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Cooperative fluorescence effects for dipole-dipole interacting systems
with experimentally relevant level configurations
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The mutual dipole-dipole interaction of atoms in a trap can affect their fluorescence. Extremely large effects
were reported for double jumps between different intensity periods in experiments with two and threm8a
for distances in the range of about ten wave lengths of the strong transition while no effects were observed for
Hg* at 15 wavelengths. In this theoretical paper we study this question for configurations with three and four
levels, which model those of Hgand Ba', respectively. For two systems in the Hgonfiguration we find
cooperative effects of up to 30% for distances around one or two wavelengths, about 5% around ten wave-
lengths, and, for larger distances in agreement with experiments, practically none. This is similar fr two
systems. However, for two four-level configurations, which model twd Bans, cooperative effects are
practically absent, and this latter result is at odds with the experimental findings for Ba
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I. INTRODUCTION ration. From a theoretical point of view two such systems
were studied in Ref[20] for the special cas&;, \g<r

The dipole-dipole interaction is ubiquitous in physics and,<\,, wherer is the distance and the wavelengths refer to
for example, responsible for the ever present van der Waakke respective transitions of Fig. 1, and for this case no co-
force. It is also important for envisaged quantum computerperative effects were found. The general case will be treated
based on atoms or ions in traps. Considerable interest in trxplicitly further below. The cooperative effects found here
literature has also been aroused by its cooperative effects g€ Of similar magnitude as fof systems, and for distances
the radiative behavior of atonfid]. In an as yet unexplained ©Of the above range the result of Rg20] is confirmed. Our

experimen{3,4] with two and three B4 ions, which exhibit results are also in agreemgnt with the experimentally ob-
macroscopic light and dark periods, a large fraction 0fserved absence of cooperative effects for distances of about

S A 5 wavelength$13].
double and triple jumps was reported, i.e., jumps by two or‘l . .
three intensity steps within a short resolution time. This frac- reng Ii?:\t/:ésir?fF?é (;l)s?rdhén tgiﬁé(zfgg%m Ogn%i[ri’%v?/]o
tion was orders of magnitudes larger than for independen"fl P o 9-&. 2 9 ; 12 .
. Th ntitative explanation of such a lar rativaPPer states @, and 5Ds, constitute a strongly driven
lons. The quantitative explanation ot such a large coopera ﬁuorescingA system, which provides the light periods. Only
effect for dls_t_ances of the order of 'Fe_n wavelengths qf th hen the system is in the ground state can the weak incoher-
strong transition _has been found diffici-14. Exper_l- nt driving of the 6S,,,-6°Py, transition populate the meta-
ments with other ions showed no observable cooperative e stable Dy, state, with ensuing dark period. Therefore the
fects[11,17, in particular, none were seen for Hgor a

, details of the two upper states of thhe system play no sig-
distance of about 15 wavelengths3]. More recently, an  niicant role for the transition to a dark period, and therefore

unexpected high number of simultaneous quantum jumps ifhese two states are replaced here byfectivesingle level.

a linear chain of trapped Caions were reportefll4], while  This leads to the four-level configuration of Figlb2 The

no such effects were found in another experinié] using  present paper is, to our knowledge, the first to theoretically

the same ion species and a similar setup. investigate possible cooperative effects for two such four-
Systems with macroscopic light and dark periods can proteve| systems. Surprisingly, these effects turn out to be much

vide a sensitive test for cooperative effects of the dipolesmaller than for twdv systems for distances=\ 5, and this

dipole interaction. These periods can occur for multilevelshows that cooperative effects sensitively depend on how the

systems where the electron is essentially shelved for somgetastable level is populated. Our results for two four-level
time in a meta-stable state without photon emis$is]. For

two V systems with macroscopic light and dark periods the 3
effect of the dipole-dipole interaction was investigated nu- 13)
merically in Ref.[17] and analytically in Ref[2] and shown \

to be up to 30% in the double-jump rate compared to inde- \A2

pendent systems. Monitoring the dipole-dipole interaction of strong laser, 3 —> || As )

two V systems via quantum jumps of individual atoms was 7“, [2)
investigated in Refl18]. The experimental systems of Refs. A1

[3,13,19 are, however, not in th¥ configuration so that the . 1)

results of Ref[17] do not directly apply.

