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Thermal entanglement in the two-qubit HeisenbergXY model
under a nonuniform external magnetic field
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Pohl Institute of Solid State Physics, Tongji University, Shanghai 200092, China
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We investigate the thermal entanglement in the two-qubit HeisenbergXYmodel with a nonuniform magnetic
field. Concurrence, the measurement of entanglement, is calculated. The behavior of concurrence is present at
three different cases. Contrary to the uniform magnetic field case, we find that the entanglement and the critical
temperatureTC may be enhanced under a nonuniform magnetic field.
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Entanglement has been intensively studied in recent y
because it implies a nonclassical nature through which
can investigate the conceptual foundations and interpreta
of quantum mechanics, and, more importantly, it provide
fundamental resource in realizing quantum information a
quantum computers@1#. In the preparation of entangle
states, the external control can be performed through cha
in temperature. And for any real physical system, the te
perature should be considered since in most cases the
mal fluctuation may suppress quantum effects. Therefor
is necessary to reveal the behaviors of thermal entanglem
under external magnetic field conditions@2–5#.

In this paper we investigate thermal entanglement us
spin notations. Spin itself cannot only be used as qubits
some real physical systems but also in many other syste
such as a superconductor, quantum dots, and a trapped
spins can represent their freedoms used as qubits. W
condensed matter physics, the basic spin-spin interactio
the Heisenberg interaction@6#. Naturally, Heisenberg interac
tion may be a suitable candidate to simulate the relation
tween qubits in a quantum computer, which is the most
portant in quantum information studies@7#. But for some
systems, only Heisenberg interaction is insufficient to
scribe the correlation of qubits. Therefore, other kinds
spin interaction are introduced into the model Hamilton
@4#. In the frame of quantum information, there are ma
works on the usual HeisenbergXX model @5#, theXY model
@4,5#, the XXZ model @5#, et al. Within these studies, the
central matter is the entanglement between qubits, esp
the thermal entanglement.

It should be noted that only the uniform field case is ca
fully studied in the above-mentioned papers. The nonunifo
case is rarely taken into account. But for perform quant
computing, it is necessary to control the magnetic field
each spin separately@8#. So in the theoretical analysis, th
nonuniform external magnetic field should be included in
model Hamiltonian. This is the main motivation of this p
per.

In this paper we would like to study the thermal entang
ment in the Heisenberg model with a nonuniform exter
magnetic field. For simplification, only theXYmodel is con-
sidered in this paper. We mainly concentrate on the effec
non-uniform external magnetic field on thermal entang
ment. In common sense, none of the thermal fluctuation
external magnetic fields is in favor of entanglement betw
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qubits. Our results show that although temperature is
structive to entanglement, this destructive has a different
fect in a different magnetic field region and through mod
lating magnetic field on each spin, respectively, we can m
the external magnetic field be a favorable external factor
entanglement at a given temperature. Our paper is arran
as follows: first we will give the definition of concurrence
the measurement of entanglement. After giving the mo
Hamiltonian, we will present our calculation results by se
eral figures. Finally, the discussion and conclusion rema
will be given.

First we would like to give the measurement of entang
ment, the concurrence. For a pair of qubits, the concurre
is given by@9#

C125max$l12l22l32l4,0%, ~1!

wherel i ( i 51,2,3,4) are the square roots of the eigenvalu
of the operator

%125r12~s1
y

^ s2
y!r12* ~s1

y
^ s2

y!, ~2!

with l1>l2>l3>l4 , andr12 is the density matrix of the
pair qubits;s1

y and s2
y are the normal Pauli operators. Th

concurrenceC1250 corresponds to an unentangled state a
C1251 corresponds to a maximally entangled state.

The model Hamiltonian studied in this paper is given b

H5J~S1
xS2

x1S1
yS2

y!1B1S1
z1B2S2

z ,

whereSa5sa/2(a5x,y,z) are the spin-12 operator,sa are
the normal Pauli operator, andJ is the strength of Heisen
berge interaction.B1 andB2 are the external magnetic fields
In this paper, by changingB1 andB2 separately we want to
study the effects of magnetic field on the thermal entang
ment in a very general way. The eigenvalues and eigenv
tors of H can be obtained as

Hu00&52~B11B2!u00&,

Hu11&5~B11B2!u11&,

HuC6&56ADuC6&, ~3!

in which
©2003 The American Physical Society01-1
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D5~B12B2!21J2,

uC6&5
1

N6
F u01&1

~B12B2!6AD

J
u10&G .

