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Continuous-variable quantum teleportation with a conventional laser

Mikio Fujii *
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~Received 9 January 2003; published 26 November 2003!

We give a description of balanced homodyne detection~BHD! using a conventional laser as a local oscillator
~LO!, where the laser field outside the cavity is a mixed state whose phase is completely unknown. We apply
our description to continuous-variable quantum teleportation~CVQT! with a laser, and show that CVQT with
a laser is valid only if the unknown phase of the laser field is shared among sender’s LOs, the EPR state, and
receiver’s LO. We also propose a method to generate a strongly phase-correlated quantum state necessary for
CVQT without an additional optical path.
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Quantum teleportation is a method to move quant
states from a sender ‘‘Alice’’ to a receiver ‘‘Bob’’ by the ai
of entanglement. The original protocol@1# was later extended
to continuous-variable quantum teleportation~CVQT! using
a two-mode squeezed state and balanced homodyne d
tion ~BHD! @2#. While experimental demonstration of CVQ
was reported as the first achievement of unconditional qu
tum teleportation@3#, there has been controversy over
validity on the grounds of the intrinsic phase indetermina
of the laser field@4,5#. The laser field is often assumed to b
a coherent state having a fixed phase, but the steady-
solution of the master equation in the quantum theory of
laser shows that the phase of the laser field inside the ca
is completely unknown in operation well above thresho
@4–7#.

In this paper, we first discuss a description of the la
field outside the cavity in line with the previous discussio
@4,5#. We then give a description of BHD with a conve
tional laser as a local oscillator~LO! on the basis of the
standard interpretation of the quantum theory for meas
ment. We show our description is in excellent agreem
with the experimental result in the squeezed state genera
scheme, and apply our description to CVQT with a laser
analyze the CVQT experiment@3#. Finally, we propose a
method to probabilistically produce a strongly phas
correlated quantum state via continuous measurement o
dependent lasers, which is applicable to realizing CV
without an optical path between Alice and Bob for shari
the same laser field.

In Ref. @5#, van Enk and Fuchs claim that the standa
description of the laser field used in Ref.@4# is surprisingly
insufficient to understand CVQT with a laser. By employi
the input-output theory@6#, they find that the laser field out
side the cavity is a continuous-mode mixed state which is
form identical to the intracavity field. They then go on
express the field state in terms of noncontinuous opera
given by them, and discuss its coherence@5#.

The definition of noncontinuous operators is based on
narrow bandwidth approximation~NBA! B!v0, wherev0
is the central frequency of the bandwidthB. Under the NBA,
the annihilation operator part of the continuous-mode elec
field is approximated asÊ1(z,t); iE0(nfn(t2z/c) ĉn ,
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where E0[@\v0 /(2e0cA)#1/2, $fn(t)% are basis functions
giving a profile of the fundamental modes, andĉn is a non-
continuous annihilation operator@8#.

In Ref. @5#, a subset of basis functions$cn(t)% is specifi-
cally chosen ascn(t)[T21/2exp(2iv0t)P(t/T2n), where
P(t) is the rectangle function, and the importance of t
field expression by$cn(t)% is emphasized in view of the
quantum de Finetti theorem. But this given expression
nothing more than one possible approximation of the fi
state outside the cavity by the NBA, where the exact st
obtained by the input-output theory is actually identical
the standard description of the laser field used in Ref.@4#. We
will show that, contrary to the claims of Ref.@5#, the stan-
dard description of the laser field used in Ref.@4# is sufficient
to understand CVQT with a laser. We use the standard
scription @4# for the continuous mode outside the cavi
throughout this paper, and explain coherence of the la
field not by interpreting a new approximate expression of
laser field as Ref.@5#, but by appropriately formulating a
measurement process for the laser field.

