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Semiempirical calculation of van der Waals coefficients for alkali-metal
and alkaline-earth-metal atoms
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The van der Waals coefficient§g, Cg, andC, for the alkali-metalLi, Na, K, and Rb and alkaline-earth-
metal (Be, Mg, Ca, and Sratoms are estimated by a combinationatf initio and semiempirical methods.
Polarizabilities and atom-wall coefficients are given as a diagnostic check, and the lowest order nonadiabatic
dispersion coefficienDg and the three-body coefficier@g are also presented. The dispersion coefficients are
in agreement with the available relativistic many-body perturbation theory calculations. The contribution from
the core was included by using constrained sum rules involving the core polarizability and Hartree-Fock
expectation values to estimate thealue distribution.
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[. INTRODUCTION a number of alkali and alkaline-earth atoms by directly sum-
ming the appropriate oscillator strength sum rules. This ap-
One of the most startling recent achievements in physicproach to the evaluation of the sum rules was pioneered by
has been the realization of Bose-Einstein condensatioBalgarno and collaboratof45-17. We have recently com-
(BEC) for the alkali-metal atoms, Li, Na, Rb, and atomic pleted a series of investigations on a number of positronic
hydrogen[1,2]. This has naturally stimulated interest in atoms[18,19 (these are neutral atoms that have a bound
whether other atomic gases can achieve a BEC. Recent ipositron [20—22). The realistic description of positronic
terest has focused on the alkaline-earth-metal atoms, Mg, Cafom structure requires a model that is able to describe the
and Sr and it has recently proved possible to cool and trapolarization response of the atom to the Coulomb field of the
these atom§3,4]. For a number of reasorte.g., these atoms positron. Since the available evidence suggests that our semi-
all have isotopes with zero nuclear spmBEC consisting of empirical model can describe these polarization responses
alkaline-earth-metal atoms is more amenable to analysis. quite accurately it is natural to apply it to the determination
One consequence of the realization of the BEC has beeof the dispersion coefficient€g, Cg, and C,q. Compari-
the increased importance in determining the interaction posons of the present dispersion coefficients with those derived
tentials in alkali-metal and alkaline-earth-metal atoms. Foifrom relativistic MBPT calculation$10—12 reveals an ex-
example, the stability and structure of BECs depends on theellent level of agreement and confirms that the semiempir-
sign (and magnitudeof the scattering length, and the scat- ical potential method used in the present work is capable of
tering length depends on the precise values of the dispersiachieving a level of accuracy comparable with the more
constants[5,6]. The long-range interaction between two computationally intensive MBPT approach. Once the
spherically symmetric atoms can be written in the generaf-values distributions have been constructed, it is a simple

form matter to determine other dispersion parameters, such as the
nonadiabatic parametd&g [23,24], and the three-body pa-
Ce Cs Cio rameterCq [25,26. It is noted a compendium of recom-
V(R)=— =" 8 T (1) mended dispersion parameters for the alkali and alkaline-
R R* R earth calculations does ex[&7]. However, the primary data

used to establish the upper and lower bounds on the disper-
where theC,, parameters are the van der Waals dispersiosion parameters is rather dated.
coefficients.

The importance of this topic is demonstrated by the high || cALCULATIONS USING OSCILLATOR STRENGTH

degree of recent activity aimed at determining the dispersion SUM-RULES
constants for the alkali and alkaline-earth metals. This has
consisted of experiment§8,4,7—9 and theoretica] 10—14] All of the polarization parameters that are reported were

investigations. Of particular importance from the theoreticalcomputed from their respective oscillator strength sum-rules
perspective have been the investigations using relativistiwith the dipole, quadrupole, and octupole oscillator strengths
many-body perturbation theoMBPT) [10-13 since this  f{’ from the ground statéwith orbital and spin angular
method is believed to give dispersion coefficients accurate tomomentum equal zefdo theith excited state defined as
order 1%. ~

In this paper, theC,, dispersion coefficients and related f(€)_2|<z//o||r‘C€(r)||1//i)|260i
parameters are computed using a semiempirical approach for 0 (2€+1)

)
In this expressiorC’ is the spherical tensor of rankwhile
*Present address: Department of Physics, Kansas State Universitsg; iS the excitation energy of the transition. The sum rule for

Manhattan, KS 66506, USA; email address: bromley@phys.ksu.edthe adiabatic multipole polarizabilityy(*) is
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iy
a0= 2 _2=3(€)(_2), 3)

I €
while the nonadiabatic polarizabilitd“) is given by

1o ) 1
13(5)252 6_'253(5)(_3)_ (4)
0Oi

The dipole-dipole dispersion paramet€y is

3 HOHCO)
Co=52 —— (o T ®)
247 €pi€oj(€ojt €qi)
the dipole-quadrupole dispersion paramety,is
c. 15 f5fE) 15 fE£6)
82 4 egicoj(eojteni) 2 4T eoi€oj(€oj+€qi)
(6)
and the dispersion paramet€r;
S T o re)
10 T €oi€oj( €0t €oi) T €oi€oj( €0t €oi)
35 ff) -
2 9 €gi€oj(€0j T €0i)

The sum rules are a generalized sum which implicitly in-
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evaluated by simply diagonalizing the model Hamiltonian in
a very large basis. This is essentially a brute-force evaluation
of the sum rules. Determination of tfialue distribution for

the core is more problematic and is handled by using the
properties off-value sum rules. The programs used to com-
pute the dispersion coefficients were checked by reference to
the data of Yaret al.[25].

A. Core contributions

The contribution from the core was calculated using an
approximation designed to give a reasonable estimate of the
f-value distribution with a minimum of computation. We use
the sum rule for the polarizability, E43) and

EN(r2t-2y= 2 f(0=50(0), (11

Ref. [39] to estimate arf(“)-value distribution function of
reasonable accuracy. This expression reduces to the well
known Thomas-Reiche-Kuhn sum rule

N= >, fW=51)(0), (12)

for £=1. In these expressioméis the total number of elec-
trons andr2‘~2) is an expectation value of the ground state
wave function.

First, we assume that the contribution from each closed

cludes a sum over excitations to bound states and an integraubshell {\;) is equal to the number of electrons in the sub-
tion taking into account excitations to continuum states. Inshell multiplied by the mean value of¢~2 for the subshell.
the present work the sum rule is explicitly discretized. It isThe (r2¢~2) expectation value is computed using the
known thatCg parameters derived from pseudostate calculaHartree-Fock(HF) wave function for the core and is ex-
tions generally converge very quickly as the dimension ofpected to be accurate at the level of 1—-2igmoring relativ-

the pseudostate basis is increaf28l,29.

istic effectg for the systems under consideration. Next, the

Besides the standard atom-atom adiabatic dispersion paxcitation energy for each subshell is set to the Koopman

rameters, the atom-wall dispersion parameétgr

1 P 1
i U G T
Cimg 2 o~ SV, ®

the nonadiabatic atom-atom dispersion parameteg
(23,24

45 e
Dg=5 2 ———————. 9)
T €gi€oj( €0jt €0i)

and the three-body dispersion paramety,

3 f&)f&)f&)(foﬁ €0j T €ok)
ngz

ik €oi€oj €ok €0i T €0) (€0i T €oK) (€0j T €ok)
(10

were determined. Equatiort8) and (10) were written down

energy,¢; (i.e., the single particle energy coming from a HF
calculation plus an energy shift. Then, the expression

EN;r2t-2
0 — ot

Pcore™ ZI (Ei+A(€))2, (13)
is used to fixA () so that the computed polarizability is equal
to the experimentally known core polarizabilitg'l),. A
tabulation of the values assignedAé?) and the underlying
quadrupole and octupole polarizabilities used to A%’ is
given in Table I.

Once theA©) are fixed, the dispersion parameters are
easily evaluated. For example, the dipole atom-wall disper-
sion paramete€C; is

N; f
Co= > ———+ > =2, (14)

iecore(fi+A) ieval €pj

by reference to similar equations presented in Marinescu, )
and Dalgarno[24], Yan et al. [25], and Maninescu and As amore complicated case, g parameter for two atoms

Staracd 26)].

All of the sum rules involve contributions from both core
and valence excitations. The valence contributions were

a andb can be partitioned into

Cg=Ci+CE+CY, (15
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TABLE |. Atomic multipole polarizabilities.«(). (given in a.u) for the singly charged cores of the alkali-metal atoms and the doubly
charged cores of the alkaline-earth-metal atoms. AHé parametergin Hartreg needed for the Koopman model to reproduce the known
polarizabilities are also listed.