In the standard basis,$u00&, u01&, u10&, u11&%, the density
matrix r(T) can be written as

r~T!5
1

Z S e~B11B2!/kT 0 0 0

0 m1n 2s 0

0 2s m2n 0

0 0 0 e2~B11B2!/kT

D ,

~4!

where

m5coshSAD

kT D ,

n5
~B12B2!

AD
sinhSAD

kT D ,

s5

J sinhSAD

kT D
AD

,

andZ5Tr exp(2H/kT) is the partition function. In following
calculation we will selectJ as the energy unit, and setk
51. By Eqs.~1!, ~2!, ~4!, we can obtain the concurrence
the present two qubits system.

Before considering the thermal entanglement, we wo
like to spend a little space to discuss the ground state of
system at absolute zero temperature since the two qubits
tem is exactly solved and the eigenvalue and eigenve
have been given in Eqs.~3!. After carefully comparing the
eigenvalue of each state, a phase diagram is given in Fi
A hyperbola divides the whole space into three parts.
B1B2. 1

4 and B1 , B2.0, the ground state isu00&. And

FIG. 1. The phase diagram of a two qubitsXY Heisenberg
model. The parameterJ is set to one.
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d
e

ys-
or

1.
s

B1B2. 1
4 and B1 , B2,0, u11& is the ground state. In thes

two states, there is no entanglement. But forB1B2, 1
4 , uC2&

is the ground state, and the entanglement has nonzero v
Especially, asB15B2 the state has maximal entangleme
C51. In the following discussion, for emphasizing the e
fects of a nonuniform external field, we will give the com
pression between the two cases:B15B2 andB152B2 .

Skipping details, we give our calculation results in Fig
2, 3, and 4, in which the concurrence is plotted in the wh
parameter space at a given temperature, and three ty
cases are shown. As the temperature is low~in Fig. 2, T
50.2), we may find that there are two features. First, ther
only one sharp peak. The center of this peak locates atB1
50, B250, where the concurrence is about 1. As we
crease the external fieldB1 andB2 , C rapidly decays. If the
two external field have the same direction (B1B2.0), C will
decrease to zero asB1B2* 1

4 . On the contrary, ifB1B2,0, C
decreases more slowly than in the case ofB1B2.0. This is
the second feature, which means that in the strong field

FIG. 2. ~a! The concrescence versusB1 andB2 . The tempera-
ture T50.2. The parameterJ is set to one.~b! The concurrenceC
under two special external fields.B15B2 ~solid line!. B152B2

~dashed line!. The parameterJ is set to one.
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gion, the nonuniform field and the uniform field demonstra
obviously different effects to entanglement. For clea
showing this point in Fig. 2~b!, we give a two-dimensiona
~2D! plot for the two special cases:B15B2 , and B15
2B2 . In this figure, one can find that in most parame
space, the concurrence of the field with opposite directio
much larger than that of uniform field.

As the temperature is increased, the feature ofC will be
changed. Figure 3 gives the second case. In this ploT
50.9, and two peaks appear. That is to say, the center pe
Fig. 2~a! splits into two peaks with smaller values as w
increase temperature. It should be noted that the culmina
of these two peaks locate in the range:B1B2,0, which may
imply that the opposite direction external field is more he
ful for entanglement than the uniform field in the same te
perature, which is also shown in Fig. 2 with lower tempe
ture. And in Fig. 3~b! the plot for two special cases,B1
5B2 and B152B2 , also clearly shows this point. In thi
plot, for the uniform field case, the maximumC appears at

FIG. 3. ~a! The concurrence versusB1 andB2 . The temperature
T50.9. The parameterJ is set to one.~b! The concurrenceC under
two special external fields.B15B2 ~solid line!. B152B2 ~dashed
line!. The parameterJ is set to one.
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B15B250. But for the case ofB152B2 , at this pointC is
a minimum point. This means that at this temperature, if
apply an opposite field on two qubits,C can be enhanced
about two times, from 0.12 to 0.24. That is to say, a pro
external field can partially weaken the destructive effect
thermal fluctuation and enhance the entanglement. This
sult is very interesting since both the thermal fluctuation a
the external field are against entanglement. As the temp
ture has a certain value, a proper external field is helpful
entanglement.