Now, we will give a description of BHD with a conven
tional laser. As long as the photon number operator rep
sents well an observable for an efficient photodetec
lacking single-photon resolution@9,10#, we may regard
âl

†âs1âl âs
† as an observable for BHD, whereâl and âs

are annihilation operators for the LO field and the sign
field, respectively@11#. If the signal field uc&s satisfies

rA^cuX̂s(u)2uc&s@A^cuâs
†âsuc&s, which holds when the

intensity of the LO field is much larger than that of the sign
field, this observable satisfies

~ âl
†âs1âl âs

†!ureiu& l uc&s;rX̂s~u!ureiu& l uc&s , ~1!

where X̂(u)[âe2 iu1â†eiu and ureiu& is the coherent state
in polar coordinates@6#. According to the standard interpre
tation of the quantum theory@12#, Eq. ~1! implies that if we
obtain the measurement outcomerx in one trial of BHD with
the prior knowledge ofr, then uc&s instantaneously reduce
to ux,u&s satisfyingX̂s(u)ux,u&s5xux,u&s . Sincer of the la-
ser field is measurable beforehand, we may define the m
surement operator@13# for BHD as

M̂ ~x,r ,u![p21/2ureiu& l ux,u&s^x,uus^re
iuu l , ~2!

whereux,u& is the quadrature eigenstate written as
©2003 The American Physical Society02-1
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ux,u&5~2p!21/4e2x2/4 exp~xeiuâ†2 1
2 ei2uâ†2!u0&. ~3!

Equation ~2! satisfies the completeness relati
*2`

1`dx*0
`rdr *0

2pduM̂†(x,r ,u)M̂ (x,r ,u)51. Considering
that we cannot distinguish betweenux,u1& and ux,u2& (u1
Þu2) by measurement results due to intrinsic phase inde
minacy of the laser field@4,7#, the probability of obtaining
the measurement outcomex5 x̄ with the prior knowledge of
r is

P~ x̄!5E
0

`

rdr E
0

2p

du Tr$M̂ ~ x̄,r ,u!r̂oM̂†~ x̄,r ,u!%, ~4!

and the density operator after the measurement is

r̂5P~ x̄!21E
0

`

rdr E
0

2p

duM̂ ~ x̄,r ,u!r̂oM̂†~ x̄,r ,u!, ~5!

wherer̂o is the density operator before the measuremen
We will denote the procedure described above as

observable-based projection method~OBPM! in the rest of
this paper. Note that the above discussion is not based on
assumption that the laser field is the coherent state~‘‘parti-
tion ensemble fallacy’’@4,14#!. It is the property of the ob-
servable for BHD that approximately projects the strong
ser field of the LO mode onto the coherent state after
measurement. On the contrary, the number states in the
mode cannot be eigenstates of the observable for BHD,
causeun&Þun21& even in the limitn→1` due to their
rigid orthogonality.

As an example of BHD, we will calculateP( x̄) in the
squeezed light generation scheme@15# by OBPM. In the
scheme, the same laser source is used for supplying the
field, and pumping the nonlinear medium to generate
squeezed state. The density operator of the system befor
measurement is

r̂o5E
0

2pdf

2p
ur oei (f1w)& l u0,sei2f&s^0,sei2fus^r oei (f1w)u l ,

~6!

wheref is the unknown phase of the pump field,w is the
phase delay by a controllable phase shifter, andu0,«&
[Ŝ(«)u0& is the squeezed vacuum state@6#. The unknown
phase of the squeezed state is 2f instead off, because the
frequency of the pump field is doubled by second-harmo
generation before the field enters an optical parametric o
lator. By using Eqs.~4!, ~6!, orthogonality approximation o
the coherent state z^reiuur oeiuo& z2;(p/r o)d(r 2r o)d(u
2uo) in the limit r o→1` derived from lime→01 exp
@2t2/(4e)#/(2Ape)5d(t), and the relation

^x,uu0,sei2(u2w)&5 (
n50

`

^x,uun&^nu0,sei2(u2w)&

5 (
n50

`

~2p!21/4~2nn! !21/2HnS x

A2
D

3e2(x2/4)2 inu@2nn!cosh~s!#21/2

3@ei2(u2w)tanh~s!#n/2Hn~0!5^x,wu0,s&,
05030
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where Hn(x) are Hermite polynomials, we findP( x̄)
5 z^x̄,wu0,s& z2, which agrees with the experimental result
Ref. @15#.