The experiment of Ref.13] used two Hg ions, with the FIG. 1. Three-level system iB configuration with fast transi-
relevant three levels as in Fig. 1, which we calDaonfigu-  tions(solid lineg and slow transitiongdashed lines
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FIG. 2. (@ Relevant level scheme of Ba[3,4]. For circled FIG. 3. Level configuration of tw® systems in the Dicke basis.
levels see text(b) Effective four-level system for Ba Strong co- (&) Slow transitions omitted(b) Transitions with rateA,+ReC,
herent driving of thé1)—|3) transition by a laser, weak incoherent (dotted arrow’s and transitions with raté\; = ReC; (dashed ar-
driving of the|1)—|4) transition by a lamp, weak decay of level rows). Line shifts due to detuning and to 18) are omitted.

2).

2 applied to twoD systems, not only confirming the Bloch
configurations are at odds with the experimental findings ofquation result but also giving higher-order terms. For sim-
Ref.[3] on the magnitude of double jump rates for two'Ba plicity the laser direction will be taken as perpendicular to
ions [21]. the line joining the two systems. Rabi frequency and Einstein

The methods presented in this paper can be carried over goefficients satisfy
describe the Ca experiments of Refd.14,15 although this
would of course require the use of a different level system. Az, Q3>A1,A;. (1)

The plan of the paper is as follows. In Sec. Il we treat two
dipole-dipole interactind systems and explicitly calculate It is convenient to use a Dicke basis,
the transition rates between the various light and dark peri-

ods as well as the double-jump rate. This is done by means l0)=|1)[1), |e)=12)|2), |es)=]3)|3),
of Bloch equations. In Sec. Il the method is carried over to
two four-level systems of Fig.(B) and the transition rates |Sij>:(|i>|j>+|j>|i>)/\/§, 2)

are calculated. In the Appendix a direct quantum jump ap-
roach[22] is outlined for twoD systems. - - .
proachl22] Y )= ([)li) = DI1))/\2i.
Il. TWO DIPOLE-INTERACTING D SYSTEMS In Fig. 3@ the level configuration for twd systems is
. : : PR : displayed in this basis, with the slow decays neglected, while
The D configuration, as displayed in Fig. 1, is a model of .~ .
the level system of Hg used in the experiments of Refs. T_F'g' abihoqu _E[T]e stlovlv de((j:ays are ihovAvn;I:oinoFl?s)3
[13,23. The transition|1)—|3) is driven by a strong laser. ' 'S S€€n that without siow ecayse., for A=A, =0) the
Level |3) can also decay via a slow transition to the meta_conf|gurat|on decouple; into three independent subspaces,
stable level[2). For simplicity all transitions are treated as denoted byS,,Sy,S,, with
dipole transitions.

In the following we will investigate two dipole-interacting So={le)},
D systems a fixed distanceapart and calculate the transition
rates between the three types of fluorescence periods. This S1={[s12),|212),[529).|229)}, 3
will be done in this section by means of the Bloch equations.
In the Appendix the efficient quantum jump approach will be S,=119),|s13),|a13),|€3)}-
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By means of the conditional Hamiltoniad.,,q and the 1
reset operatiorR the Bloch equations can be written in the R =|e,)(s,4 +|Sy9)( €3]+ —=(|S12)(S14 + |a12)(a13),
form [24] V2

. i 1
p:_g[HconoO_pHZond]_*—R(P) (4) RG):|e2><a23|+|a23><eg|+_(|slz><a13|_|a12><513|)1

V2
For two D systems one finds by the same method as in Refs.

1
(2,25, RO)=|g)(s1 + |s1a)(e3] + ——(|51)(S2d — |2z @z,
) N

2]ey) (e, +j21 IS+ 1)(Sjj +1l

fi
Hcond:erl 1
R®)=|g)(asq+|asa(es] + E(|512><323| +]a1)(sz4).
+(Ag+ Agt2iAsg)

+]aj+ (@44 2|es) (e

To determine the transition rates we write E4). in a Liou-
2 2 villean form as
+ Siz)(Sia| t]ajz)(ajz|]+ 2, Cil|Sij Sjj .