System ol AW o A®) ae A®
Li* 0.1925 [30] 0.745 0.1139 [31] 1.398 0.168430] 1.878
Na* 0.99 [32] 1.12 1.521 [33] 1.198 7.5[13] 0.531
K* 547 [34,35 0.156 16.27  [33] 0.457 110013 0.419
Rb* 9.076 [33] 0.0689 3541 [33] 0.330 314[13] 0.301
Be?" 0.0523[35,36 1.451 0.01532[31] 3.066
Mg?* 0.4814 [37] 1.5445 0.5183 [33] 1.741
ca’ 3.16 [35,3§ 0.1319 6.936 [33] 0.5881
sPt 5.813 [33] 0.00999 17.15 [33] 0.3972
where change interactions of the Hartree-Fo@dF) core. This
method has been described in numerous other calculations
CC—E D N;N; [34,38,40,4] and does not need to be recapitulated here in
62 ‘€°°fe¢a(€i+A(al))(€'+Af)1))(Ei+A(al)+ s-+A§,1)) ' any detail. Instead Tables Il and Ill summarize some of the
jecoreb . . (16) crucial atomic parameters such as the resonance oscillator
strength and static multipole polarizabilities that can be used
3 N D to assess the overall accuracy of the model.
ClV=_ - 1 0j - The calculations for the alkali atoms were straightfor-
2 ‘j‘fecv‘gﬁ)a(éﬁAg ) eoj(€i+ AN+ €g)) ward. The¢-dependent polarization potentials were tuned so
' that they reproduced the binding energies of mseground
3 f(()})Nj state and thep, nd, andnf excited states. The energies of

+> . v | | st
2 i 5 Eoi(fj"'AE}l))(eOi"' € +AE,1)) the excited states were assigned to the statistical average of

jecoreb their respective spin-orbit doublets. The model one-body
and Hamiltonian was then diagonalized in a very large orbital
basis(e.g., 20—40 Laguerre type orbitals for eativalue
3 f(()})fg}) and the oscillator strengths computed using a dipole operator

Teq) (18 with polarization corrections. Although the wave functions
are constructed as linear combinations of these analytic basis

Similar expressions for the other dispersion parameters afénctions, all matrix element evaluations were done using
easily derived. In practice, expressions such as the above aaussian quadratures. The matrix elements are accurate to
not used explicitly in the calculations, rather thé)-value  close to machine precision. The cutoff parameter for the
distributions are constructed incorporating the appropriatenodified dipole operator has usually been chosen in our ear-
entries for the core, and all dispersion parameters are thdrer work by reference to the equivalent cutoff parameters of
determined using Eq$3)—(10). The expressions above are the ¢-dependent polarization potential. This choice has re-
most useful in understanding how the core contributes to theulted in oscillator strengths of high accurd®¢,38,40Q.
different dispersion parameters. The present model-potential configuration interactich

The relative contributions of the core td*) get smaller  calculations of the alkaline-earth atoms are very similar to
as ¢ increases because of tife*~2) weighting factors. those reported in Ref§18] and[19] apart from some minor
This has implications for the core contribution to figand  changes in the cutoff parameters and the use of an orbital
C, dispersion parameters. The part of & andf(®) dis-  pasis of larger dimension. The polarization potentials were
tributions arising from the core make a rather small contri-initia”y defined by tuning the potential to reproduce the
bution to the final values o€g and Cyo. It must also be ns np, nd, andnf binding energies of the respective singly
noted that the contribution t6¢ from the coref-value dis-  jonjzed atom. The Hamiltonian was then diagonalized in a
tribution were 10% or less for every system studied in thisyssjs consisting of all the two-electron basis states that could
paper. Detailed dlscu_ssm_ns of the reliability of the core 0Sy,4 formed from a set of 120 single particle orbitals. The
cillator strengths distributions occur later. basis set contained orbitals up to and includéng8. Typi-
cally the two-electron basis dimensions were about 900 for
the 1S® symmetry, about 1700 for th&P° symmetry, about

For the valence electr¢s), a model potential calculation 2400 for the *D® symmetry, and about 3200 for thEF°
was used to determine the wave function of the ground stateymmetry. For all practical purposes the basis for the two-
and theL=1 excited states. The model potential adds avalence electrons can be regarded as saturated. The binding
semi-empirical polarization potential to the direct and ex-energies obtained by this procedure were not in perfect

V_ _
6 2ifeva EOiGOj(EOj

B. Valence contributions
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TABLE II. The resonant oscillator strengfhy, static and nonadiabatic multipole polarizabilitie$®), 3%, «®, B®, o®, and g
for the lighter alkali atoms. In the row labeled Present: Valence, all terms ifvthkie sums involving core-excitations were omitted. The
resonant excitation energys is the statistically averaged excitation energy dpdis the sum of the transitions to thep,, and nps,
doublet. Twoa™® values are given for the MBPT calculations. The first is obtained directly froratihaitio calculation. In the second, the
energy and oscillator strength for the resonant transition are replaced by experimental values in the oscillator strength sum-rules. The number
in brackets are the uncertainties in the last digits. All values are in atomic units.

Method €res fros a® AY 1084 10788 108 1078 O

Li
Present: Valence 164.0 1198 1.4242 4,7042 3.9680 10.238
Present 0.067 902 0.7475 164.21 1198 1.4243 4.7042 3.9680 10.238
MBPT [13] 1.4244) 3.957
MSSD[14] 164.0 1.424 3.969
PT[42] 164.5 1.403 3.986
MK Pseudopof43] 164.3 1.383 3.680
Variational[ 25,44 0.067 904 0.7470 164.11 1.423 27 3.9650

Na
Present: Valence 161.8 1043 1.880 6.731 5.742 15.91
Present 0.077 310 0.9615 162.8 1044 1.881 6.731 5.743 15.91
MBPT [10,13,45 0.077 297 0.9638 163.0/1623% 1.88526) 5.54
MSSD[14] 159.2 1.878 5.552
PT[42] 160.6 1.807 5.430
MK Pseudopof43] 162.6 1.799 5.117
Experiment{46,47] 0.077 310 0.96024) 162.58)

K
Present: Valence 284.5 2393 5.002 25.01 18.07 63.88
Present 0.059 335 0.9986 290.0 2396 5.018 25.01 18.08 63.88
MBPT [45,10,13 0.059 128 0.9926 289.1/29032 5.00045) 17.7
MSSD[14] 292.8 5.000 17.69
PT[42] 290.9 4.760 16.30
MK Pseudopof43] 298.0 4.597 15.02
Experiment{46,47] 0.059 340 0.99828) 292.959)

Rb
Present: Valence 306.6 2632 6.444 35.63 23.75 88.40
Present 0.058 101 1.030 315.7 2637 6.480 35.64 23.78 88.42
MBPT [45,10,13 0.057 846 1.028 317.4/3186 6.52080) 23.7
MSSD[14] 319.2 6.495 23.69
PT[42] 3215 6.163 20.97
MK Pseudopof43] 333.0 5.979 21.27
Experiment{46,47] 0.058 033 1.0374.3) 319.264)

agreement with experiment with discrepancies for the groundlkali-metal atoms and compares them with estimates from a
and excited state energies of the order of 0.1-2(88%er to  variety of experimental and theoretical sources. It should be
Refs.[18] and [19] to get an indication of the accurgcy noted that there have been a large number of calculations of
Some further tuning of the cutoff parameters was done tadhe polarizabilities of the alkali atoms. The data presented
improve the accuracy of the energy differences which di-have generally been chosen to include only those calcula-

rectly impact on the accuracy of Eq8)- (10). tions that give dispersion coefficients as well as polarizabil-
ities.
. DIPOLE, QUADRUPOLE, AND OCTUPOLE The lithium atom has a relatively small core polarizability
POLARIZABILITIES with o) =0.1925 a.u[31] and it would be expected that

the error associated with using a semiempirical core polar-

ization potential would be small. This expectation is con-
Table II gives the resonant oscillator strength, and theirmed by the comparisons with the close to exact variational

adiabatic and nonadiabatic multipole polarizabilities for thecalculations[25,44]. The biggest difference is not much

A. Alkali-metal atoms
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TABLE III. The resonant oscillator strength.s, static and nonadiabatic multipole polarizabilitie$?, g, a®, @, «®, andp®
for the lighter alkaline-earth-metal atoms. In the row labeled Present: Valence, all termd-walbie sums involving core-excitations were
omitted. The numbers in brackets are the uncertainties in the last digits. All values are in atomic units.