Next, we will apply OBPM to CVQT with a laser@2,4#. In
the measurement step by Alice, the probability
obtaining x̄1 in BHD1 and x̄2 in BHD2 is P( x̄1 ,x̄2)
[*0

`r 1dr1*0
2pdu1*0

`r 2dr2*0
2pdu2Tr$M̂2M̂1r̂ IM̂1

†M̂2
†% and

the density operator after the measurement isr̂ II

[P21( x̄1,x̄2)*0
`r 1dr1*0

2pdu1*0
`r 2dr2*0

2pdu2M̂2M̂1r̂ IM̂1
†M̂2

†,

whereM̂ j[p21/2ur je
iu j& l j ux̄ j ,u j&s j^ x̄ j ,u j us j^r je

iu j u l j ~j51,2!.
r̂ I is the density operator of the total system before the m
surement written as

r̂ I5E
0

2pdf

2p
ur oeif& l1ur oei [f1(p/2)]& l2uhei2f&1,2

^ ur oeif& l3r̂ in^r oeifu l3

^ ^hei2fu1,2̂ r oei [f1(p/2)]u l2^r oeifu l1 , ~7!

where the modesl1,l2 are for LOs of BHD1,2 in Alice,
l3 for LO in Bob, f is the unknown phase of th
pump field, r̂ in is an arbitrary density operator supplie
by a third party ‘‘Victor’’ to Alice, and uhei2f&1,2

[A12h2exp(hei2fâ1
†â2

†)u0&1u0&2 is a two-mode squeeze
state@6# such as the EPR state. Again, the unknown phas
the modes 1, 2 is 2f instead off. ~See Fig. 1 in Ref.@4#.!

By using Eq. ~3! and âs15(âin2â1)/A2, âs25(âin

1â1)/A2, where the modess1,s2 are for the signal field of
BHD1,2, the quadrature eigenstates of the modess1,s2 are
written in the modesin, 1 as ux̄1 ,f&s1ux̄2 ,f1(p/2)&s2

5@exp(-ugu2/2)/A2p#exp@(gâin
† 2g* â1

†)eif1âin
† â1

†ei2f#u0&inu0&1,

whereg[( x̄11 i x̄2)/A2. By using this and the relation fo
bosons exp(mâ)exp(nâ†b̂†)5exp(mnb̂†)exp(nâ†b̂†)exp(mâ)
derived from the Baker-Hausdorff formula@16#, we find

^x̄1 ,fus1^ x̄2 ,f1~p/2!us2uhei2f&1,2

5e2ugu2/2A12h2

2p
exp~2hgeifâ2

†!

3S (
n50

`

hnun&2^nu inD exp~g* e2 ifâin!. ~8!

With orthogonality approximation of the coherent sta
we find r̂ II includes Eq.~8!. Ideal quantum teleportation
is possible only whenh51, where a two-mode squeeze
state is maximally entangled@2#. Equation ~8! shows
that the unitary transformÛ2 applied by Bob to the
mode 2 in the reconstruction step must satis
Û2uh51 exp(2ugu2/2)exp(2geifâ2

†)exp(g*e2ifâ2)5const, be-
cause(n50

` un&2^nu in transfers a state of the modein to the
mode 2 with absolute precision. The necessary condition
Û2 is then found to beÛ2uh515exp(geifâ2

†2g*e2ifâ2),
which means Bob needs not only the measurement result
Alice g but also the unknown phase of Alice’s LO fieldsf to
2-2
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performÛ2. Hence, to sharef between Alice and Bob by a
certain means is essential to realizing CVQT with a lase

In the experiment@3#, Bob obtainsf from the LO at hand
directly connected to Alice’s LOs and the pump field of
two-mode squeezed state. If Bob performs the unitary tra
form Û2,l3(g,h)[exp@(h/ro)(gâl3â2

