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Thermal entanglement in the two-qubit HeisenbergXY model
under a nonuniform external magnetic field
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We investigate the thermal entanglement in the two-qubit Heisenérgodel with a nonuniform magnetic
field. Concurrence, the measurement of entanglement, is calculated. The behavior of concurrence is present at
three different cases. Contrary to the uniform magnetic field case, we find that the entanglement and the critical
temperaturel - may be enhanced under a nonuniform magnetic field.
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Entanglement has been intensively studied in recent yeaigubits. Our results show that although temperature is de-
because it implies a nonclassical nature through which wstructive to entanglement, this destructive has a different ef-
can investigate the conceptual foundations and interpretatiofect in a different magnetic field region and through modu-
of quantum mechanics, and, more importantly, it provides dating magnetic field on each spin, respectively, we can make
fundamental resource in realizing quantum information andhe external magnetic field be a favorable external factor for
quantum computer$l]. In the preparation of entangled entanglement at a given temperature. Our paper is arranged
states, the external control can be performed through changes follows: first we will give the definition of concurrence,
in temperature. And for any real physical system, the temthe measurement of entanglement. After giving the model
perature should be considered since in most cases the thétamiltonian, we will present our calculation results by sev-
mal fluctuation may suppress quantum effects. Therefore, iral figures. Finally, the discussion and conclusion remarks
is necessary to reveal the behaviors of thermal entanglemeniill be given.
under external magnetic field conditiof-5]. First we would like to give the measurement of entangle-

In this paper we investigate thermal entanglement usingnent, the concurrence. For a pair of qubits, the concurrence
spin notations. Spin itself cannot only be used as qubits s given by[9]
some real physical systems but also in many other systems,
such as a superconductor, quantum dots, and a trapped ion; Cro=max A1 —No—N3—A4,0}, (1)
spins can represent their freedoms used as qubits. Within
condensed matter physics, the basic spin-spin interaction iherex; (i=1,2,3,4) are the square roots of the eigenvalues
the Heisenberg interactid6]. Naturally, Heisenberg interac- ©f the operator
tion may be a suitable candidate to simulate the relation be-
tween qubits in a quantum computer, which is the most im- 012= p1A 0® oY) pT T ® 0Y), 2
portant in quantum information studi¢g]. But for some ) _ ) )
systems, only Heisenberg interaction is insufficient to deWith N\i3=A,=X3=\,4, andp,, is the density matrix of the
scribe the correlation of qubits. Therefore, other kinds ofPair qubits;a) and o} are the normal Pauli operators. The
spin interaction are introduced into the model HamiltonianconcurrenceC;,=0 corresponds to an unentangled state and
[4]. In the frame of quantum information, there are manyCi,=1 corresponds to a maximally entangled state.

works on the usual HeisenbeXX model[5], the XY model The model Hamiltonian studied in this paper is given by
[4,5], the XXZ model [5], et al. Within these studies, the - , ,
central matter is the entanglement between qubits, especial H=J(S{S;+SS)) +B1S[+B,S;,

the thermal entanglement.

It should be noted that only the uniform field case is careWhere S*=o“/2(a=Xx,y,z) are the spin; operator,o* are
fully studied in the above-mentioned papers. The nonunifornihe normal Pauli operator, anllis the strength of Heisen-
case is rarely taken into account. But for perform quantunperge interactionB, andB, are the external magnetic fields.
computing, it is necessary to control the magnetic field ain this paper, by changing, andB, separately we want to
each spin separate[8]. So in the theoretical analysis, the study the effects of magnetic field on the thermal entangle-
nonuniform external magnetic field should be included in thement in a very general way. The eigenvalues and eigenvec-
model Hamiltonian. This is the main motivation of this pa- tors of H can be obtained as

per.
In this paper we would like to study the thermal entangle- H[00) = —(B1+B>)|00),

ment in the Heisenberg model with a nonuniform external

magnetic field. For simplification, only théY model is con- H[11)=(B;+B,)|11),

sidered in this paper. We mainly concentrate on the effect of

non-uniform external magnetic field on thermal entangle- H|¥*)=+\D|¥™), ©)

ment. In common sense, none of the thermal fluctuation and
external magnetic fields is in favor of entanglement betweein which
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FIG. 1. The phase diagram of a two qubiXs' Heisenberg
model. The parametelis set to one.