Method €res fros o el 102 a® 1073 8@ 103 a® 1073 ®

Be
Present: Valence 37.64 95.27 0.3007 0.5101 3.955 5.081
Present 0.193922 1.372 37.69 95.28 0.3007 0.5101 3.955 5.081
Variational[51,52 1.3757) 37.76 0.3010
CI+MBPT [12] 0.194291  1.374)
4th order MP4[53] 37.37) 0.298826)
MK: Cl +pseudopof43] 36.7 0.3026 4.126
Patil [54] 37.9 0.271 3.488
Experiment 0.193942

Mg
Present: Valence 70.87 218.6 0.8134 1.813 14.02 23.42
Present 0.159 742 1.732 71.35 218.7 0.8139 1.813 14.02 23.42
CI+MBPT [55] 0.159173 1.7247)
4th order MP4[56] 71.7 0.8093
MK: CI +pseudopof43] 70.5 0.828 14.74
Patil [54] 72.0 0.709 11.7
Experimental 57,47 0.159 705 1.78) 71.531)

Ca
Present: Valence 156.2 712.0 3.056 12.14 65.12 150.8
Present 0.107 777 1.751 159.4 713.0 3.063 12.14 65.12 150.8
CI+MBPT [55] 0.107 776 1.73&0) 160
4th order MP4[56] 157 3.016
MK: Cl +pseudopof43] 153.7 2.717 61.51
Patil [54] 152.7 2.248 50.8
Experimental[47,58 0.107 768 1.72@5) 168.1135

Sr
Present: Valence 195.3 971.9 4.560 20.69 107.2 276.4
Present 0.098 866 1.850 201.2 974.3 4.577 20.70 107.2 276.4
CI+MBPT [55] 0.098 508 1.83&98) 199
Patil [54] 193.2 3.237 80.7
Experimental[47,59 0.098 866 1.966) 186(15)
larger than 0.1%. mental values in the oscillator strength sum-rules. Agreement

Close to exact variational calculations of the type per-with the empirically corrected value @f*) could hardly be
formed for lithium are just not feasible for heavier alkali- better for Na and K. The preseat® for Rb lies outside the
metal atoms. Fortunately, some high accuracy measuremerttseoretical error bar of Safronovet al. [45], but is still
of the resonant oscillator strengths for the alkali-metal atonwithin 1%. The cause for the largéalthough still gratify-
have been made. It can be seen from Table Il that the preseinigly smal)) difference is the spin-orbit splitting of thep5;,
measurements are in agreement with the oscillator strengtlzd 54, levels. The excitation energies from the ground
of Volz and Schmoranzd#6]. Agreement at the 0.1% level state to these two levels differ by 2%. This energy splitting
exists for Na and K, and at the 1% level for Rb. The experi-makes it difficult to achieve perfect agreement for the total
mental values of the polarizabilities are taken from the comoscillator strength, and also far).
pilation of Miller [47]. The agreement with the experimental  This high level of agreement for the dipole polarizability
polarizabilities is very good, but estimates @f") derived was expected since both the present and experimentally cor-
from the relativistic MBPT calculation§45] are probably rected MBPT calculation account most of the dynamical fac-
more precise. tors that will have an impact on the polarizability. Both these

Table Il gives two values of) for the MBPT calcula- calculations have been validated by comparisons with high
tion [45]. One estimate is obtained directly from the MBPT accuracy oscillator strength data for the resonance dipole ex-
calculation. In the other estimate, the energy and oscillatocitation [10]; both of the calculations have been tuned to
strength for the resonant transition are replaced by experiorrectly predict the binding energies of the ground and low
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lying excited states; both include dressing of the transitiormentum Rydberg levels of the neutral atoms. However, even
operator, and both take into explicitly include core excita-here part of the analysis relies crucially on the values of the
tions in the evaluation of the polarizabilities. nonadiabatic dipole polarizability which are deduced using a
The largest differences with the MBPT calculation of method similar in style to that outlined in Sec. II.A. So the
Porsev and Dereviankd 3] occur fora(®. The MBPT val-  purely theoretical relativistic random phase approximation
ues ofa® are slightly smaller than the present calculationestimates of Johnscet al.[33] give the core polarizabilities
for all systems, with the biggest differences of about 4%with a smaller degree of uncertainty.
occurring for Na and K. Given that excitations#e- 3 states One feature noticed during the calculations was the di-
should be less sensitive to short-range electron-electron cominishing importance of using a dressed transition impor-
relations than excitations t6=2 and{=1 states it is sur- tance as the polarity of the transition increased. For the po-
prising that the biggest differences occur for the 3 exci-  tassium atom, the impact of using a dressed operator results
tations. There are two possible causes for the differencesy the resonance oscillator strength reducing from 1.0868 to
physical and computational. We suspect that at least part (5.9986[34]. The reduction in the potassiuns4-4d oscilla-
the discrepancy is computational in origin since Porsev ang,, strength was 1% while the correction to the octupole

Derevianko _make specific mention of the e_x_acting. nature O{ransition operator for thesi—4f transition was less than 1
the calculation for the octupole polarizability. Within the artin 10

confines of the present method, the octupole polarizabilit
was no harder to compute than the dipole or quadrupolg
polarizability, although th& = 3 orbital basis dimension was
increased to 45 for sodium in a futile attempt to reduce th
discrepancy.

Three other calculations that use a model potential for th
core have values listed in Table Il. Firstly, Marinescu and
number of co-workers in a series of works have determine
polarizabilities and various dispersion parame{ars24,2§ etween the upper and lower states will be very similar for
using a model potential method. These calculations are COEoIarity transitions. Also, the impact of the core af) de-
lectively abbreviated as MSSD after the various individualsCreases in importance ésincrease
(Sadeghpour, Starace, and Dalgarmdo have been coau- X

th fth The MSSD model potential The parametrized wave functions of PT generally show
ors on some ot the papers. The D Model potential wag, -1, larger differences with the present calculations. The PT
tuned to give the correct binding energies, but did not have

Balculations give results that are smaller than the present cal-

polarizable core. They did use a dressed transition Operatol|ations for almost all the entries in Table II. The tendency

bL.JI: tt?e meth?c: us«_etd to tunetd tt?er?pera;or |stquezt|onat1rt])let.t48r PT to underestimate the polarizabilities is generally more
WITbe seen 1ater, 1t seems fo be have been tuned so tha onounced for the higher order multipoles. One concludes
dipole polarizability of the active electron was exactly equalthat the accuracy of the PT approach is not likely to be better

to d{pgle polarizability of the entire atorfthe atomic polar- than 10% and it has a systematic tendency to underestimate
izabilities were taken from Ref48]). The calculations of the polarizabilities

Pat" and Tanj42] used simple par_am_etrized wave functions The MK pseudopotential calculations also shows a ten-
mthf(a})?ym{)totlc forms lbasgro:]onPb|tr_1|d|n%e_|r_1erg|es t(I) e\Il"“luat‘(?iency to underestimate the higher polarity polarizabilities.
he 1" ~-vaiué sums rules. ihe Fatil an a@T) calcula-  Tne relative short orbital expansions with only five basis
tion did not include any dressmg_ of the multipole transition g oo for thed and f symmetries, respectively, are respon-
operators and also omitted the influence of the core in th(gible for this since the MK basis sets are simply not large

calculations of the polarizabilit_ies and dispersion parametgrsenough or not sufficiently well tuned to exhaustively recover
The pseudo-potential calculation of Maeder and KutzelnlggaII of the polarizability

(MK) [43] also omitted the core from the polarizability and
dispersion parameter computations. The pseudopotential
Hamiltonian in the MK calculation was diagonalized with
5 d orbitals and 5f orbitals and there was no dressing of the  The results of the present calculations for the Be, Mg, Ca,
transition operator. All of these calculations omit some as-and Sr alkaline-earth-metal atoms are listed in Table Ill. The
pect of the physics that are included in the present calculasontribution from the core for octupole excitations was omit-
tion and the MBPT calculation. This results in all of theseted from the calculation since no estimatesaf) exist for
calculations having dipole polarizabilities that tend to fluctu-the alkaline-earth-metal cores. The calculations on the alkali
ate by 1-4% about the present values. atoms suggest that the omission of these terms has less than
For the heavier alkali atoms there is almost no experimena 0.1% effect on the values of®).
tal information about quadrupole or octupole transitions Atomic beryllium has a small core polarizability. There-
since it is very difficult to measure the oscillator strengths.fore since a large Cl basis is used to describe the valence
About the only information that is available are the inferredstates one expects to make predictions that have better than
quadrupole and octupole core-polarizabilities of Patil1% accuracy. This is confirmed by the comparison with the
[49,50. The polarizabilities for the alkali ions Na K™, and  two ab initio calculationd51,52. The variational calculation
Rb" were deduced from an analysis of the high angular moof Komasa[52] used a large basis of explicitly correlated

