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Proton Zemach radius from measurements of the hyperfine splitting of hydrogen
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While measurements of the hyperfine structure of hydrogen-like atoms are traditionally regarded as test of
bound-state QED, we assume that theoretical QED predictions are accurate and discuss the information about
the electromagnetic structure of protons that could be extracted from the experimental values of the ground
state hyperfine splitting in hydrogen and muonic hydrogen. Using recent theoretical results on the proton
polarizability effects and the experimental hydrogen hyperfine splitting we obtain for the Zemach radius of the
proton the value 1.0316) fm. We compare it to the various theoretical estimates the uncertainty of which is
shown to be larger than 0.016 fm. This point of view gives quite convincing arguments in support of projects
to measure the hyperfine splitting of muonic hydrogen.
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[. INTRODUCTION complementary measurements of the hyperfine splitting in
muonic hydrogeri6,7]. We are now going to critically ana-
The hyperfine splitting of the ground state of the hydro-lyze this idea in the context of recent theoretical results on
gen atom is among the most accurately measured quantitiése polarizability of proton$8,9], of the development of new
[1,2]: precision spectroscopy instrumentatidi®©], and of our bet-
ter understanding of the dominating proton structure contri-
AES>=1420405751.76670.0009 Hz, (1)  butions to the hyperfine splitting in hydrogen-like atoms.
This will lead us to the alternative point of view to look at
The relative experimental uncertainty in Eq. 1 does not exthe hyperfine spliting measurements in hydrogen and
ceed 102 The theoretical predictions faxE"FS, based on  muonic hydrogen as measurements of the Zemach radius of
QED, are less accurate. This is partly due to the computathe proton by assuming that all QED predictions are credible.
tional difficulties which increase very fast for the higher or- This way we shall obtain a “first experimental” value of the
der terms in the perturbative expansion in powersra@nd  proton Zemach radius from the hyperfine splitting of hydro-
(Za) [3,4], and to the limited precision of the fundamental gen which may be compared to theoretical values based on
constants involvedthe Rydberg known to 10", electron to  different proton form factor fits.
proton mass ratio and known to parts of 108 [3]). The
main uncertainties come, however, from the insufficient || HYPERFINE SPLITTING OF THE HYDROGEN ATOM
knowledge of the structure of protons. Because of this, the GROUND STATE
comparison of theoretical results with the experimental value
of Eq. 1 can not test QED beyond the contribution of proton 10 analyze the various sources of uncertainty in the theo-
polarizability effects of the order of a few ppm. To perform a retical value ofAE"" we put it in the traditional fornj11]:
more precise test of QED, therefore, either additional infor-
mation on the electromagnetic structure of protons should be AE{eo=EF(1+ 69FP+ 5), (2

used, or the comparison should be done between theoretica E S .
and experimental results on the hyperfine splitting inwlhereE is the Fermi splittind 12] expressed in terms of the

hydrogen-like bound states of charged point-like Ieptons.eIeCtron and proton massex,,m;, and the dipole magnetic

Muonium is most appropriate for the latter; indeed, the renoment of the proton,, (in units=c=1):
cent measurements of the hyperfine splitting of the ground 5 5

state of muoniunj5] have been shown to agree with theory EF_8 o MeMp

up to 0.5<10 7 (see[3] and references thergirso that the 3 (met mp)3,up,
correctness of QED results about the hyperfine splitting of

hydrogen-like atoms has been experimentally confirmed awhile 5°E° and 6" are correction terms related to higher
least with the same precision. As for the use of informationorder QED effects and to proton electromagnetic structure
on the electromagnetic structure of protons from otherdue to strong interaction$Eq. 2 is only correct in the lead-
sources in attempts to reduce the theoretical uncertainty ohg order, since higher orders QED and structure effects mix
AEMFS, until recently there was no theoretical progress inup[13].) Up to terms of orde©(«®) (without distinguishing
this direction, and the only realistic idea for years seemed ta from (Za) in the case of interest=1), 6°P is given by

be to estimate the proton structure contributions from(3,4]:

()
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3 5\ 8a3 TABLE I. Magnitude and uncertainty of the contributions to the
59FP=a + §a2+ o?| log2— E) — 3—Ioga hyperfine splitting of the ground state of hydrogen and muonic hy-
m drogen from various correction terms.
281 a® :
X | loga—log4+ 280 + 17.67®<?+ o, 8 Hydrogen Muonic hydrogen