†2g* âl3
† â2)# after he ob-

tains g, the density operator of the total systemr̂ III

[Û2,l3(g,h) r̂ IIÛ2,l3
† (g,h) becomes

r̂ III;P21~ x̄1 ,x̄2!E
0

2pdf

2p
ur oeif& l1ux̄1 ,f&s1ur o

3ei [f1(p/2)]& l2ux̄2 ,f1~p/2!&s2

^ ur oeif& l3T̂2,in~g,h,f!r̂ inT̂2,in
† ~g,h,f!^r oeifu l3

^ ^x̄2 ,f1~p/2!us2^r oei [f1(p/2)]u l2^x̄1 ,fus1^r oeifu l1 ,

~9!

where â†ur oeiu&;r oe2 iuur oeiu& in the limit r o→1` and
T̂2,in is defined as

T̂2,in~g,h,f![e2~ ugu2/2!(12h2)A12h2

2p
exp~2hg* e2 ifâ2!

3S (
n50

`

hnun&2^nu inD exp~g* e2 ifâin!, ~10!

which corresponds to the transfer operator in Ref.@17# from
the modein to the mode 2. Equations~9! and ~10! clearly
show that in the special caseh51, T̂2,in is independent of
the unknown phasef where ideal quantum teleportation
realized, while in the usual case 0<h,1, T̂2,in is dependent
on the unknown phasef where the reconstructed densi
operator in the mode 2 is distorted fromr̂ in .

We will subsequently discuss generation of a stron
phase-correlated quantum state necessary in CVQT by m
suring two independent laser fields

r̂o5E
0

2pdfa

2p E
0

2pdfb

2p
ur aeifa&aur beifb&b^r beifbub^r aeifaua .

~11!
05030
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In the case of BHD, since the observable satisfies (â†b̂
1 âb̂†) u r aeif& u r bei (f6w) & ; 2r ar b cos (w) urae

if& urbe
i(f6w) &

3(0<w<p) in the limit r a ,r b→1`, the measurement op
erator for OBPM may be defined asM̂ „cos(w),r1,r2,f…
[p21ur 1eif&ur 2ei (f6w)&^r 2ei (f6w)u^r 1eifu. Then, the
density operator after the measurement becom
r̂5 1

2 *0
2pdf/2p u r aeif&a u r bei (f1w)&b ^r bei (f1w) ub ^r aeifua

1 1
2 *0

2pdf /2p u r aeif&a u r bei (f2w) &b ^r bei (f2w) u b^r aeif ua,
i.e., BHD does not determine a unique phase difference
two lasers except exactly whencos(w)561 with negligible
probability. Hence, the generated quantum state by BHD
not applicable to CVQT to share the unknown phase of
laser field.

But if we perform the continuous measurement@9,16,18#
presented in Fig. 1, a unique phase difference of two lase
chosen with nonzero probability. In Fig. 1, two-level ato
beams are used as probes to ensure that photoabsorptio
curs at most one time within the infinitesimal atom-field i
teraction timet, which is not feasible by a present photod
tector lacking single-photon resolution in the strong fie
@9,10#. Given that the total photoabsorption~quantum jump!
occurs either in the modec or d at timest1 ,t2 , . . . ,ts in the
time interval@0,t# with no absorption between these time
the conditional probability that photoabsorption occu
p,q(5s2p) times in the modec,d, respectively, is

FIG. 1. Experimental setup for continuous measurement of

independent laser fields.â,b̂ and ĉ,d̂ are annihilation operators fo
the input and output modes of a 50/50 beamsplitter, respectiv

satisfyingĉ5(â2b̂)/A2,d̂5(â1b̂)/A2. Two-level atoms resonan
with the laser fields are all prepared in the ground state beforeh
and go across the output fields one by one at regular intervals
P~ t;p,qus!.
S s

pDTr$ĉpd̂qe2R( ĉ†ĉ1d̂†d̂)tr̂~0!e2R( ĉ†ĉ1d̂†d̂)td̂†qĉ†p%

(
p1q5s

S s

pDTr$ĉpd̂qe2R( ĉ†ĉ1d̂†d̂)tr̂~0!e2R( ĉ†ĉ1d̂†d̂)td̂†qĉ†p%

5p21S s

pDB~p1 1
2 ,q1 1

2 !, ~12!