The MSSD model potential calculations are also in rea-
nable agreement with the present results for all the entries
in Table Il. This is expected since MSSD tuned their transi-
&ion operator to give the experimental dipole polarizability.
As mentioned above, the effects of a modified transition op-
@rator decrease as the polarity of the transition increases so if
wo different approaches are tuned to give the correct bind-
g energies then it is likely that the radial matrix elements

B. Alkaline-earth-metal atoms
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gaussian§ECGS and the resultingx® of 37.76 a.u. and A model potential description of the alkaline-earth-metals
«® of 301.0 a.u. are close to exact. The present dipole andsing a very simple wave function has also been presented
guadrupole polarizabilities are only 6:D.2% smaller. Fur- by Patil[54]. However, the Patil polarizabilities differ from
ther, the oscillator strength also agrees to better than 0.2%he present estimates by amounts up to 30%.

with the best CI calculatiof51]. The fourth order Moller- As far was we know the only other calculation of the
PlessetMP4) perturbation theory calculation gives polariz- higher polarity polarizabilities for strontium are the rather
abilities that are 1% larger than the ECG calculation. primitive calculations of Pati[54]. The present results in

The CHMBPT values of Porsev and Derevianko andTaple IIl stand as the recommended values for strontium
Porsevet al. reported in Refs[12] and[55] were the result  gjnce there is literally no other calculation that attempts to

qf an ab initio calculation. In this calculation, the correla- yescribe the higher-order polarization response of the stron-
tions between the two valence electrons are handled by th&,m atom with any degree of realism.

configuration interactioffCl) method while the interactions
with the core are handled by MBPT. The-&VIBPT calcu-
lations were also fully relativistic. The oscillator strengths
given for the Ck-MBPT calculation in Table 11l were com-
puted using by combining the dipole matrix element with  The results of the present calculations for the Li, Na, K,
experimental energy differences. The present dipole polarizand Rb homonuclear alkali atom pairs are listed in Table IV.
abilities are in good agreement with the4MBPT calcula-  The dispersion parameteiSg, Cg, andC, for all possible
tions[12]. This is expected since the present ane-MIBPT  pairs are listed in Tables V and VI. Also shown in Tables IV,
resonant oscillator strengths for two of the systems, Be an¥, and VI are the results from numerous other calculations.
Mg are within 0.5% of each other. For the Ca and Sr atomsAll the dispersion parameters in this paper are given in
the present .sare slightly larger than the GIMBPT values.  atomic units(a.u). Besides, the PT, MK, and MSSD calcu-
Given the importance of the resonant oscillator strength idations, Table V also lists data from an all-electron coupled
determiningCg it is unfortunate that there has only been acluster(CC) calculations by Stantof60]. Finally, there is the
single attempt to determine a high precision valué,gffor =~ compendium of upper and lower bounds to the dispersion
the alkaline-earth-metal atoms. This was from some photoparameters compiled by Standard and Certfdi]. The
association experiments for ¢4,58]. The decay rate from Standard and CertaifSC) compilation used oscillator
the initial photoassociation experiment was slightly largerstrength and polarizability data from a variety of theoretical
than the rate from a later experiment by the same group. Thand experimental sources to establish these bounds.
initial experiment gave .~ 1.753(8)[4] while the later ex- The dispersion parameter data for Li in Table IV reveals
periment gavef = 1.727(15)[58]. that the present data agree almost perfectly with the values
Large basis calculations using fourth-order Moller-Plessefrom the close to exact variational calculations of Yan and
perturbation theoryMP4) have also been done for Mg and co-workers[25] and Yan and Drak@44]. The biggest differ-
Ca[56]. For magnesium, the preseat®) of 71.35 a.u. is ence with any of the parameters is not much larger than
within 0.5% of the MP4 value of 71.7 a.u. The preseft 0.1%.
of 813.9 a.u. is 0.5% larger than MP4 value of 809.3 a.u. The For the other homonuclear dimers, Table IV once again
present values are probably more reliable than the MP4 vakeveals that the present method gives dispersion parameters
ues since the present method did slightly better than a simildn very good agreement with the relativistic MBPT calcula-
MP4 calculation at reproducing the precise dipole and quadtions with the exception being the atom-waly parameter.
rupole polarizabilities of Be. For calcium, the preseft of ~ The largest discrepancy of 2%omparing with the experi-
159.4 a.u. is 1.5% larger than the MP4 value of 157 a.u. Thenentally corrected MBPT value of 46@B) a.u.[10]) for Cg
presenta(? of 3063 a.u. is again 1.5% larger than the MP4occurs for the Rpdimer. As mentioned earlier, a nonrelativ-
of 3016 a.u. The major uncertainty in the present calculatioristic model which does not account for the spin-orbit split-
is in the definition of the core-polarization potential while the ting cannot be realistically expected to be accurate to 1%.
main uncertainty in the MP4 calculation is whether the CI  For the higher-order parameters, the present calculations
basis was sufficiently large enough to recover all of the pogive Cy, values that are about 2% larger than the MBPT
larizability. values for sodium and potassium. Since octupole transitions
The results from two other approaches are listed in Tableontribute toC, this is consistent with the earlier compari-
[ll. There are the pseudo-potential calculations of Maedesons for the octupole polarizability which revealed that the
and Kutzelnigg(MK) [43]. The MK calculation was essen- present approach yielded slightly large® than the MBPT
tially a moderately sized C{by moderately sized we are calculation. The largest difference f@g is only 1.5% and
referring to todays standardsalculation with the core elec- occurs for the Rb system. This difference could be due to the
trons replaced by the pseudopotential. For calcium, the MKact that rubidium with its nuclear charge of 37 is probably
calculation gives anx(?) of 2.717x 10° a.u. which is more being influenced by relativistic effects.
than 10% smaller than the present calculation. The MK oc- The only parameter for which the present calculations
tupole polarizability of 61.5% 10° a.u. is also almost 10% gives results significantly different from the MBPT calcula-
smaller than present(®) of 65.12<10° a.u. The CI basis tion is the atom-wallC5 coefficient. The present calculation
used in the MK calculation is probably not large enough togives aCj that is 5% larger for K, and 7% larger for Rb.
give absolutely converged estimates of the polarizabilities. The tendency for the present calculation to give a value of

IV. DISPERSION PARAMETERS
FOR THE ALKALI-EARTH ATOMS
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TABLE IV. The dispersion coefficients for homonuclear combinations of the lighter alkali-metal atoms. In the row labeled Present:
Valence, all terms in th&value sums involving core-excitations were omitted. T@pvalues are given for the MBPT calculations. The first
result is obtained directly from thab initio calculation. In the second, the frequency dependent dipole polarizability is computed by
replacing the energy and oscillator strength for the resonant transition by the experimental values. The uncertainty of the last digits of a

number of the theoretical and experimental values are in the brackets. All values are in atomic units.

Method Cs Cs 10 ° Dg 1075 Cq 104 Cq 106 Cyy

Li
Present: Valence 1.446 1388.3 1.5017 1.7012 8.3219 7.3612
Present 1.521 1394.6 1.5019 1.7087 8.3515 7.3811
MBPT [11,13 -/13902) 8.344) 7.35
MSSD[14,24,26 1388 1.501 1.701 8.324 7.365
PT[42] 1388 8.183 7.289
MK Pseudopof43] 1389 8.089 6.901
Variational[ 25,44 1.518 1393.4 1.7060 8.3426 7.3721

Na
Present: Valence 1.577 1523 1.460 1.846 11.40 11.42
Present 1.931 1561 1.472 1.892 11.60 11.58
MBPT [10,13 1.886 1564/155@}) 11.6Q18) 11.3
MSSD[14,24,26 1472 1.427 1.758 11.19 11.07
PT[42] 1500 10.90 10.68
MK pseudopof43] 1540 10.98 10.36

K
Present: Valence 2.128 3613 4.548 7.704 39.90 52.27
Present 3.017 3905 4.582 8.318 42.07 54.35
MBPT [10,13 2.860 3867/389(15) 42.05) 53.7
MSSD|[14,24,26 3813 4.834 8.374 40.96 52.48
PT[42] 3796 38.92 47.89
MK pseudopot43] 3945 38.34 45.22

Rb
Present: Valence 2.248 4112 5.279 9.447 52.70 74.75
Present 3.633 4635 5.351 10.63 57.01 79.16
MBPT [10,13 3.362 4628/469R3) 57.78) 79.6
MSSD|[14,24,26 4426 5.743 10.60 55.06 76.65
PT[42] 4531 52.58 68.33
MK pseudopof43] 4765 52.44 68.36
Experiment{7,8] 47079) 57.349)