) _ Magnitude Uncertainty Magnitude  Uncertainty
wherea, is the anomalous magnetic moment of the electrong® 141884 MHz  0.01 ppm  182.443 meV 0.1 ppm

Note that the expression f@?EP does not involve the mass

ratio me/my; all terms which depend on proton mass or 69F0 1.13x10°° <0.001x10°° 1.13x10°° 10°°
come from strong interactions are includedd. In turn, 8"  39x10°° 2x10°° 75x10°°%  0.1x10°3
5 splits into a “static” parts"9® that accounts for the elas- 8" 6x10°° 1078 1,7x10°2 10°°
tic electromagnetic form factors of the proton and can be™ 1.4x10°° 0.6x10°°  046x10° 0.08<10°3
calculated using data from elastic scattering experiments, &"? 1078 10°° 0.02x10°® 0.002x 103

part 5°° that comes from the internal dynamics of the proton
and could only be evaluated using data on inelastic processes

with protons, and a pa#™P describing the strong interaction of the actual values of the proton radii and is of the order of
effects outside the proton, such as hadron vacuum polariz&. The recoil terms®®'~5.68ppm[4] adds little uncer-
tion: 5= "9+ 5P+ ™. Two types of “static” proton  tainty to 8799, As for the proton polarizability correction
structure corrections are incorporated &%, associated 5P until recently there existed only the upper limi®

with the spatial distribution of the charge and magnetic mo-<4ppm [4], obtained by ascribing the whole discrepancy

ment within the proton and with recoil effects, respectively: petween AESZ? and AE!FS to the contribution froms™.

igid_ sZemach 0 - e ;
o= §7EME 5O The f(_)rmgmgf‘hs_ beeerpa;alculatzed in the The present value of the proton polarizability correction, cal-
leading order approximation = 5" 0(a®) by culated on the ground of experimental data on the polarized

Zemach[14]. 575"**" may be put in the fornf8]: structure functiorf9], is 1.6+0.6 ppm. The hadron vacuum
polarization corrections™P~10"8 [17] is much too small.
6Zemach_2amepf ﬂ(ie ()G (—p?) -1 The overall uncertainty oA E}{FSis therefore of the order of
@ 2 p* | up el7P)bm(—P 2-3 ppm and is entirely due to proton structure effects. All

discussed quantities are summarized in the leftmost two col-
=—2ameR,, (5  umns of Table I; the rightmost two columns of the Table
contain the numerical values of the corresponding quantities
where mep=memp/(me+my), Ge(k) and Gy (k) are the  for muonic hydrogen and will be discussed in next section.
charge and magnetic form factors of the proton, Rpds the As already pointed out, the challenging comparison of
first moment of the convolution of the proton charge andp EE'fS andA Eg'fsfor hydrogen can not be regarded as a test
magnetic moment distrib_utio.ns, also known as Z_emach r3af the QED Con”tributionsﬁQED of order O(«?) and higher
dius of the proton. If taking into account the radiative cor-pecayse of the significant overall theoretical uncertainty. We

. Z h . .
rections to(3)"*“" from [13], the explicit expression of the aqopt instead an alternative point of view to assume that the

Zemach term becomes™*™*’=—1.01562< 2amgR,. The  theoretical values 05°EC, 5 5P and 5* are accurate
reC0i| CorreCtionéreco'l denotes the Contribution Of a” terms and use the experimenta' data to determine the Zemach ra-
which depend on the ratim,/m, ; for sake of simplicity we  gjys of the protorR, as:

skip here the rather lengthy explicit expression &f°! P

which may be found irf11]. The proton polarizability cor-

rection 6™ and the hadron vacuum polarization correction Rp=— (AEHFS/EF—1— 5QEP— grecoll_ spol_ shvp)

have been evaluated recenft; 15|, using the available data

on the proton polarized structure functions and on electron- (1.0152<2mgpa). ()
positron annihilation into hadrons.

