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Time-dependent coupled-channel calculation for elastic scattering of positrons by hydrogen atom
and helium ions
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We investigate elastic scattering of positrons by hydrogen atoms and helium ions using a time-dependent
coupled-channel~TDCC! method. Phase shifts are calculated with the time-energy Fourier transform of a wave
packet. Numerical accuracy of the TDCC method is demonstrated forS-, P-, and D-wave scatterings by
hydrogen atoms. For helium ions, we examine the low-lyingS-wave resonances with a broad width recently
predicted in variational eigenenergy calculations. However, resonancelike behaviors are not discernible in the
S-wave phase shift for the ground-state target.

DOI: 10.1103/PhysRevA.68.052715 PACS number~s!: 34.85.1x
ys
e
ut
ia
nc
g
an
tio

s
un
no
ic
h

.
n

s
le

rb

t
si-
in

om
re
ou
s

d
m

m

e of
pite
ith

a
be-
as

a

r
er-
ura
so-

ed by
. In
od,
.
d-
ex-

nd

osi-
CC
n-

ou-
by
e

I. INTRODUCTION

Recently, a time-dependent coupled-channel~TDCC!
method@1# has been developed for Coulomb three-body s
tems, where a wave packet propagates in space and tim
this method, plenty of open and closed channels are a
matically incorporated by numerically describing the rad
wave functions without introducing overcomplete basis fu
tions for the total wave function. Because of this advanta
the TDCC method has been successfully applied to m
atomic processes: electron-impact excitation and ioniza
@2,3#, autoionization@4#, photoionization@5#, dielectronic
capture@6#, rearrangement@7–9#, and positron annihilation
@10#. Integral cross sections are obtained for these inela
processes by projecting the total wave packet onto bo
states after the collision. However, this procedure is
adapted for calculations of differential cross sections, wh
needs phase shifts. Due to this reason, the TDCC method
not been applied to elastic scatterings, to our knowledge

Positron scattering by hydrogenlike atoms, which is o
of the simplest Coulomb three-body problems, provide
testing ground for theoretical methods used to study comp
many-body problems. In the past decades, nonpertu
methods, the close-coupling@11#, theR-matrix @12#, the mo-
ment T-matrix @13#, variational@14,15#, and the convergen
close-coupling@16# methods were developed to study po
tron scattering by hydrogen atoms, e.g., elastic scatter
excitation and ionization of atoms, and positronium~Ps! for-
mation. However, some of those methods employ overc
plete expansion of total wave functions to incorporate a
arrangement channel, i.e., Ps channel. This treatment w
cause pseudostructures, furthermore, pseudoresonance
scattering cross sections. Therefore, the TDCC metho
expected to be promising to treat positron scattering syste

The positron-helium ion system is relatively simple, co
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pared with the positron-hydrogen atom system, becaus
the different energy scales of the helium ion and Ps. In s
of this fact, in a variational calculation of eigenenergies w
a stabilization method, Bhatia and Drachman@17# predicted
that the system has two low-lyingS-wave resonances with
broad width produced against the Coulomb repulsion
tween the positron and the helium ion. Their prediction w
subsequently confirmed by Ho@18#, and Ho and Yan@19# in
a variational calculation of complex eigenenergies with
complex-coordinate rotation method; the positionEr and the
width G were precisely determined to be (Er ,G/2)
5(210.082,1.761) and (25.050,0.535) in eV. On the othe
hand, however, in a scattering calculation with a hyp
spherical close-coupling method, Igarashi and Shimam
@20# raised an objection against existence of the broad re
nances and instead reported narrow resonances support
polarization force between the Ps and the helium nucleus
a subsequent calculation with a close-coupling meth
Bransden, Noble, and Whitehead@21# found no resonance
However, in a recent variational calculation with a couple
rearrangement-channel method in which the compl
coordinate rotation method is incorporated, Toya@22# repro-
duced all resonances predicted partially by Bhatia a
Drachman@17# and Igarashi and Shimamura@20#. The exis-
tence of the broad resonances are still controversial.

In the present paper, we study elastic scattering of p
trons by hydrogen atoms and helium ions using the TD
method. Numerical accuracy of the TDCC method is co
firmed in calculations for hydrogen atoms;S-, P-, and
D-wave phase shifts are calculated with the time-energy F
rier transform of a wave packet. For elastic scattering
helium ions, we calculateS-wave phase shift to search th
broad resonances.

In the present paper, atomic units~a.u.! e5m5\51 are
used unless otherwise stated.