Cj that is slightly larger is mainly the result of the contribu- convergence. The amount by which the CC calculation over-

tion from the core. For example, the core contributes 1.38%stimate<Cq, namely 3% for the Li-Li is quite large for such

to the totalC5 of Rb for the present calculation while con- a small system. The data of the SC compilat{@Y] are

tributing about 1.18 tdC5 in the MBPT calculatiof10]. Of  generally within a couple of percent of the modern calcula-

all the parameters given in Table ¥; is the most sensitive tions even for those instances where the pre€gntalues lie

to the coref-value distribution since its sum rule has termsoutside the band of recommended values.

that are inversely proportional to the first power of the exci- Even a brief inspection of Table VI shows that the present

tation energy. and MBPTCg values are in close agreement for all the het-
The good agreement with the MBPJg values for all  eronuclear alkali-atom combinations. The biggest relative

combinations of the alkali-metal atoms is immediately appardifferences between the present and MBPT valuesCigy

ent from Table V. TheCg values agree to within 0.5% with occur for systems containing either Na or K. The tendency

the single exception of the Rb-Rb case. The comparison witfor the present model to give a largef®) than MBPT for

the CC calculations of Stanton reveals the short-comings ahese two atoms also manifested itself in g parameter.

the CC calculation which overestimate the present values of The MSSD model potential calculations are also in rea-

Cg in every case. The description of core-valence correlatiorsonable agreement with the present results for all the entries

by a purelyab initio calculation is quite exacting and so it in Table IV. There is a tendency for the MSSD values of

may not have been possible to drive the CC calculation t&€Cg, Cg, andC,, to be slightly smaller than the present and
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TABLE V. The dispersion coefficientCg for all the possible  culations for practically all the entries in Table IV and the
alkali-atom dimers. The MBPT values are not the result of @ire  effect is enhanced for the higher-order multipoles. One con-
initio calculations, theab initio resonant oscillator strengths and cludes that the accuracy of the PT approach is not likely to
excitation energies are replaced by the most accurate experimentggs petter than 10% and it has a systematic tendency to un-
data[46]. Two entries for the SC column are given; these are thederestimate the dispersion parameters and polarizabilities.
estimated lower and upper bounds©g The estimated theoretical The higher-order dispersion parameters of the PT approach

uncertainty_in the I_ast d_igits of the MBPCTg are in brackets. All are without exception the smallest of any of the entries in
values are in atomic units. Table VI

The MK pseudopotential calculations also show a ten-
dency to underestimate the present valuegfand Cy,.
Li-Li 1394.6  139Q2) 1440 1388 1380-1390 The relatively short orbital expansions with only five basis

Systems Present MBP1] CC[60] MSSD[14] SC[27]

Li-Na 1472 14672 1532 1427 states for thed and f symmetries, respectively, are respon-
Li-K 2328  23225) 2441 2293 2340—2360 Sible for this since the MK basis sets was not large enough to
Li-Rb 2533 254%7) 2791 2469 2530_2550 €exhaustively recover all of thivalue distribution.

Na-Na 1561  155@) 1639 1472 A recent experiment has given estimates of the dispersion
Na-K 2454  24476) 2595 2348 coefficients for Rg [7_,8]._ The values give in Table IVare
Na-Rb 2672  268F) 2966 2526 those of Ref[8] with |nd|cat|ve. errors taken from Reff7].

K-K 3905 389715 4158 3813 3970—4030 (Note, van Kemperet al. [7] did give an estimate o€

with a more ambitious fit. This fit did rely on an estimate of
C1,=1.19x10% a.u. as computed by Patil and Tapp].
This PT estimate is too small and applying the present
method givesC,,=1.427x10'° a.u. So the data from this

. . o other fit are not listed hereThe present calculations agree
MBPT values. This is probably due to their omission of thevi/ith the experimental data to an accuracy of 2%.

core contribution to the dispersion parameters. The actual
results listed in the MSSD column in Table VI come from A. Accuracy of the Koopman approximation

two sources. The data for the homonuclear pairs are taken . .

from Ref.[14] while the data for the heteronuclear pairs are It can be seen from Table IV that the relative size of the
taken from a later work61]. The Cg andC,, parameters for  COre correction rises as th_e atom gets larger. The core contri-
the heteronuclear pairs from REL4] are consistently larger Pution is 0.2—-0.5% for Li and about 7-12% for Rb. The
than those of the present work by about 2%e4g., for the relatlve_ correction fqr g:.|s shghtlly Iqrger than the relative
Na-K combination Ref[14] gave Cg=21.7x 10" a.u. and correction for G which in turn is slightly larger than the
C1o=21.7x10° a.u.). However, a later publicatijfil] gave ~ Ccorrection forCy,.

smaller values ofCg and C,9, which are in much closer
agreement with the present values, and it is these data which

K-Rb 4253 427413 4761 4108 4290-4370
Rb-Rb 4635  469@3) 5456 4426 4640-4740

1. Core correction for G

are listed in Table VI. The tendency for the MSSI3 and The tendency for the Koopman approximation to the core
Cyo to be smaller for homonuclear pairs is also present fof-value distribution to overestimat€; does suggest that it
the heteronuclear pairs. might lead to some overestimation in the core contribution to

The parametrized wave functions of PT generally showCg. However, Table IV does not show any overt signs of
much larger differences with the present calculations. The PSuch an effect. This is best explained by examining the indi-
calculations give results that are smaller than the present calidual contributionsC¢ and C¢' in detail.

TABLE VI. The dispersion coefficient€g andC, for all the possible alkali-metal-atom dimers that can be formed from Li, Na, K, and
Rb. The estimated theoretical uncertainty in the last digits of the MBR@&re contained in the brackets. All values are in atomic units.

1074 Cq4 1075 Cyg

Systems Present MBHTL3] MSSD|[14,6] PT[42] Present MBPT13] MSSD|[14,6] PT[42]

Li-Li 8.351 8.344) 8.324 8.183 7.381 7.35 7.365 7.289
Li-Na 9.892 9.8811) 9.806 9.49 9.297 9.16 9.13 8.859
Li-K 19.58 19.52) 19.25 18.52 21.18 21.0 20.73 19.49
Li-Rb 23.29 23.43) 22.83 21.90 26.08 26.1 25.65 23.56
Na-Na 11.60 11.6a9) 11.19 10.90 11.58 11.3 11.07 10.68
Na-K 22.44 22.8) 21.95 20.82 25.69 25.3 24.87 23.03
Na-Rb 26.49 26.@) 25.81 24.44 31.43 31.3 30.57 27.73
K-K 42.07 42.Q5) 40.96 38.92 54.35 53.7 52.48 47.89
K-Rb 49.09 49.85) 47.60 45.31 65.70 66 63.52 57.24
Rb-Rb 57.01 57.(8) 55.06 52.58 79.16 79.6 76.65 68.33
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For the potassium atom one finds tiGff=26.8 a.u. and 2.0x 10* a.u. for the same core correction. Hence the present
Cg'=265.3 a.u. As expected, it is the core-valence contribusemiempirical calculation overestimates the correction of the
tion that is by far the most important. The core-valence con€ore by just less than 10%. This means that usage of the
tribution will be dominated by the resonant excitation andsemiemprical cord(“)-value distribution could result i€