D=(B;—B,)?+J?
1 B,—B,)* D
|\[fi>:N_ |01>+#|10> )

In the standard basig|00), |01), |10), |11)}, the density
matrix p(T) can be written as

e(Bl+Bz)/kT 0 0 0
T 1 0 m+n -—s 0
p( )_Z 0 -s  m—n 0 '
0 0 0 e—(Bl+Bz)/kT
(4)
where
B D
m=CO0S ﬁ s
n——(Bl_BZ)sin E)
\/5 kT )/’
’s r(ﬁ
Sin ﬁ
S= ’
JD

andZ=T, exp(—H/KT) is the partition function. In following
calculation we will select] as the energy unit, and skt
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FIG. 2. (&) The concrescence versBs andB,. The tempera-
ture T=0.2. The parametet is set to one(b) The concurrenc€
under two special external field&,=B, (solid line. B,=—B,
(dashed ling The parameted is set to one.

B,B,>% andB;, B,<0, |11) is the ground state. In these
two states, there is no entanglement. ButBeB,<%, |V )
is the ground state, and the entanglement has nonzero value.
Especially, asB;=B, the state has maximal entanglement
C=1. In the following discussion, for emphasizing the ef-
fects of a nonuniform external field, we will give the com-
pression between the two cas8s=B, andB;=—B,.

Skipping details, we give our calculation results in Figs.
2, 3, and 4, in which the concurrence is plotted in the whole

=1. By Egs.(1), (2), (4), we can obtain the concurrence of parameter space at a given temperature, and three typical

the present two qubits system.

cases are shown. As the temperature is lawFig. 2, T

Before considering the thermal entanglement, we would=0.2), we may find that there are two features. First, there is
like to spend a little space to discuss the ground state of thenly one sharp peak. The center of this peak locate;at
system at absolute zero temperature since the two qubits sys-0, B,=0, where the concurrence is about 1. As we in-
tem is exactly solved and the eigenvalue and eigenvectarease the external fieB®; andB,, C rapidly decays. If the

have been given in Eq$3). After carefully comparing the

two external field have the same directidy B,>0), C will

eigenvalue of each state, a phase diagram is given in Fig. Hlecrease to zero & B,=3. On the contrary, iB;B,<0, C
A hyperbola divides the whole space into three parts. Aslecreases more slowly than in the casé3eB,>0. This is

B,B,> and B;, B,>0, the ground state i$00). And

the second feature, which means that in the strong field re-
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FIG. 3. (a) The concurrence versi andB,. The temperature FIG. 4. (a) The concurrence versiB; andB,. The temperature
T=0.9. T.he parametghs set to one(b) The concurrenc€ under 4 5 The parametetis set to one(b) The concurrenc€ under
two special external fields3, =B, (solid line). B,=—B, (dashed ,, shecial external field®, =B, (solid line. B,= —B, (dashed
line). The parameted is set to one.

line). The parameted is set to one.

gion, the nonuniform field and the uniform field demonstrate
obviously different effects to entanglement. For clearlyB;=B,=0. But for the case oB;=—B,, at this pointC is
showing this point in Fig. @), we give a two-dimensional a minimum point. This means that at this temperature, if we
(2D) plot for the two special casesB;=B,, and B;= apply an opposite field on two qubit§ can be enhanced
—B,. In this figure, one can find that in most parameterabout two times, from 0.12 to 0.24. That is to say, a proper
space, the concurrence of the field with opposite direction iexternal field can partially weaken the destructive effect of
much larger than that of uniform field. thermal fluctuation and enhance the entanglement. This re-