II. TDCC METHOD FOR ELASTIC SCATTERING

The elastic-scattering cross section for theJth partial
wave is expressed with theS-matrix element as
©2003 The American Physical Society15-1
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s i i
J ~E!5

p

k2
~2J11!u12Sii ~E!u2, ~1!

whereSii (E)5e2id i i with the elastic phase shiftd i i and the
total energyE. TheS-matrix element is expressed as

d~E82E!Sf i~E!5^x f
2~E8!ux i

1~E!& ~2!

in terms of the energy-normalized scattering wave functi
x i

1(E) and x f
2(E8) for incoming and outgoing asymptoti

boundary conditions, wherei andf denote the initial and fina
channels. The wave packetc i and c f are constructed from
x i

1(E) andx f
2(E8); for the incoming wave packet,

c i5E ai~E!x i
1~E!dE, ~3!

where ai(E)5^x i
1(E)uc i& determines a scattering energ

range. Since Eq. ~3! can be inverted asx i
1(E)

5ai
21(E)d(E2Ĥ)c i , we have an expression@23#

Sf i~E!5
i

2pai~E!af* ~E!
^c f uG1~E!uc i&,

5
1

2pai~E!af* ~E!
E

0

`

dteiEtCf i~ t !, ~4!

where the energy-time Fourier transform for Green’s fu
tion G1(E) and the correlation function Cf i(t)
5^c f ue2 iĤ tuc i&5^c f uc(t)& are used in the second line.

The three-body system of an electron, a positron, an
nucleus~a proton or a helium nucleus! are described by the
Hamiltonian for relative motions given by

Ĥ5T̂1V̂, ~5!

with the kinetic-energy operator

T̂5 1
2 P̂21 1

2 p̂2 ~6!

and the interaction operator

V̂5
2Z

r
1

Z

R
1

21

uR2ru
, ~7!

whereZ is the nuclear charge,R and r the position vectors,
respectively, of the positron and the electron from t
nucleus, andP̂ and p̂ the conjugate momentum operators
R andr, respectively. The total wave function with the tot
angular momentumJ is expanded as

CJMJ~R,r,t !5
1

Rr (
Ll

cLl
JMJ~R,r ,t !Y Ll

JMJ~R̂, r̂! ~8!

over the angular-momentum eigenfunction

Y Ll
JMJ~R̂, r̂!5(

Mm
CLM ,lm

JMJ YLM~R̂!Ylm~ r̂!, ~9!
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whereL and l are the angular momenta associated withR̂
and r̂, respectively,Ylm the spherical harmonics, andCLM ,lm

JMJ

the Clebsch-Gordan coefficient. The TDCC equation for
radial part of the wave function is derived to be

i
]

]t
cLl

JMJ~R,r ,t !5 (
L8 l 8

@ T̂Ll
JMJdLL8d l l 81V̂

LlL 8 l 8

JMJ #c
L8 l 8

JMJ~R,r ,t !,

~10!

where

T̂Ll
JMJ52

1

2

]2

]R2
1

L~L11!

2R2
2

1

2

]2

]r 2
1

l ~ l 11!

2r 2
~11!

and

V̂
LlL 8 l 8

JMJ 5^Y Ll
JMJuV̂uY

L8 l 8

JMJ&

5
2Z

r
1

Z

R
2~21!L81 l 1JL̂ l̂

3(
k

r ,
k

r .
k11 H L l J

l 8 L8 kJ CL0k0
L80 Cl0L0

l 80 . ~12!

We introduce a variable transform technique@9,24# to ac-
curately describe wave functions. The radial coordinateR
and r are nonlinearly scaled by variablesX andx,

R5F~X!, r 5 f ~x!, ~13!

with appropriate functionsF and f. Accordingly, the radial
wave function is transformed into

c̃Ll
JMJ~X,x,t !5AF8 f 8cLl

JMJ~R,r ,t ! ~14!

and, at the same time, the differential operators of Eq.~11! as

]2

]R2
→ 1

F8

]2

]X2

1

F8
1

1

2

F-

F83
2

3

4

F92

F84
, ~15!

]2

]r 2
→ 1

f 8

]2

]x2

1

f 8
1

1

2

f-

f 83
2

3

4

f 92

f 84
. ~16!

III. NUMERICAL METHOD

The radial wave function is numerically described ov
N256002 or 8002 grid points in the two-dimensional (X,x)
plane. The grid points are uniformly taken up toXmax
5xmax516l or 20l with spacings ofDX5Dx5Xmax/N,
wherel denotes de Broglie wavelength of an incident po
tron. The scaling functions are given by

F~X!5X@12A exp~2BX!#, ~17!

f ~x!5x@12a exp~2bx!#, ~18!

where the parameters are taken as

A5~12DR/DX!exp~BDX!, B52/Xmax,
5-2
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a5~12Dr /Dx!exp~bDx!, b52/xmax,

and

DR5Dr 50.1/Z.