Eq. (17) can be rewritten for a homonuclear pair as being overestimated by about 0.5%. A similar result holds
for the C,o parameter of potassium. The core correction for
Ccov—3 E Nifo; Cg is also overestimated for rubidium and the present calcu-
8 S (6i+Agl))on(Ei+Agl)+ €oj) lation gives 4.3K 10* au while the relativistic MBPT calcu-
lation gives a correction of 42010* a.u. Once again the
. overestimation is just less than 10%. Even though the size of
3fres N; . :
A~ _ 0 D the correction for Rb is larger, the net error due to the use of
Eres iccore-a( €+ ALY)(€+ ALY+ €red) the semiempiricaf()-value would still be less than 1%.
A cursory examination of Table Il shows that the core
3fres N; 3fres (19 corrections to the higher-order polarizabilities are not very
€res i ceore-a(g+AD)2 €res core large. For rubidium, the core contribution t? is 0.6%

while the correction fora(® is 0.15%. However, for the

since |6i+Agl)|>|6reJ- The equation forC¢’ collapses to dipole polarizability the correction is 3%. This suggests that
include the expression that was used to£i%) in the first ~the core-contribution to th&€, parameters largely comes
place. Therefore, the error inherent in using the Koopmarirom f) core-dipole terms. This has been verified by a cal-
approximation is minimized. culation of Cg with core terms included in th&?®) distribu-
Given that the coré-value distribution results in the core tion but omitted from thef(®) and f®® distributions. This
contribution toC, being overestimated by about 15—20%, gave 56.4% 10" a.u. forCq. Roughly 85% of the core cor-
one can reasonably assert the overestimatiorClpwill be  rection toCg for Rb arises from the core terms in tii"
smaller than this. Calculations f; for H or Ps interacting distribution function. One concludes that omission of the
with the noble gases showed that the Koopmans approximalore contribution to the(? distribution will affect the de-
tion resulted inCq being overestimated by about 5p62].  rived Cg by an amount that is no larger than 1.0%. The
Making the assumption that the core related erroCipis  impact of the core part of thé®) distribution is even
about this size, one then arrives at an estimate of 5% for thémaller, and its complete omission would imp&xg} by an
error inCS+CS'. These translate to overestimates of 15 ancg@mount of order 0.1%.
25 in Cg4 for K and Rb, respectively. The overall impact upon
the final value ofCq would be less than 0.5%. Comparisons  B. Comparison with the calculations of Marinescuet al.

of the Cg/Ce ratio with MBPT estimatep45] are compatible One notable feature of Tables IV and V is the variance
with this analysis. The present calculation for K givesith the model potential values of MSSDA4]. It has previ-
§/C6=0.926 while the MBPT calculation give€g/Cs  ously been notel10] that the MarinesciC underestimate
=0.93. For rubidium, the present calculation give§Cs  the recommended values for the larger alkalis. It was sug-
=0.887 while the MBPT calculation gives}/Cg=0.89. gested[10] that this occurred because MSSD al did not
One fine point of detail should be mentioned; the totalinclude core contributions in their determinationsQy.
sum over the core and valence electrons adds up to a number However, since the MSSD calculations omit the core from
slightly different from the number of electrons. While the their analysis they should therefore be in quite close agree-
f-sum for the core is equal to the number of core electronsment thevalence onlyestimates o5, andDg listed in Table
the valencef-value sum is usually slightly larger than the IV. As seen in Table 1V, theiCg for Na is too small by 4%
number of valence electrons. This problem could easily bend too large by about 7-8% for K and Rb. Similarly their
corrected by changing the shell occupancy of the mostalues ofDg are 6-10% too large for K and Rb. The likely
weakly bound core orbital to compensate for the excess coreause of this problem are the choices they made for the cut-
tribution from the valencé&value sum. One could then rede- off parameters in the modified dipole operator
termineA™® from Eq. (13) with this revised\; for the most
weakly bound orbital. However, the gain in theoretical purity Qcore 3.3
is simply not worth the additional complexity. When this r—ril- 3 [1—exp(—r/re)] ). (20
more complicated procedure was applied to the system with
the largest core polarizability, namely rubidium the disper-They tuned the . parameter to give the experimental dipole
sion coefficient changed from 4635 to 4634 a.u. polarizability. While the experimental dipole polarizabilities
adopted 48] are slightly different from the present calcula-
tions, this cannot explain the discrepancy. One possibility is
The accuracy of the coré(©-value distribution can be that MSSD did not take the core polarizability into consid-
determined from the difference of the full calculation with eration when tuning . to the experimental dipole polariz-
the valence only calculation. For potassium, this isability. We have tested this hypothesis for potassium by do-
2.17x10% a.u. for C4. The relativistic MBPT calculation ing a valence only calculation and adjusting the cutoff in the
gave modified dipole operator so that the valence polarizability

2. Core correction for G and Cy,
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TABLE VII. The three-body dispersion coefficient, 1D Cq for all the possible alkali-metal-atom trimers. The Midzuno-Kihara approxi-
mation was evaluated using the data of the present calculation reported in Table IV. All values are in atomic units.

Systems Present Midzuno- MS3P6| SC[27] Systems Present Midzuno- ge7]
Kihara Kihara

Li-Li-Li 17.087 17.175 17.01 17.0 Be-Be-Be 0.5973 0.6023 0.612

Li-Li-Na 17.64 17.74 17.16 Be-Be-Mg 1.054 1.064

Li-Li-K 28.90 29.19 28.84 Be-Be-Ca 2.003 2.035

Li-Li-Rb 31.36 31.77 31.16 Be-Be-Sr 2.435 2.485

Na-Na-Li 18.25 18.36 17.35 Mg-Mg-Be 1.872 1.888

Na-Na-Na 18.92 19.06 17.58 Mg-Mg-Mg 3.338 3.369 3.36

Na-Na-K 30.74 31.13 29.28 Mg-Mg-Ca 6.463 6.561

Na-Na-Rb 33.35 33.90 31.61 Mg-Mg-Sr 7.885 8.036

K-K-Li 48.99 49.74 49.08 Ca-Ca-Be 7.029 7.172

K-K-Na 50.37 51.24 49.29 Ca-Ca-Mg 12.75 13.00

K-K-K 83.18 84.93 83.75 86.1 Ca-Ca-Ca 25.57 26.16 324

K-K-Rb 90.26 92.48 90.57 Ca-Ca-Sr 3141 32.23

Rb-Rb-Li 57.66 58.96 57.35 Sr-Sr-Be 10.52 10.81

Rb-Rb-Na 59.30 60.77 57.56 Sr-Sr-Mg 19.14 19.64

Rb-Rb-K 97.94 100.7 97.96 Sr-Sr-Ca 38.63 39.74

Rb-Rb-Rb 106.3 109.7 106.0 110 Sr-Sr-Sr 47.53 49.03

Li-Na-K 29.78 30.11 29.04 Be-Mg-Ca 3.590 3.646

Li-Na-Rb 32.30 32.78 31.36 Be-Mg-Sr 43.73 44.60

Li-K-Rb 53.15 54.15 53.05 Be-Ca-Sr 8.596 8.801

Na-K-Rb 54.65 55.80 53.27 Mg-Ca-Sr 15.62 15.98

was 292.8 a.u. Use of the resulting valence dahalue dis-  cently been computed to very high precision for all combi-
tribution in Eq.(5) increases the valence only estimateCgf ~ nations of the very light atoms H, He, and [45]. Tabula-
from 3613 to 3824. This is only 11 different from the value tions of Cq for all possible combinations of the alkali atoms
of 3813 reported by MSSPL4]. Assuming our hypothesis is are given in Tables IV and VII.
correct, the sodiunf s of Marinescuet al. is too small by For lithium there is only a very small (0.15%) difference
about 3%, while theirf,.s for K and Rb are too large by between the presefly value of 1.7087 a.u. and the close to
about 3%(mainly because of the influence @f,in setting  exact variational calculation giving 1.7060 a[@5]. For the
the cutoff parameteys heavier atoms, th€q parameters are in close agreement with

With this in mind it is now possible to reconcile the those of MSSD for K and Rb but there is a disagreement for
present values obg with those of MSSD{24]. Firstly, the  Na. The disagreement was expected for Na since MSSD also
Dg parameter has an energy denominator roughly propomnderestimatedCg. The apparently close agreement for K
tional to e>.. Therefore, this parameter is completely domi-and Rb is most likely an accident. The omission of the core
nated by the resonant oscillator strendithy. For example, contributions to Eq(10) by MSSD is compensated by their
even for rubidium, the core makes a total contribution of lessslightly too large resonant oscillator strengths.
that 2%. The differences with MSSD arise directly from the ~ The present calculations can be used to assess the accu-
details of the model used to describe the spectrum of théacy of the Midzuno-Kihara approximatiof64,65. For a
alkali-metal atoms. Their value dbg for Na is too small  trimer consisting of three identical atoms, they get
since their Naf s is too small, while theiDg for K and Rb
are too large since thefts are too large. Co= Z @Ce. 22)

C. Three-body dispersion coefficients
. o . Other more complicated identities exist for the case of het-

The leading nonadditive interaction between 3 atomSyonclear trimerg64,65. For the homonuclear trimers,

(a,b,c) is written as MSSD [26] report an agreement between their explicit cal-

Cuf culation and the Midzuno-Kihara approximation that is better
b~ of (Oab. Onc, Oca) (21) than one part in a thousand for all the alkalis except Li.
e R3R3.R3. Indeed, for three atoms, Na, Rb, and Cs the results of the

Midzuno-Kihara approximation agree with their calculated
Estimates of the dispersion paramei@g, for the alkali at- values for all quoted digits. Such a close level of agreement
oms have been made by Langhoff and Kardle8], MSSD is not seen in the values in Table VII and the Midzuno-
[26], and the SC compilatioh27]. This parameter has re- Kihara approximation consistently overestimates the explic-
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TABLE VIII. The dispersion coefficients for the lighter alkaline-earth atoms. In the valence only calculations, all termd-iathe
sums involving core-excitations are omitted. T@g values are tabulated for the €MBPT calculation of C412]. The first comes from a
pureab initio calculation. In the second frequency dependent polarizability is computed using the experimental oscillator strength of Zinner
et al [4]. The experimental dispersion parameters for Ca are the average of two values that arise from different functional forms used to fit
the Ca rovibrational spectrunj9]. All values are in atomic units.