Eq. 2 may now be put in a more detailed form: L . .
The above assumption is justifiable since all four correction

AEHFS= EF(1 + 5QED sZemachy. grecoily spoly shvp) () terms are objects of QED, the only differences8Y° and 5°°'
from the former two being that their evaluation requires the
It is important for what follows to review the order of mag- use of additional phenomenological information beyond first
nitude of the various terms in the right-hand side of Eq. 6principles. From Eqg. 7 we get the experimental val
and briefly discuss the uncertainty of each of them. The un=1.037(16) fm, where the uncertainty 0.016 fm comes
certainty ofEF is due to the uncertainty ofi,, m,, u, and  from the theoretical uncertainty @ [9].
« and does not exceed 0.01 ppi6]. 5°FP is dominated by The Zemach radius of the proton is defined in terms of an
the anomalous magnetic moment of the electron; the uncerntegral of the charge and magnetic form factors of the pro-
tainty of the term comes from the uncalculated terms of relaton Gg(k) and Gg(k) over space-like transfer momenta
tive orderO(e?) and higher and is estimated not to exceedk,k?=—k? (see Eq. 5 or equivalently, by the first moment
0.001 ppm(3]. 8"9¢ is close to 40 ppni[11] and references of the convolution of the charge and magnetic moment dis-
therein; its uncertainty — 2-3 ppm — is due to the uncertaintytributions pg(r) andpy(r) in coordinate spacgL4]:
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state of muonic hydrogen. To our opinion the lack of interest
Rp= f drr J d’r’ pe(r—r') pu(r’). (8 in the topic is due to the unclear perspectives of an experi-
mental verification of the theoretical results. Indeed, the
The directly observable quantity which is most sensitive toanalogous contributions to the Lamb shift of muonic hydro-
the Zemach radius of the proton is the hyperfine splitting ofgen were evaluated with a very high accurdey,23 as
bound systems involving protorisompare to the Lamb shift Soon as the proposal for the experimg24] was about to be
which is related to the proton r.m.s. charge radil@].) The  put forward. We are therefore convinced that the uncertainty
experimental value oR, sets important restrictions on the of 6°-° may be brought down to 0.1 ppm if necessary. The
theoretical models of proton electromagnetic structure ancgvaluation of the recoil terms™®' may not be that easy
in particular, on the parametrization of proton form factors,since the mass ratim,/m,~0.11 is much larger compared
in terms of which the theoretical values are calculated. Conto hydrogen, and terms of ord@(a(m,/mg)"), n=2,3,4,
sider as an example the valuesRyf calculated from Eq. 5 are all expected to contribute by more than 1 ppm. Most
using a few popular approximations of the proton form fac-appropriate in this case might be an essentially two-body
tors. Numerical calculations givR,=1.02 fm for the dipole  approach based on the quasipotential equaRih2€]; we
fit, and R,=1.067 fm for the fit of[19]; unfortunately, no assume that the theoretical uncertainty may be brought down
information on the uncertainty of the parameters of the fit isbelow 10 ° this way, and put 1 ppm in the rightmost column
available, and no conclusions could be made on the compa®f Table I. Since we do not know of any published result on
ibility of these values with the “experimental” one. The ex- 8°°, we take as estimate of the magnitude of the recoil
perimental data used {119] have been re-analyzed recently effects the formula for the leading recoil term in muonium of
[20] with Coulomb and recoil corrections included. The lat-Ref. [4] and get 8"~ —(3a/m)(m,/m,) In (m,/m,)
ter have been shown to increase the proton charge r.m.s:1.7 10 3. The proton polarizability correction has been
radius by approximately 0.01 fm, and are expected to bringvaluated using the same methods as for hydrog®f:
the Zemach radius value based [d9] up to 1.08 fm. Both = (4.6+0.8)x 10 *[8]. The terms"™P describing the hadron
fits are consistent witmpGE(—kz)/GM(—k2)~1 for k>  vacuum polarization was shown to contribute by approxi-
<5 Ge\?/c?. To account for the recent experimental resultsmately 20 ppn{27], unlike hydrogen where it does not give
on the form factor rati¢21], we also evaluate®, by using ~any considerable contribution in hydrogen.
the Simon’s fit for either the charge or magnetic form factor ~With the content of Table Il in mind, we are now ready to
and expressing the other one using the relatipgGg  discuss the information that would be provided by measure-
(—k?)/Gy(—k*=1-0.13 k*-0.04) [21], and gotR,  ments of the hyperfine splitting of the ground state of muonic
=1.060 fm andR,=1.073 fm respectively. Though prelimi- hydrogen atoms.
nary, these estimates show that the current theoretical uncer- The proton structure correctioff" in muonic hydrogen is
tainty of R, significantly exceeds the experimental one, andenhanced(compared to hydroggnby a factor of 2 18.
that the experimental results on the proton Zemach radiuherefore, a measurement®E"™Sin (1~ p),5 can not be a
may be used as a test for the quality of models of the protogood test of QED since QED effects are overshadowed by