The grid points in the (R,r ) plane are dense in a collisio
region while sparse in an asymptotic region. With these s
ing functions, an accuracy better than 0.1% is obtained
the energy eigenvalue of the ground-state hydrogen atom@9#.

The initial condition for the TDCC equation~10! is set as

cLl
JMJ~R,r ,t0!5gkL~R!f1s~r !dLJd l0, ~19!

with the ground-state wave functionf1s(r ) of the target hy-
drogen atom or helium ion and an incoming wave packe
the positron,

gkL~R!5
1

~w2p!1/4
expF2

~R2R0!2

2w2 GfkL~R!, ~20!

wherek is a wave number of the incident positron andw is a
width of the wave packet. The incoming wave functio
fkL(R) is taken to be an asymptotic form of the spheric
Hankel function for a neutral target or of the Coulomb fun
tion @25# for a charged target. The parameters are taken
R05F@X5(3/4)Xmax# and w51.5l. The time evolution is
traced for a timetmax@2R0 /k. An absorption potential@26#
is put at the boundaryX5Xmax to not induce artificial reflec-
tion of the wave. The TDCC equation~10! is fast and stably
solved with the split-operator method developed in Ref.@8#.
The expansion in Eq.~8! is truncated by the upper limitl max
of the electron angular momentuml; for a givenl, the posi-

TABLE I. Convergence ofS-, P-, andD-wave cross sections fo
positron-hydrogen elastic scattering with respect tol max in the
wave-function expansion~8!.

Ee1 l max

~eV! 5 7 9

1 1.260 1.408 1.585
5 0.001 0.000 0.000

S wave 10 0.098 0.091 0.087
30 0.152 0.151 0.151
50 0.133 0.132 0.131

1 0.386 0.439 0.457
5 0.657 0.718 0.745

P wave 10 0.450 0.476 0.490
30 0.060 0.062 0.063
50 0.052 0.052 0.052

1 0.012 0.013 0.013
5 0.131 0.162 0.168

D wave 10 0.413 0.416 0.425
30 0.103 0.106 0.107
50 0.045 0.045 0.046
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tron angular momentumL takes all possible values that sa
isfy the conservation of angular momentumuJ2 l u<L<J
1 l and parityP5(21)L1 l5(21)J.

The S-matrix element of elastic scattering is obtained
takingc f to be a delta functiond(R2R`) times an outgoing
asymptotic radial functionfkL(R)f1s(r ) as

Sii ~E!5
i

ai~E!
A k

2p
fkL* ~R`!E

0

`

dteiEt^f1suc~ t !&R5R`
,

~21!

whereR` is a fixed radial coordinate in the asymptotic r
gion. Equation~21! is very useful, because the matrix el
ment can be calculated for several scattering energies
vided byai(E) from one wave-packet propagation.

IV. RESULTS AND DISCUSSION

A. Positron scattering by hydrogen atoms

We check convergences ofS-, P-, and D-wave elastic
cross sections for hydrogen atom targets with respect tol max
in the wave-function expansion~8!. Table I shows that cross
sections sufficiently converge for high energy, but conv
gence becomes slow for low energy; the change of value

FIG. 1. S-wave cross section for positron-hydrogen elastic sc
tering. Closed circles represent the present result; solid line,
18-state close-coupling method@11#; broken line, the intermediate
energy R-matrix method@12#; dotted line, the momentT-matrix
method @13#; crosses, a variational method with Hylleraas ba
functions @14#; and pluses, the Harris-Nesbet variational meth
@15#.

FIG. 2. P-wave cross section for positron-hydrogen elastic sc
tering. The notation is the same as in Fig. 1.
5-3
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cross sections froml max57 –9 is 11% at 1 eV for theSwave
and 4% below 5 eV for theP andD waves. The uncertainty
coming from number and spacing of grid points is su
ciently small. Therefore, the numerical accuracy of the c
culation is estimated to be better than several percents ex
for 1 eV for theS wave.

Figures 1–3 showS-, P-, and D-wave elastic cross sec
tions, respectively. For theS wave, the present result is i
excellent agreement with previous results obtained with
close-coupling@11#, theR-matrix @12#, the momentT-matrix
@13#, a variational@14#, and the Harris-Nesbet variationa
@15# methods. The Ramsauer-Townsend minimum at 5 eV
accurately reproduced in the present calculation. For thP
wave, the present result is in good agreement with the
vious results above 10 eV, but slightly deviates, about
smaller, around 5 eV where the cross section has a m
mum. This underestimation is considered to come from
slow convergence of the cross section with respect tol max.
The present calculation reproduces a cusp structure at th
formation threshold~6.8 eV! confirmed in some of the pre
vious calculations. For theD wave, the present result is i
good agreement with previous results at energies higher
15 eV. Around 10 eV, where the cross section has a m
mum, the present result agrees well with the result of a va
tional calculation@14#, but deviates from other results: abo

FIG. 3. D-wave cross section for positron-hydrogen elastic sc
tering. The notation is the same as in Fig. 1.