Method C, Cs 10 ° Dg 10°° Cq 104 Cq 10 ¢ Cyq
Be
Present: Valence 0.972 211.87 0.7862 0.5940 1.0184 0.5154
Present 1.012 213.06 0.7865 0.5973 1.0220 0.5165
CI+MBPT [12] 214(3)
MCSCF[67] 213.6
MK: CI +pseudopof43] 208.0 1.0127 0.5319
Patil [54] 248 1.06 0.501
Mg
Present: Valence 1.455 612.6 2.812 3.249 4.095 2.787
Present 1.704 629.5 2.818 3.338 4.164 2.817
CI+MBPT [12] 62712
MK: CI +pseudopof43] 618.4 4.233 2.992
Patil [54] 648 3.85 2.43
Experiment 68,69 68335 3.88)
Ca
Present: Valence 2.196 2022 13.61 23.59 21,56 21.35
Present 2.881 2188 13.75 25.57 22.60 22.00
CI+MBPT [12] 2168/222115)
MK: CI +pseudopof43] 2005 20.0 19.50
Patil [54] 2002 17.9 16.3
Experiment 9] 2080Q7) 28.550) 13.0100
Sr
Present: Valence 2.507 2890 21.27 42.15 35.99 40.68
Present 3.643 3250 21.66 47.53 38.54 42.50
CI+MBPT [12] 3170196
Patil [54] 2849 29.0 29.6
itly calculatedCq by between 0.5 and 3%. This level of 1
accuracy is more in keeping with the observations made by Cr—Cnt 1 [(N=1)C, =Dy (23

Chan and Dalgarno for three hydrogen atoff$]. They

found the Midzuno-Kihara formulas overestimated B¢  ith the proviso that there is nD4 correction forCe.
parameter by 1.2%. The almost perfect level of agreement For the Li dimer, the correction t&Cs is an increase of
obtained by MSSD derives from the fact that they do not34 gy with the 6—1)Cg term being about 5 times larger
include any contribution from the core in their calculation, than D4, As a percentage increase, the valueGgf would
i.e., itis an artifact of their particular model. We can generat@ncrease by 0.04%. For K4 the percentage increase @

C, values computed by Eq¢10) and (22) in agreement at \yould be 0.014%. The correction 165 would be even
the 0.1% level by the simple of expedient of omitting the smalier for K and Rb.

f-value distribution due to the core from the summations.

The present values f@&@4 for all these three-body systems
should be regarded as superseding all the previous estimates
(with the exception of the Li-Li-Li cage The earlier SC
compilation[27] givesCq4 parameters that are within 5% of
the present with one exception, namely calcium.

V. DISPERSION PARAMETERS
FOR THE ALKALINE-EARTH-METAL ATOMS

The results of the present calculations for the homo-
nuclear combinations of the Be, Mg, Ca, and Sr alkaline-
earth-metal atoms are listed in Table VIII. Heteronuclear
combinations are listed in Table IX. The contribution from
the core for octupole excitations was omitted from the cal-
culation since no estimates af®) exist for the alkaline-
earth-metal cores. The calculations upon the alkali-metal at-

D. Relative importance ofDg and Cg

According to Marinescu and Dalgar@4] the adiabatic
correction for the dispersion coefficient is
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TABLE IX. The dispersion coefficient$g, Cg, andC,, for all the possible alkaline-earth-metal pairs. All values are in atomic units.

Systems Cs 104 Cq 106 Cyq

Present CHMBPT [12] CC[60] SC[27] Present Sq27] Present Sq@27]
Be-Be 213.1 21®) 207.4 219-222 1.022 1.04-1.09 0.5165 0.508-0.563
Be-Mg 364.6 365.2 369-374 2.082 2.08-2.19 1.232 1.20-1.34
Be-Ca 661.0 636.1 762777 5.007 4.33-5.35 3.713 3.15-3.84
Be-Sr 800.0 790.5 6.645 5.354
Mg-Mg 629.5 62712 647.8 630-638 4.164 4.11-4.35 2.817 2.73-3.04
Mg-Ca 1158 1140 1300-1330 9.807 8.74-10.5 8.088 6.90-8.44
Mg-Sr 1404 1421 12.94 11.49
Ca-Ca 2188 22215) 2042 2740-2830 22.60 19.0-24.9 22.00 17.7-22.8
Ca-Sr 2665 2559 29.56 30.68
Sr-Sr 3249 317@96) 3212 38.54 42.50

oms suggest that the omission of these terms has less thantds  dimer gave estimates C4=2080(7) a.u., Cg
0.1% effect on the values af® and Cy for the neutral =28 5(50)x 10* a.u., and Cy=13.0(100)x 10° a.u. [9].
atom. _ The experimental value &g is 5% smaller than the present
The CHMBPT [12] value ofCg for the Be dimer was  yajye and 7% smaller than the MBPT value computed with
2143) a.u. This is only 0.5% larger than the present value ofhe zinneret al. oscillator strengtt{4]. It is quite possible
213.1 a.u. The only other large scale initio calculation of ot frther refinements of the theory and experiment could
Co fpr the. Bg dimer was a multiconfiguration self- gqq the gifferences decrease. First, on the experimental side.
consistent fieldMCSCR calculation by Fowlert al. [67] A Monte Carlo analysis of the uncertainties in the potential

which gave Ce=213.6 a.u. This is 0.3% larger than the ﬂt showed that the dispersion parameters would be quite

present value. On the basis of these comparisons, and on t : .
e ) ._strongly correlated in any least-squares analysis of the spec-
good agreement of the polarizabilities with the best varia- ) :
um[9]. So a least-squares fit that yields too large a value of

tional calculations, one could comfortably assert the prese - : ;
values ofCg andC, have an accuracy of 0.5% or better. s Will by way of compgnsatlon give too small a valu_e qf
The agreement with the GIMBPT calculationg[12] of Cg. The value ofCg obtained from the spectrum analysis is

Cs is uniformly good for the heavier alkaline-earth-metals,@Pout 25% larger than the present valueCgf While there
For Mg, the level of agreement is better than 0.5%. For C&\f€é some uncertainties in the present calculatio€gf the
and Sr, differences of a Coup|e of percent occur, but it mustevel of agreement achieved with the MBPT calculations of
be noted that the theoretical uncertainties that Porsev anidorsev and Derevianko far) and Cg [12] and the MP4
Derevianko ascribe to their recommended values are somealculation fora™™) and «(? suggests that it is very unlikely
what larger. For calcium, Porsev and Derevianko performedhat the present estimates©f andC,q could be in error by
a hybrid calculation ofCg. They replaced theimb initio  more than 10%. Itis possible that using the present estimates
estimate of the radial matrix element of the resonant transief Cg and C4, with suitable error limits as constraints in the
tion by an experimental value deduced from the photoassdeast-squares fit to the potential will give a slightly larger
ciation experiment of Zinnegt al.[4]. This estimate o€gis  value of C4z. On the theoretical side, thievalue corrected
probably too large given that a later photoassociation experiMBPT Cg of 2221(15) could easily be decreased. The pho-
ment by the same grou»8] gave a resonant transition that toassociation experiment originally used to determine the de-
was slightly smaller. cay rate of the Ca#4p 'P° excited state has recently been
Experimental values o€g and Cg have been extracted repeated58] yielding a decay rate that was a couple of per-
from a Rydberg-Klein-Rees potential derived from the ro-cent smaller than the original Zinnet al. determination. If
vibrational levels of the Mg ground statd68,69. The de- the MBPT calculation was repeated by tuning the resonant
rived value ofCg=683(35) a.u. was almost 10% larger than oscillator strength to the newer decay rate it is likely 1Bt
the present value of 629.5 a.u., while the experime@@l would decrease to a value of about 2150 a.u., which is closer
=3800(800) a.u. was about 8% smaller than the preserib the recent experimental determination.
value of 4164 a.u. However, it has been shown by Allard The strontium atom has the most polarizable core so it can
et al. [9] that theC,, dispersion parameters obtained from abe used to test whether the omission of the core part of the
spectrum analysis are very strongly correlated. Hence, th&®-value distribution has a significant impact upon the cal-
fact that experiment is larger than theory fog but smaller  culation. The comparison with the valence only calculations
than theory forCg does suggest indicates that the overallin Table VIII reveals that the core contribution @y is 8%
difference between theory and experiment is smaller thamhile the core makes a 5% contribution@q,. Most of this
indicated by a direct comparison of individual values. comes from the dipole contributions. For example, omitting
The situation for Cais particularly interesting since a the core-quadrupole terms and retaining dipole terms in Egs.
recently completed analysis of the rovibrational spectrum of6) and (7) gave Cg=38.25<10%a.u. and Cy
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TABLE X. The dispersion coefficient€g, Cg, and Cy, for all possible pairs formed from one alkali-metal atom and one alkaline-
earth-metal atom. Standard and Cerfdf] did give bounds for dimers containing the Na atom, but their bounds are so far apart that they
are of little practical value. All values are in atomic units.