and the density operator becomes

r̂~ t;p,q!.
ĉpd̂qe2R( ĉ†ĉ1d̂†d̂)tr̂~0!e2R( ĉ†ĉ1d̂†d̂)td̂†qĉ†p

Tr$ĉpd̂qe2R( ĉ†ĉ1d̂†d̂)tr̂~0!e2R( ĉ†ĉ1d̂†d̂)td̂†qĉ†p%
5

p

BS p1
1

2
,q1

1

2D E0

2pdfa

2p E
0

2pdfb

2p
sin2pS fa2fb

2 D

3cos2qS fa2fb

2 D ur te
ifa&aur te

ifb&b^r te
ifbub^r te

ifaua , ~13!
2-3
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where r(0) is Eq. ~11! with r a5r b([r o),
e2Rd̂†d̂(pt);e2Rĉ†ĉ(qt);1, B(x,y) is the beta function,r t
[r oe2Rt, R[g2t/2, and g is the atom-field coupling
constant@16#.

The proposed continuous measurement is valid w
t!(A2srog)21. In Eq. ~13!, we find that atoms
simultaneously intersecting the output modes with
absorption ~null measurement! damp both laser fields
leaving phase correlation between the fields unchang
The absorption rate is assumed to be quite high, wheret is
much smaller than the dynamical time scale of an individ
laser. Fors@1, the distribution of the phase difference
states in the integrand of Eq.~13! has a peak atufa2fbu
5p when p5s, or at ufa2fbu50 whenp50. Since Eq.
~12! has peaks atp50,s, the probability of obtaining Eq
~13! with p50,s is not negligible. The photon number dis
tribution of the modec, Pc(m)[^muTrd$r̂(t;p,q)%um&c , is
found to be

Pc~m!5e22r t
2 ~2r t

2!m

m!

B~m1p1 1
2 ,q1 1

2 !

B~p1 1
2 ,q1 1

2 !

3 1F1~q1 1
2 ;m1p1q11;2r t

2!, ~14!

where 1F1(a;b;z) is the confluent hypergeometric functio
of the first kind.Pd(n) is easily obtained by replacingm with
n and interchangingp↔q in Eq. ~14!. Figure 2 is for
Pc(m),Pd(n). Whenp50, s with s@1, the generated quan
tum state is applicable to CVQT as a means to share
unknown phase of the laser field between Alice and B
though the phase correlation formed after the continu
measurement will slowly be broken by the phase diffus
effect of lasers.

The famous experiment for interference of two indepe
dent lasers by Pfleegor and Mandel@19#, whereweak laser
fields were mixed by beamsplitters and all the output fie
were continuously measured by photomultipliers, sho
carefully be reviewed in terms of phase-correlated quan
state generation by measurement.

In conclusion, we have shown that, contrary to the clai
of Ref. @5#, the standard description of the laser field used
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Ref. @4# is sufficient to understand CVQT with a conve
tional laser. By using the standard description of the la
field @4#, we have presented OBPM for BHD to analyz
CVQT with a laser. CVQT is found to be possible only if th
unknown phase of the laser field is shared among Alic
LOs, the EPR state, and Bob’s LO by a certain means.
demonstrated experiment for CVQT@3# is valid, but needs an
optical path other than the EPR channel and a classical c
nel that can be used in the teleportation protocols@1,2# in
order to share the unknown phase of the same laser
between Alice and Bob. We have proposed a method to g
erate probabilistically a strongly phase-correlated quan
state via continuous measurement of independent las
which is applicable to realizing CVQT without the addition
optical path.
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FIG. 2. Photon number distributions from Eq.~14! for p5s with
r t

25103. Given thats5100, the probability Eq.~12! for p50 or
p5100 is about 11.3%. If the Monte Carlo wave-function proc
dure@18# is performed, gradual decay ofr t due to null measuremen
shall be seen besides the above distribution change.Pc(m) ap-
proaches a Poisson distribution ass becomes large.
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