wr2{b_1(7)J4(Ci(7))

—iexdi(7+1)wr/2]b,(7)Jg-1(Ci(7))}.
(24)

e+it/2

By virtue of Egs.(23) and (24) it is seen that the selection
rule (2) with N= »+1 is automatically recovered. Note, that
Egs.(23) and(24) are made up of two terms, one common
(apart for coefficients which are the complex conjugates of
each otherproportional taJy, and one proportional tdg , ;

for Eq. (23) and to Jq_; for Eqg. (24). The coefficients

rapidly with increasingm and the leading terms are those by(7), to be calculated from Eq19), are functions of the
with m=0. Making use of a few variable changes and per-two laser fieldsE; and E,. In the limit E;<E, one has

forming a Fourier transformation,

7l @

Xk=(12m) [T 2 dix(t)expiK wt)
yields
Ay 2 J 6+|7/2>3/2b77M4('1) XK= M)wri2]
Xexd —iCoq( ]J'(”H)W/w dtex;{i(K_M)wt
(n+ 1)l 7+l
X exdiC(7)cog wt)]. (21

The integration ovet is zero unlessk—M)/(n»+1) is an

b.,(7)<b. ,(7) while E;>E; impliesb. ,(7)>b. (7). It
follows that the intensities of the two harmonics
g(»+1)*1 in a coupleg are expected to be different for
E,<E, while they converge to the same value ®>E.,.

IIl. NUMERICAL SIMULATIONS

The numerical simulations were performed by integrating
the time-dependent Schtinger equation on a two-
dimensional(2D) grid. Reducing the grid to 2D allows one
to run simulations quickly on every modern PC and is not
expected to introduce qualitative modifications to the phe-
nomena we are interested[ib6]. This is particularly true for
the specific configuration we are investigating here. In fact,

integer. In this latter case with the help of the Bessel funcboth the electric-field vectors of the laser as well as the tra-

tions of integer orded,(z) and taking into account that
jw eiz cos(o)einod 0=2i an(Z)
one obtains

xK—|2f

Xexd —iCo(m)Ji ™MDy 1)(Ca(7).
(22

312
e ,2) by (7)exili (K= M)w /2]

Given (K—M)/(n+1)=g with ge N and considering the
possible values dil one finds thaky is different from zero
for K=g(n+1)+1 andK=g(»+1)—1. In the first case
the contributing terms are those withl=1+A and M
=—n+A while in the second case they are those with
=—1+A andM=n+A. Hence,

jectories underlying our analytical calculation of the maxi-
mum energy gain lie in the plane that is represented by the
2D numerical grid. In the direction perpendicular to that
plane the electron wave packet merely spreads. This spread-
ing is not expected to strongly affect the fundamental prop-
erties of the harmonic generation spectra such as the cutoff,
for instance.

In polar coordinatesd, ¢), length gauge, and dipole ap-
proximation the time-dependent Sctiager equation under
study reads

'0\1f( 0 19 1 & 072 Valp)

I_ L 1 = T 5 T ST 5

gt P 2000 202092 022 27
+sir?(O1)[E,p cog ¢ — wt)
+E,pcodo+ got)]|V(p,e,t), (25
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Harmonic order

FIG. 2. Harmonic spectra foy=3 and»=>5. Both spectra have the structure expected from the selection rules. Additional lines between

20 30 40

the 15th and the 30th harmonic are due to the population of excited states. The electric fiélgds @r&6 andE,=0.13.

where the two laser pulses have a duratica7/® and a
sine-square shap¥®,(p) is a “soft-core” 2D potential given
by

(26)

(44
Va{P):—W-

The parametera and 8 can be tuned in order to adjust the
ionization energy and the “smoothness” of the potential. In
our simulations we used=2.44 and3=0.20. These values
provide an ionization potential df,=2.0, i.e., the one of
real He". The fundamental laser frequenay was chosen
0.027 and the pulse length was= 12 600, corresponding to
126 cycles of the frequenay=1.7 eV andT~300 fs.

Although the details of the model potential do not play a
significant role, at least on a qualitative scale, it is useful to
know the level scheme in order to understand resonances
observed in the numerically obtained harmonic spectra. With
the chosen parameters the lowest four excited states have
energies (1,=0.985, 0,=1.375, (Q3=1.548, and O,
=1.592.