Above the main result can also be seen as the tempera
is further increased, which is shown in Fig. 4 withT51.5. In
this figure the two peaks can be completely separated, tha
between these two peaks, there is a region withC50, where
the entanglement is entirely destroyed. In Fig. 4~b!, as B1
5B2 , C50. For B152B2 , as uB1u,1.1, C50. When we
increase the value ofuB1u, first the concurrence will be in-
creased to a peak value. After this peak,C will decrease

FIG. 4. ~a! The concurrence versusB1 andB2 . The temperature
T51.5. The parameterJ is set to one.~b! The concurrenceC under
two special external fields.B15B2 ~solid line!. B152B2 ~dashed
line!. The parameterJ is set to one.
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monotonously. These results shows that the external field
be used as a switch to turn on or off the entanglement.
this properties, possible applications are expected.

From the results shown in Figs. 2, 3, and 4, people m
find that the nonuniform field may enhance the concurre
whose reason will be analyzed in the following. At zero te
perature, the ground state isu00& ~u11&! or uC2&. The eigen-
value for the maximally entangled stateuC2& is 2AD.
When the external field is uniform,AD5J. But for the non-
uniform field AD5A(B12B2)21J2. That is to say, at zero
temperature, if the external field is nonuniform (B12B2

Þ0), the ground-state energy of the entangled stateuC2&
will be lowed. At finite temperature, the occupation probab
ity of this state will be enhanced since it is in proportion
exp(AD/kT), which can be increased as the nonuniform e
ternal field is introduced. This is the mean reason that
nonuniform field can enhance the concurrence.

As one compares the above results under different t
peratures, it can be found that the concurrenceC will de-
crease with increasing the temperature. That is to say, as
thermal fluctuation is introduced into the system, the sta
will be mixed. In our system, the maximally entangled sta
will be mixed with the unentangled states. This effect w
make the concurrence decrease. So there may exist a cr
temperatureTC . WhenT.TC , C has a zero value and en
tanglement will completely disappear. In Fig. 5 we plot t
TC in the whole parameter space. By this figure, one m
find that as the external field is uniform, the fieldB cannot
changeTC . However,TC will be enhanced by nonuniform
external field. Especially, as theB152B2 , this phenomenon
is most strong. This point implies that the nonuniform ext
nal field may be a possible way to retain entanglement un
finite temperature.
-
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In conclusion, in this paper we investigate the effects o
nonuniform magnetic field on the thermal entanglement
the two-qubit HeisenbergXY model. At absolute zero tem
perature, we give the phase diagram of ground state.
effects of the nonuniform magnetic field are studied at d
ferent temperatures. Three typical results are shown in
figures. In the whole parameter space, we find that the
tanglement may be enhanced under nonuniform magn
field. And the critical temperatureTC can also be increased
Our results imply that entanglement may be effectively co
trolled through nonuniform magnetic field.
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FIG. 5. The critical temperatureTC versusB1 and B2 . The
parameterJ is set to one.
@1# Phys. World11, 33 ~1998!, special issue on quantum informa
tion ; C. H. Bennettet al., Phys. Rev. Lett.70, 1895~1993!; C.
H. Bennett and S. J. Wiesner,ibid. 69, 2881 ~1992!; A. K.
Ekert, ibid. 67, 661 ~1991!; M. Murao et al., Phys. Rev. A59,
156 ~1999!.

@2# M. C. Arnesen, S. Bose, and V. Vedral, Phys. Rev. Lett.87,
017901~2001!.

@3# M. A. Nielsen, Ph.D. thesis, University of New Mexico, 199
e-print quant-ph/0011036.

@4# C. Anteneodo and A. M. C. Souza, J. Opt. B: Quantum Se
 i-

class. Opt.5, 73 ~2003!.
@5# Xiaoguang Wang, Phys. Rev. A64, 012313~2001!, Phys. Lett.

A 281, 101 ~2001!.
@6# J. Vala and B. Whaley, Phys. Rev. A66, 022304~2002!.
@7# D. Loss and D. P. Divincenzo, Phys. Rev. A57, 120~1998!; G.

Burkard and D. P. Divincenzo, Phys. Rev. B59, 2070~1999!.
@8# Y. Makhlin, G. Scho¨n, and A. Shnirman, Rev. Mod. Phys.73,

357 ~2001!.
@9# S. Hill and W. K. Wootters, Phys. Rev. Lett.78, 5022~1997!;

W. K. Wootters,ibid. 80, 2245~1998!.
1-4