Systems Cs 1074 Cq 10°% Cyy
Present Cdge0] SC[27] Present S¢27] Present Sq27]

Li-Be 477.9 478.3 478-482 2.788 2.68-2.82 2.066 1.87-2.07
Li-Mg 856.6 878.6 852-857 5.683 5.48-5.74 4.541 4.15-4.58
Li-Ca 1688 1636 1830-1850 14.13 12.7-14.4 12.61 10.6-12.6
Li-Sr 2070 2075 18.95 17.79

Na-Be 521.6 527.0 3.351 2.697

Na-Mg 929.8 963.0 6.739 5.823

Na-Ca 1814 1778 16.36 15.76

Na-Sr 2220 2250 21.72 22.02

K-Be 791.0 806.4 801-818 6.524 6.06—6.41 6.442 5.37-5.95
K-Mg 1417 1481 1430-1450 12.85 12.0-12.7 13.46 11.4-12.6
K-Ca 2803 2763 3080-3160 30.27 27.4-30.6 34.84 28.1-33.0
K-Sr 3443 3510 3.910 47.11

Rb-Be 868.7 919.9 860-886 7.741 7.08-7.59 8.011 6.92-7.59
Rb-Mg 1553 1689 1530-1570 15.15 13.9-14.9 16.62 14.7-15.9
Rb-Ca 3063 3153 3320-3430 35.29 31.8-35.6 42.61 35.3-41.1
Rb-Sr 3762 4007 46.23 58.22

=42.19x 10° a.u. The core-quadrupole distributions make aously been noted that th@; SC bounds for systems contain-
contribution of less than 1% to bothg andC,,. Contribu-  ing calcium were of questionable reliabilif$0] since the
tions from the core-octupole distribution will be much accuracy of the underlying theoretical calculati¢p76] used
smaller and their omission will not cause a significant errorin the determination of the SC bounds have been criticized.
The other calculations with data reported in Tables VIII  Table IX givesCg and Cy, for all the possible combina-
and IX are the MK C#pseudo-potential calculatigd3] and  tions of the alkaline-earth-metal atoms and compares them
Patil estimates using a very simple wave functiéd]. The  with the SC compilatiod27]. When there is a discrepancy
MK estimates ofCg for Be, Mg, and Ca are 2:59%  between the present values@f andC;,and the SC bounds
smaller than the present and€MBPT values. The MKCg  the present data should be preferred since one of the primary

and C,, values differ from the present estimates by similarinputs to the SC bounds were the data from the MK CI-
amounts. As mentioned earlier, the two-electron basis used {§seudopotential calculation.

diagonalize the model Hamiltonian is much smaller than that
used for the present calculations. Limitations of the Patil
calculation are most apparent for the,Bé#mer where their
Ce estimate of 248 a.u. is some 15% larger than the present
value of 213.6 a.u. Dispersion parameters computed with the
Patil method cannot reliably expected to have an accuracy of Table X gives the dispersion coefficient for atom pairs
much better than 25%. consisting of one-alkali-metal and one alkaline-earth-metal
Given the good agreement between thet®IBPT and atom. For reasons advanced earlier, the present parameters
present calculations d@g for the homonuclear systems one should be regarded as being more reliable than the previ-
can reasonably infer that the present values are to be preusly published SC data set.
ferred over previous published estimates for heteronuclear Once again, th€€g parameters from the SC compilation
combinations of alkaline-earth-metal atoms listed in Tabld27] generally lie within a couple of percent of the present
IX. The all-electron CC calculations of Stantp@0] differ  values, with systems containing Ca being the notable excep-
from the present values by amounts of order 5%. One feation. The all-electron CC calculations giv@g parameters
ture of the comparison with the bounds of the SC compilathat fluctuate from the present data by amounts of up to 5%.
tion is that all of theCg4 estimates lie outside the SC bounds The higher-order SC estimates are in reasonable agree-
suggesting that SC were a bit overoptimistic when estimatingnent with the present calculations with the exception of sys-
the reliability of the primary data used to determine thetems containing K and Ca. The SC data for K are largely
bounds. It was somewhat surprising that the SC bounds faderived from the MK calculatioi43] and it can be seen
even a small system like Bavere not compatible with the from Tables Il and IV that the MK calculation overestimates
present estimate dfg. It is noticeable thaCg values of SC  all the dipole polarizabilities and th€g dispersion param-
for systems containing Ca are much too large. It has previeters of the K dimer. For reasons outlined earlier, the SC

VI. MIXED ALKALI-METAL AND
ALKALINE-EARTH-METAL SYSTEMS
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bounds for systems with Ca are not expected to be particiexcited states are less influenced by short-range correlations
larly accurate. with the core electrons.
One aspect of the calculations worth specific mention was
VII. CONCLUSIONS the use of the constrained sum-rules to determine the
. ) f(D-value distributions for the core electrons. Other attempts
The three lowest order dispersion paramet&s, Cs,  to compute the dispersion parameters using model potential
and C,, have been computed for a number of alkali-metalmethods have simply ignored the contribution from the core
and alkaline-earth-metal combinations. For certain subsets @jectrons. Although the present approach may overestimate
the possible combinations, accurate estimates from relativishe core contribution to dispersion parameters, the excess
tic MBPT calculations already exist. However, there havecontribution is hardly large enough to be noticed.
been no calculations of comparable sophistication for other |t should be that the actual calculations of the dispersion
classes of atoms, notably the alkali-alkaline combinationsysrameters were very easy once € distributions had
One of striking features of the present nonrelativistic mOdeEeen generated. Indeed it would be relatively easy to deter-
potential analysis is the amazingly good agreement with thenine dispersion parameters for other combinations of atoms.
sophisticated relativistic MBPT calculations. Notwithstand-The calculations take almost no time to do even for atoms
ing the results obtained by earlier model potential or pseudoyity (9)-_gistributions with a couple of thousand elements.
potential calculation§14,43, it is worth pondering why this  gjncef(9-distribution functions have already been generated
should be the case. L L for H, it would literally take about 15 minutes to generate the
For one-electron atoms, tHé")-value sums forr*) and dispersion coefficients between H and the alkali-metal and
C; are very strongly influenced by a single transition. So if 5jkaline-earth-metal atoms.
fresis predicted accurately, then one is already assured of a The present methodology is not necessarily restricted to
dispersion parameter that cannot be too inaccurate. In th@e systems or states that have already been treated. It really
second instance the model potential method is almost guajgould not be a major effort to determine dispersion param-
anteed to give an accurate transition matrix element. Th@ters petween different combinations of excited states since
model potentials have been tuned to give the correct bindinghe necessary formalism has already been develppzH
energies for the resonant transition. Since the bulk of thesimilarly, it would be possible to determine the dispersion
dipole length matrix element comes from large values,of parameters for other diatomic combinations involving H and
and the radial forms of the wave function automatically havene rare gases since tti&)-value distribution functions are
the correct form at asymptotic distances, it is to be expectedasy to computéfor H and He or empirically determined
that the semiempirical model gives accurate matrix elementg,scijlator strength distributions already exi#tl]. Given the
Additional uncertainties exist for two-electron atoms, bUtabiIity to write an expression involving oscillator strength

tuning the binding energy to the experimental energy doegyms, the coefficient of th©(R~7) retardation interaction
help to give a wave function with the correct asymptotics.can also be determined.

Although the sum-rules for the higher-order dispersion pa-

r_ameters,C8 and C,, are not dominated by a sw_ngl_e transi- VIIl. ACKNOWLEDGMENTS

tion, one can expect these parameters to be similarly accu-
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