In Fig. 2 we present examples of harmonic spectra ob-
tained by Fourier transforming in time the expectation value
(X(t))=/fdpdep¥* (p,¢,t)p coseV(pet) and plotting
the square of the resulbereatfter called dipole “strength.”

As expected, the structure of the spectra follows the selection
rule, confirming the filtering effect, i.e., the number of har-
monics present in a certain frequency range decreases with
increasing ». Additional lines of small intensity are also
present. Those lines are due to either decays from excited
states which are populated during the laser pulse or recom-
binations of the electron with states different from the
ground state. Such phenomena are also present in the inter-
action between a laser field and a circular molecule and are
extensively discussed in R€f7]. These extra lines can be

shifts because of the dynamical Stark effect.

Harmonic order
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4 Gl / FIG. 3. Highest observable harmonic as expected from the
particularly useful for deriving information about energy | ewenstein-type model (*) and from the numerical simulations
(+) for different values ofy vs the electric-fieldE,. The electric-

In order to verify the analytical findings discussed in thefield E, is constantE,=0.16. With this particular laser intensity
preceding section a series of numerical simulations haveéhe agreement between the two curves is goodifers.
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FIG. 4. Harmonic spectra for
different values of». Diamonds,
n=2; triangles, »=3; and
squares,n=4. The laser fields
were E;=0.13 andE,=0.16. In
all the three cases the harmonic
spectra show a similar structure.
The conversion efficiency in-
creases withy.

Strength [arb. units]

20 40 60 80
Harmonic order

o

been performed. In particular, given a fixed value g, a  tension of the numerically obtained spectrum is less than the
series of simulations have been run for differEatand . In expected cutoff. By choosing other laser intensities it is pos-
Fig. 3 the order of the highest harmonic, obtained from thesible to have the good agreement for, exg= 3 instead of
maximum energy gairy,U, is compared with the order of 7=5. However, the set of plots in Fig. 3 demonstrates that it
the highest harmonic resolved in our simulations. The noisés possible to obtain harmonic spectra with significant exten-
level of our simulations is about 15 orders of magnitudesion even though the laser parameters are not precisely opti-
lower than the signal of the fundamental frequefsse, e.g., mized. Note that in Fig. @) the highest observable harmonic
Fig. 2. The interpretation of Fig. 3 is not straightforward andin the numerically obtained spectra is slightly greater than
requires some discussion. Because of angular-momentuthe predicted cutoff. This is also well known from the lin-
conservation, in the two-color scheme with opposite polarearly polarized case and can be attributed to the fact that in
izations the emission of a harmonic is possible only wherthe analytical calculations it is assumed that the electron is
IK,—K,,/=1, whereK, andK,,, are the number of pho- born and recombines exactly at the origivhere the nucleus
tons absorbed from the first and the second laser, respers located. Allowing for offsets from the origin also yields
tively. Therefore, in order to achieve an efficient harmonicharmonics beyond the calculated cutoffs.
emission, it is required to find a regime of frequencies and Another feature that should be noted is the asymptotic
field intensities where the absorption Kf, andK,, pho-  behavior of the highest observable harmonic order in the
tons, respectively, has a reasonably high probability. It fol-numerical simulations. Increasing the electric-field amplitude
lows that the extension of the harmonic spectrum, as prek,, the probability of absorbing a certain number of photons
dicted by the analytical calculation, plays the role of anK from the first laser increases. However, the emission of
upper limit. In fact, the analytical calculation in the preced-high harmonics requires not only the absorption of many
ing section does not incorporate the actual absorption prgshotonsK from that laser but also the absorption kft 1
cesses and their amplitudes, but the electron is rather “put bphotons from the other laser. This second part of the process
hand” into the continuum. This is the same for the well-is the real constraint. In fact, in Fig. 3 the value Bf is
known case of a single linearly polarized laser where wealways constant and the probability of absorbiagphotons
have the predicted cutoff d{,+3.17J,. However, this is decreases very rapidly witK and cannot be compensated
verified only if the laser frequency and intensity are choserwith the increase of the probability of absorbikKg-1 pho-
within proper ranges so that the laser frequency is muclions from the first laser. The same effect can be observed by
smaller thanl,, and the ponderomotive energy is compa-looking at low values ofE; in Fig. 3. Here it is the low
rable or larger that, . probability of absorbing photons of frequeneywhich sup-
Finding the combination of laser parameters which yieldspresses the harmonic generation. Summarizing, one can state
the most efficient harmonic generation is not straightforwardthat the agreement between theory and simulations is good
However, a first hint about the most promising region inwhen the absorption processes of ordgy+(y,U)/(7+ 1)
parameter space can be obtained by considering the absorp-1 have a reasonably high probability footh laser fields.
tion processes from the two lasers as independent. The three The intensity of the emitted harmonics plays, of course, a
plots of the cutoff versus field amplituds,, shown in Fig. 3, key role in harmonic generation. Finding a configuration
were calculated for fixedE,=0.16 and different frequency which enhances the efficiency of harmonic generation is im-
ratios »=23,4,5. The agreement between numerical simulaportant for possible applications because it may allow one to
tions and analytical calculations is particularly good fpr use less intense lasers for obtaining a desired radiation inten-
=5 but less satisfactory fop=3 and =4 where the ex- sity. In Fig. 4 the spectra obtained with three different values
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FIG. 5. Harmonic spectra for
different values of the electric-
field E,. Diamonds, E,=0.06;
triangles,E,=0.13; and squares,
E,=0.18. Th electric-fieldE; is
constantE;=0.13. With increas-
ing value of the electric-fiel&, a
“plateaulike” structure in the
spectrum appears.