As the temperature is increased, the featur€afill be  sult is very interesting since both the thermal fluctuation and
changed. Figure 3 gives the second case. In this flot, the external field are against entanglement. As the tempera-
=0.9, and two peaks appear. That is to say, the center peak fare has a certain value, a proper external field is helpful for
Fig. 2(a) splits into two peaks with smaller values as we entanglement.
increase temperature. It should be noted that the culmination Above the main result can also be seen as the temperature
of these two peaks locate in the ran@B,<0, which may s further increased, which is shown in Fig. 4 witk-1.5. In
imply that the opposite direction external field is more help-this figure the two peaks can be completely separated, that is,
ful for entanglement than the uniform field in the same tem-between these two peaks, there is a region With0, where
perature, which is also shown in Fig. 2 with lower tempera-the entanglement is entirely destroyed. In Figh)4as B,
ture. And in Fig. 3b) the plot for two special case®,; =B,, C=0. ForB;=—-B,, as|B;|<1.1,C=0. When we
=B, and B,=—B,, also clearly shows this point. In this increase the value dB,|, first the concurrence will be in-
plot, for the uniform field case, the maximu@ appears at creased to a peak value. After this pe&k,will decrease
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monotonously. These results shows that the external field can
be used as a switch to turn on or off the entanglement. For
this properties, possible applications are expected.

From the results shown in Figs. 2, 3, and 4, people may
find that the nonuniform field may enhance the concurrence
whose reason will be analyzed in the following. At zero tem-
perature, the ground state|@0) (|11)) or | ™). The eigen-
value for the maximally entangled statg ) is — D.
When the external field is uniform/D =J. But for the non-
uniform field VD= (B, —B,)?+J?. That is to say, at zero
temperature, if the external field is nonuniforrd,;(—B,
#0), the ground-state energy of the entangled st#te)
will be lowed. At finite temperature, the occupation probabil-
ity of this state will be enhanced since it is in proportion to
exp(/D/kT), which can be increased as the nonuniform ex-
ternal field is introduced. This is the mean reason that the fFiG, 5. The critical temperatur@. versusB, and B,. The
nonuniform field can enhance the concurrence. parameted is set to one.

As one compares the above results under different tem- S . )
peratures, it can be found that the concurreGewill de- In conclusion, in this paper we investigate the effects of a

crease with increasing the temperature. That is to say, as tffPnuniform magnetic field on the thermal entanglement in
thermal fluctuation is introduced into the system, the stateg1e t;No'qlJb't I-!elstirr:ber%](Y mtzjdel. At abfsolute Zder(i ttem:l'h
will be mixed. In our system, the maximally entangled stated’rature, we give the phase diagram of ground state. ihe
will be mixed with the unentangled states. This effect will effects of the nonuniform magnetic field are studied at dif-

make the concurrence decrease. So there may exist a critichlrent temperatures. Three typical results are shown in the

temperatureTc . WhenT>Tc, C has a zero value and en- igures. In the whole parameter space, we find that the en-

tanglement will completely disappear. In Fig. 5 we plot the!anglement may be enhanced under nonuniform magnetic
Tc in the whole parameter space. By this figure, one ma ield. And the critical temperatur&: can also be increased.

find that as the external field is uniform, the fidgddcannot Our results imply that entanglement may be effectively con-

changeT.. However,T¢ will be enhanced by nonuniform trolled through nonuniform magnetic field.

external field. Especially, as thg = —B,, this phenomenon We thank Professor Changpu Sun for many useful discus-
is most strong. This point implies that the nonuniform exter-sions. This work has been supported by the National Natural
nal field may be a possible way to retain entanglement undegcience Foundation of China under Grant No. 90109022 and

finite temperature. by CNKBRSF under Grant No. 2001CB610406.
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