in the limit of low transfer momenta. the proton structure corrections. Further on, in both hydrogen
and muonic hydrogen, the proton structure correctiétiss
Ill. HYPEREINE SPLITTING OF THE MUONIC dominated by_two_l_ndependtglnt terms: the Zemach t&fﬁﬁ_
HYDROGEN ATOM GROUND STATE and the polarizability terms®®. While the Zemach term is

directly related to a well defined physical parameter - the

Muonic hydrogen is the only other hydrogen-like atom in Zemach radius of the protdR, (see Eq. 5 5*°'is expressed
which the hyperfine splitting of the ground state could bein terms of the form factors and polarized structure functions
measured with high precision. Due to the large muon masef the proton in an indirect and case-dependent way and is
m, /me=~2 1%, the binding energy of the ground state of not associated with a single parameter. Compared to hydro-
muonic hydrogen is of the order of 200 Ry, and the radius ofyen, both these terms scale approximatelyras/(me). This
the muon orbit is~a,/200 so that the energy levels of all brings us to the conclusion that opposite to what was
muonic hydrogen are more “sensitive” to the details of the believed by some authof8,7], the measurements afEHS
proton structure than the levels of normal hydrogen. Then hydrogen and muonic hydrogen atoraee not comple-
expressions in Eq$2), (3), and(5) for the hyperfine splitting mentaryin a sense which would let us extract the values of
of a hydrogen-like atom and the various contributions to ittwo universal parameters of the proton, characterizing its
apply for muonic hydrogen as well; however, the energycharge and magnetic distribution and polarizability. How-
scale and the relative size of the various terms differ signifiever, if assuming that all terms in the right-hand side of Eq.
cantly from the hydrogen cadsee the rightmost two col- 7 are evaluated correctly by theory, these measurements may
umns of Table ). The Fermi splitting now is 183 meV that be regarded as repeated experimental determination of the
corresponds to a hyperfine transition wavelength of i Zemach radius of the proton. While the discussible point in
The explicit form of the higher order terms i6RF° may  this assumption is the credibility of the theoretical evaluation
differ from Eq. 4 since different momenta are expected toof 6*° (if neglectings™P), the repeated measurementsRpf
give the main contribution in loop integrations, while proton in hydrogen and muonic hydrogen are the best way to verify
structure modifies the proton vertices. We do not know ofit: compatible values oR, extracted from the hyperfine
any published explicit expression &<EP for the ground splitting in hydrogen and muonic hydrogen will confirm the
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reliability of the theoretical values of*® and vice versa. (™ p)+Ho—[(pup);pee*. 9
The accuracy oR,, depends on the uncertainty ot a

measurement of the hyperfine splitting of the ground state .

muonic hydrogen based on the resultd &fwould give the 0{_2,? r:iﬂfgfgéﬁg N —wlegx 2.2 16 s 1 [31]. Al

value ofR, accurate to 1%. This would be more precise thar'gi h densities )épkcegfaps tr(fe(Pr(r)]uoﬁ weak deca .ra

the value obtained in the previous section because of th_g Gst Pup hat th d fyh 'T@rf

smaller relative uncertainty of the theoretical uncertainty of .. 04510 s _ S0 that the muons spend most of their life

5™ (see Table i, however, things may change with the time bound in muonic molecular ions. The spin-orbit and

more refined theoretical results to come in the future. Asspm-spm interactions of the protons and the muon split the

already mentioned, such an accuracy would fairly allow toortho—state with)=1 into 5 hyperfine state labeled with the
filter the numerous theoretical estimatesRyf and detect a ?hua?ttjr? numllaerssq:) of tth?lﬁtft"’ijp['?ﬁ:;zp_lfhspZ”Lsu a{]c:
deviation ofGg /Gy from 1 by distinguishing the values of € “olal angufar momentuia=s =>4, (e para-state

R, obtained with and without account of the JLab experi-‘]:0 has no hyperfine structure. The energy separation be-

mental result$21]. It would be preferable for this purpose to tween the ortho-levels withs=1/2 and s=3/2 is

have the value oR,, accurate to 0.5% or better, that requires, 138 meV, while the separation within each of ihese groups

in turn that the theoretical uncertainty @P°' be brought is two orders of magnitude sm_al]er. )
below 3 10°° and that the experimental error AELFS not A measurement of the splitting between the hyperfine

exceed 30 ppm exp states withs=1/2 ands=3/2 might be based on the strong
The muonic hydrogen Lamb shift experiment, currently independence of the rate of spontaneous ortho-para transitions