Strength [arb. units]

0 20 40 60 80 100
Harmonic order

of » are compared. The harmonics in the-4 spectrum are Another feature predicted by the analytical calculations in
significantly more intense than those obtained witkr2  the preceding section is the intensity of the two harmonics
over a wide range of harmonic orders, although the scaling(7+1)=*1 of a coupleg with respect to the two laser in-
of the theoretical cutoff, i.e., a decreasing cutoff order withtensities. From Eqg23) and(24) it follows that the intensi-
increasings,, may suggest that the opposite should be trueties of the two harmonics should be very different for
However, our version of the Lewenstein model yields onlyE1<E and should become very close f6;>E,. In Fig. 6

an upper limit for the cutoff. The fact that higheris favor-  the dipole strengths of the two harmonics in the couple
able here can be understood considering that given a certafi2 &re plotted versu, for »=3 andy=5. The numerical

harmonic order, the number of photons required for the emis/€Sult clearly confirms the expected behavior. All the har-
sion is inversely proportional tor{+1), and a lower-order monics in Fig. 6 are obtained through the absorption of two

absorption process ior the laser parameters chosenore ~ Pnotons from the second laser. We have chosen those couples
. : because the total absorbed energy is below the ionization
likely than a higher one.

; . energy and resonance or interference phenomena play a mar-
So far, only harmonic spectra for a given value of the 9y P play

- . : inal role.
electrlc—_fleld E, have been d_lscussed._ln Fig. 5 we presenlg At low intensities it is possible to consider the absorption
three. difierent spectra Obtamed for different fielg an.d from the two lasers as two distinct processes. Therefore we
keepingE, constant. Whe_rEz IS low only a few harmonics can write the probability’ (K, ,K,,,) for the overall process
are present. With increasing fielf}, the spectrum assumes a K
plateau structure. Increasirigy further leads to violent ion-

ization and, thus, inefficient harmonic generation. (K, ,K,,)=T(K,)T'(K,,). (27

1075 1075 T T T T

— 7th 11th

=

g 107101 ] m—wo; 13th ]

5 9th

—

=,

e

= L I

200151 . 107151 .

[ J L

=

~ =3 ] j =3
107207 I I | | ] 107207 | | | |

0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 0.25

Electric field E; [a.u.]