]_Zl | 13>< 13| | ]3>< 13|] ]_Zl j[l ”+1>< JJ+1| P:['P:{'CO(ABrCSaQSrA3)+£1(A1aA2rclacz)}Pr(8)

—lajj 1 1)(@jj + 111+ Cal [s1a)(S1d — |a13><a13|]] where the superoperatdr (A;,A,,C;,C,) is a perturbation

depending on the small parameters, and we employ the fol-
h lowing important property of the time development. Starting

+ 593{\/§(|9><313|+|513><es|)+|512><523|—|alz> with an initial state in one of the subspac8s the system
will rapidly—on a time scale of2;* and A; '—approach

X(ag +H.c}, (5)  one of the quasistationary states; . Thereafter—for times

much larger thaf); * andA; %, but much smaller thaA; *

and A;l—small populations in the other subspaces will

build up until eventually, on a time scale 8f * andA,*,

where A3 is the detuning of the laser. The complex dipole
coupling constant€; depend in an oscillatory way on the

distancer, the true stationary state is approached. Hence we consider a
. 3Aieik-r 1 " 20) time At with
i =—€" —(1—cos 6, 1 e 1 oa-
) ik;r I A1 0z <At<AT AT 9
1 1 and calculatep(to+ At) for initial p(tg) =pssj. The quasi-
+ > 3 (1-3cos9)) |, (6)  invariant states are easily calculated fragp.; =0 as
(kJr) |(kJr) /

where kj=27/\; and 6; is the angle between the corre- pss.g=|€2)(€al, (10
sponding dipole moment and the line connecting the sys- o s )
tems. For maximal effect we takg = /2 in the following. 1 As+QO5+4A3

The real part ofC; leads to changes of the decay constants P17 2 A2 52, 4A2(|512><512| *lasa{an)
. . ey - . . 3 3 3

and the imaginary part to a level shift in the Dicke basis, as

seen from the expression fét,,,y. The reset operation can 1 02

3
be written in the form

+ 55— (|529(S23 +|az3)(a23)
2A§+ZQ§+4A§(| 23(S2d | az23)( 2z

3
R(p)=, [(Aj+ReC;)RYpRY’ L1 (A—289)0,
= =

————————(|S12)(So3 — |a12){as3)
2A§+29§+4A§(| 12)(S2d —a12)(azg

+(Aj—ReC;)RWpRDT, )
+H.c.
where He.r. (D
ROI=[g)(sud+ s (o2l + 515zl + a9 L[N 03(2A3+ 303+813
=19)(s12 +[s12)(e2 \/5( $13)(S2d +aza)(azd), pss‘fﬁ[{N—Q3(2A3+3Q3+ 8A%)}a){(g|

+Q5(2A5+ Q5+ 8A%)[s19)(s14

1
RW=|g)(as+|a)(esl + E(|313><523| —[s1a)(axd), + 04 |es) (5] +|a19(ad]}
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+{Q3(iA3—2A5) (V2(AZ+ Q2+ 4A2
+(A3—2iA3)C3)|g)(S14 + Q3(iA3—2A5+iCy)
X |g)(es] + V2Q3/s19)(es]) + H.c}], (12
where
N=(A3+203%+4A3)%+ (A5+4A3)(|C4/%+2A; ReCy
+4A3;ImCy).

As in Ref.[2] one has in perturbation theory

At
p(to+ At)= Pssj + JO dTeﬁoTﬁclpssj + O((Al AL,Cy 1C2)2)1
(13

but, unlike Ref[2], £1pss; IS not @ superposition of just the
eigenstates for nonzero eigenvalues&f but also of the

pssj's. We therefore decompose, pss; into a superposition

of all eigenstatesmatrices of L,

2

Elpssj:jgo QjjPssj +B: (14

wherep contains the contributions from the eigenstates fo

nonzero eigenvalues df,. For later use we note that these
eigenvalues are of the order Af and();. The coefficients
aj; can easily be determined by means of the recipromal
dua) eigenstates, where only those for eigenvalue (Cgf
are needed. They are denoteddiyand are defined through

Tr(pspss)) =8, 1,j=0,1,2, (15)