FIG. 4. S-, P-, andD-wave phase shifts for positron-hydroge
elastic scattering. Closed symbols represent the present result;
line, a variational method with Hylleraas basis functions@14#; bro-
ken line, the intermediate energy R-matrix method@12#; dotted line,
the momentT-matrix method@13#; and dash-dotted line, the Harris
Nesbet variational method@15#.
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15% larger than the intermediate energyR-matrix calculation
@12# and 15% smaller than the close-coupling@11#, the mo-
mentT-matrix @13#, and the Harris-Nesbet@15# calculations.

Figure 4 shows the comparison of elastic phase shifts w
the previous results@12–15# below the Ps-formation thresh
old. For theS wave, the present result is in excellent agre
ment with the previous results similar to the agreement
cross sections~see Fig. 1!. However, for theP andD waves,
the present results somewhat deviate, about 3% lower, f
the previous results. This small deviation may indicate tha
the present calculation attractive polarization force is not s
ficiently incorporated, i.e., the completeness of the wa
function expansion is not sufficient in comparison with pr
vious calculations. Thus, the deviation is expected to
improved by taking a larger value ofl max.

Figures 5 and 6 show the real and imaginary parts
elastic phase shifts. The real part of theS-wave phase shift
monotonically decreases as the energy increases and
comes negative at energies higher than 5 eV. The nega
phase shift indicates that the interaction between the posi
and the hydrogen atom is dominated by the static Coulo
repulsion. The imaginary part monotonically increases as
energy increases from the Ps-formation threshold. ForP and
D waves, the real parts of the phase shifts have a maxim
around 10 eV and become positive at energies lower t
about 35 eV. In this energy region, the interaction betwe
the positron and the hydrogen atom is dominated by an
tractive force coming from target polarization.

t-

lid

FIG. 5. Real part of phase shifts for positron-hydrogen ela
scattering. Closed circles, squares, and triangles representS-, P-,
andD-wave phase shifts, respectively.

FIG. 6. Imaginary part of phase shifts for positron-hydrog
elastic scattering. The notation is the same as in Fig. 5.
5-4
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B. Positron scattering by helium ions

Figure 7 showsS-wave elastic phase shifts for helium io
targets; the present result has been given at positron ene
of every 1 eV from 13 eV to 52 eV. Although the phase sh
is one order of magnitude smaller than that for hydrog
atom targets, the present result is in excellent agreement
previous results obtained with the 29-state close-coup
method@21# and the Harris-Nesbet variational method@27#.
This agreement indicates high numerical accuracy of
TDCC method. However, the Harris method@28# gives good
agreement at energies higher than 25 eV, but lower value
phase shifts at energies lower than 25 eV. The polariz
orbital approximation@29# gives lower values at energie
higher than 10 eV. The result of the hyperspherical clo
coupling method by Igarashi and Shimamura@20# signifi-
cantly deviates from the present result; in the cross sect

FIG. 7. S-wave phase shift for positron-helium ion elastic sc
tering. The solid line represents the present result; broken line
29-state close-coupling method@21#; dash-dotted line, the Harris
Nesbet variational method@27#; dash-double dotted line, the Harr
method@28#; and dotted line, the polarized orbital approximatio
@29#.
A

.

.I.

G
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their results at 47.62 eV and 52.57 eV are about factor of
larger than the present result. This overestimation has b
also pointed out by Bransden, Noble, and Whitehead@21#.

The S-wave phase shift monotonically decreases as
energy increases around the energy position of the two br
resonances, 44.34 eV and 49.37 eV, predicted by Bhatia
Drachman@17# and confirmed by Ho@18#, Ho and Yan@19#,
and Toya@22#; the positions are relative to the ground-sta
energy of helium ions. The phase shift should rise sudde
around the energy position of the resonances. However
rise of the phase shift is seen in Fig. 7. Moreover, the in
action between the positron and the helium ion turns ou
be repulsive in view of negative values of the phase sh
Therefore, the broad resonances are not discernible in el
scattering of positrons by ground-state helium ions.

V. SUMMARY

We have applied the TDCC method to elastic scattering
positrons by ground-state hydrogen atoms and helium io
In the scattering by hydrogen atom, the present result for
partial cross section and the phase shift exhibits excel
agreement with previous results for theS wave, and good
agreement for theP andD waves. In the scattering by helium
ion, we have searched theS-wave phase shift for broad reso
nances predicted, but found no behavior suggesting them
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