FIG. 6. Behavior of the two harmonics belonging to the second couple vs the laser inEensiy=0.13 was held constant. While the
7th harmonic forp=3 and the 11th harmonic faj=5 are given by the absorption of two photons from the second laser and one from the
first laser, the 9th harmonic faj=3 and the 13th harmonic faj=5 are generated by the absorption of two photons from the second laser
and three from the first one. As expected from the Lewenstein model, with increasing intensity of the electEg;ftbkl strengths of the
two lines of each couple become closer.
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@
e}

FIG. 7. Dipole strength of the two harmonics no. 9 and no. 11  FIG. 8. Harmonic spectra for opposite and same polarization of
of the second coupler{=4) vs the electric-field,. The amplitude  the two laser fields withy adjusted in such a way that the same
E,=0.13 was held constant. All the points are aligned alongselection rule 4=1 holds. With =3 (diamond$ the two laser
a straight line on the log-log scale. The slopes are 2 and 6fields have opposite polarization, while faey=5 (triangles the
corresponding to the absorption of one and three photons, respegolarization is the same. While the emitted harmonics are the same,
tively. the intensity(apart from effects due to resonancéssignificantly
higher in the case where the laser fields have opposite polarization.
The electric fields ar&;=0.16 andE,=0.13.

In terms of the generalized cross-sections and ok,, One

has

oK oK and two orders of magnitugleGiven a certain harmonic,
I'(Ky Kyo) =0k By 2ok, B (289 the relative intensities can provide useful information for fur-

ther investigations about the absorption and emission pro-

Note that in contrast to the single, linearly polarized lasefzegges.

field where thenth harmonic perturbatively scales with the

nth power of the laser intensity here, in the two-color case,

this is not true. Given, for example, thg(»+ 1)+ 1]th har- v
o . . . . CONCLUSION
monic, it scales with theg+ 1)th power of the intensity,
and thegth power of the intensity,. Consequently, by plot- We have investigated the generation of harmonics by at-

ting double logarithmically the intensity of a certain har- oms or ions in the two-color, coplanar field configuration for
monic versusE, or E, one expects a straight line, the slope different values of integer frequency ratio and different laser
of which yields information about the number of photonsintensities. Through an analytical calculation based on the
absorbed from that laser. Instead, if no straight line is o0b{ ewenstein model, the selection rule for the harmonic orders
tained, the factorization of E§27) is not valid. In Fig. 7 the i thjs field configuration, a generalized cutoff for the har-
low-intensity region of Fig. @) is plotted on a log-log scale. monic spectra, and an integral expression for the harmonic
We see that all the points are indeed aligned along Stra'gmipole strength have been calculated.

lines so that E_q(27) is an apceptaple apprqximati_on f[here. Numerical ab initio simulations of a two-dimensional
H(_)vyever,.movmg toward; hlg_her f|elq amplitudes in Fig. model ion subject to the two-color, coplanar field configura-
6 itis obvious that approximatiof27) will soon break down. tion were performed. The numerical results did not suffer

Finally, let us briefly discuss the case where the two IaseF ) . : :
' . o .“from the various assumptions made in the Lewenstein model
fields have the same circular polarizations and the selectlogmd therefore served as an imoortant benchmark for the the-
rule g(»—1)=1 holds[7]. In order to achieve energy and tical predicti P
angular-momentum conservation in the emission process of yetical predictions.

certain harmonic, the absorption @fphotons from one field Th? scali_n_g of the cutoff as a fu_nction of both, .one of the
has to be accompanied by the emissiorgaf1 photons of laser intensities and frequency ratjoas well as entire spec-

frequency equal to that one of the other laser fig1@].  tra for different and _Iaser intensities were presented and
According to the selection rule, a frequency ratig=>5 analyzed. The theoretical cutoff was found to be an upper
in the corotating configuration provides a spectrum withlimit for the numerical results. The theoretically predicted
the same harmonic orders present as wjth3 for counter-  relative strength of the two harmonig¢»+1)*1 in a cer-
rotating electric-field vectors. The two spectra are showrain coupleg=1,2,3 ... when one laser is much more in-
in Fig. 8. We see that in the region around harmonic ordetense than the other was confirmed by the numerical simula-

n=50 (off all resonancesthe intensity of the harmonics tions. The dipole strength of the harmonics in general
in the corotating case is significantly lowébetween one increase with increasing although the scaling of the theo-
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retical cutoff, i.e., a decreasing cutoff order with increasing
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