; Nop=Nop(S) on S Agp(1/2)=7.2 10s 1, A,,(3/2)
progress at PSI24], may provide at a later stage as a by-"_°P "o, . p . p
. e 77 =0.8 10 s 1. Since only the ortho-states with=1/2 are
E;%?g;;;hzg yrﬁe\r/T/Ii?r? zpl:g:ggvzf t:(ﬁfg[; g‘; t?:emourgg'rc ofinitiaIIy populated at high densities, the observable ortho-
0.5 10°2. According to[22], the Zemach correctiod™®® for para transition rate is close %,,(1/2). The idea of the

; h 3 experimental method would be to use a tunable laser to
the 2_S-stete IS aga”.*sp%fy - Unless thayet uncalculated stimulate transitions from the=1/2 to thes=3/2 hyperfine
polarization correctiors®® happens to be anomalously large

in this case, this measurement would therefore provide th(setates, for whichh(3/2) is an order of magnitude smaller,

value of R, with an accuracy of 5-10%24] which is below Which would result in a resonance drop of the observable rate

the expected accuracy of the measurements in the 1S sta f ortho-para transitions. Though such an experiment would
(pect ; Y %‘quire the development of tunable far IR narrow band lasers
The significant improvement of the accuracy of the proton.

rms charge radius expected from PSI experiment will not the range of 8.&um, it has some significant advantages

help increasing the accuracy B, either becaus®, is in- compared with measurement in gaseous hydrogen at room

dependent of the proton rms charge radius. In order to detetemperatures—suppressed Doppler broadening, small muon

mine the Zemach radius of the proton from the hyperﬁnegtopplng volume, high energy density of the laser beam, high

o . ; rate of laser-stimulated ortho-para transitions—which de-
splitting of muonic hydrogen atoms in thes br 2s states P

ith 1% or better. th . tal AgEFS serve a careful consideration in future. As for the theory, the
er1 ?(;:curacy (:jOI’ etter, the experimen aherre exp baccuracy of the currently available results on the hyperfine
should not exceed 50 ppm — a requirement that is not met by, o1re of Oup)j=1 is limited to the leading order Breit

the PSI Lamb shift experimeni24]. An alternative experi- .4 7emach corrections and to the muon anomalous mag-
mental method, based on the response of the muon transfpyic omen(33,32; therefore, the theoretical uncertainty
rate from hydrogen to oxygen to the population of theis currently about 10%. In order to determin®,, to 1% from

(1 P)is para-state28], was proposed recentlﬁzs_)]. The u~ p hyperfine splitting measurements, next order QED ef-
method takes advantage of the recent progress in the dev 2cts have to be taken into account together with proton po-

opment of tunable lasers in the far infrared range arounqiarizability and molecular ion finite size effecf84,35 so

6.1 #m [10]. The efficiency of the method has been demon,’that the theoretical uncertainty be reduced by an order of

strated by means of Monte Carlo simulations. The experiy,agnityde to meet an experimental error below 50 ppm. This

9§ a challenging task sincepfe™p) is a bound system of

ebarticles with comparable masses in which three-body rela-
tivistic dynamics may show up yet in the next-to-leading

order.

pup IS Proportional to the hydrogen tar-

of experimental uncertainty is expected to be the Doppl
broadening of the transition lines.

IV. HYPERFINE SPLITTING OF THE MUONIC
HYDROGEN MOLECULAR ION V. CONCLUSIONS

In conclusion, we would like to briefly outline an alterna- By assuming that the numerical results for the various
tive possibility for determining the proton Zemach radiusterms in the theoretical expression for the hyperfine splitting
from a measurement of the hyperfine splitting of the muonicof the ground state of the hydrogen atom are corfeihin
molecular ionpu ™~ p. The hydrogen muonic molecular ions the limits of the claimed accuragywe have determined the
(pu~p) are formed in the excited ortho-state with orbital value of the proton Zemach radil,. We have also dem-
momentumJ=1 in collisions of muonic hydrogen atoms onstrated that comparison of the experimental valu&pf
with hydrogen moleculeg30]: with theoretical calculation is a sensitive test of the quality of
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