Tr(petLoA) =0
The latter meang [p. =0, with the adjointZ | defined with
respect to a scalar product given by Af@). Then one has

for any matrix A. (16)

r
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for any p and thereforel ng=0. Now 1 can be written as a
sum of terms purely fron$,,S;, andS, and, since the sub-
spaces are invariant undgg,, these terms must be annihi-
lated byﬁg individually. This yields

p(st: les)(el,
pa=S120(S12 + [a12)( @12 + | S29)(Soq +a23) (@,
pi=19)(al+|s12)(s1d + a1 (a1 + |es)(es],

since the sum of the right-hand sides indeed yiéldad the
normalization condition of Eq(15) is fulfilled. From Eq.
(17) one then obtains the;; . Inserting now., p; into EQ.
(13) one obtains

At 2 _
P(t0+At)=Pssj+fo dT( 120 a’ijpss,j"'eﬁorp) (203

2
= Pssj +j20 aiszsJAt+(f_£O)_1;,
(20b)

where for thep term the upper integration limit can be ex-
tended to infinity since belongs to nonzero eigenvalues of
Ly and is therefore rapidly damped. NO\AZ,(}1 is of the

order of A;* andQ;* onp, and thus the last term in Eq.

(20b) is of the order of£, /(A3,{23), which is much smaller
thana;; At~ £,At, by Eq.(9). Therefore the last term in Eq.

(20b) can be neglected, and this equation then reveals that

the aj;’s have the meaning of transition rates from subspace
Si to SJ , i.e.,
Pij = aij - (21

The transition rates are now obtained from EGY), (17),
and(10)—(12) as

atij = Tr(pLiLspss))- (17
) . . . . Po1=2Aq, (229
The reciprocalpy, are easily determined as follows. Since
the Bloch equations conserve the trace one has A02
2553
: P10~ 5 507, Anz (22D
0=Trp=TrLop (18) A3+205+4A5
for any p. Thus P1o=Aq, (220
0=Tr(1Lop) =Tr(L51)p) (19 and
A Q5[ AS+205+4A%]
P21=2—5 2 212, (a2 2 2
[AS+2Q05+4A5)°+[A5+4AZ][|Cs|°+2A3; ReC3+4A51m Cg]
2A,04 Ag(A5+4A3%) Ag(A+4A3%)
T a2 2 5| 12 ReCs— 2 22 3 N2 2 2\2 +0(C)). (220
AS+205+4A5 (A3+2Q35+4A3) (A3+2Q35+4A3)
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One sees that, for twb® systems, onlyp,, depends on the distancer/\; for typical parameters, wherne; is the wave-

dipole coupling constant€; in first order. This contrasts length of the strong transition.

with two V systems, where botp,; andp;, depend orC;. Our explicit results for arbitraryr confirm the large-

The physical reason for this is that transitions between brightistance result of Refl20], which argued that foin;,A3

periods for two D systems are due to decays and not due t&r <<\, cooperative effects are “suppressed by the rapid

the laser. Hence the transition rates should essentially béecay on the fast transition.” In fact, we find in the Appendix

governed by the Einstein coefficients of these decays on ortbat these effects are only to first order independent of the

hand and by the population of the states in the initial sub€oupling parameteC,; the second-order contributions @y

system on the other hand. Therefore the paran@esnters  are, however, negligible for the experimental values of Ref.

only through the quasistationary statg; of the initial sub-  [13].

system. The absence of a lineggy andC, dependence can

be understood from Fig.(B) as follows. For most slow tran-

sitions between two subspaces there are two channels with  [Il. TWO DIPOLE-INTERACTING FOUR-LEVEL

ratesA;+ ReC; so that ReC; cancels. States with a single SYSTEMS AS A MODEL FOR TWO Ba ™ IONS

decay channel lie ir5; and, by symmetry, they appear in

pairs with different sign of RE; . The experiments of Ref§3,4] used Bd . As explained in

From the transition rateg;; one obtains the double-jump the introduction we model the relevant level scheme by the

rate np; by the formula[2] effective four-level configuration in Fig.(B). The |1)—|4)
transition is driven weakly and incoherently by a lamp, while
the |1)—|3) transition is driven coherently by a strong laser.

N2 P10P01P12P21 AT 23) This time the Bloch equation can be written[26]
5 Tpoipart PorPiot PoP12 - >

: [

. . . . p:_g[Hconcp_leond]+RW(P)+R(p)
whereATp; is the defining small time interval for a double
jump. Significant cooperative effects occur only as long as —7,(0) 1
Q5 andA; are at least an order of magnitude smaller than ={£07(A2,A3,A4,023,45,C5) + L57(C2,Calle,
Asz. When compared to noninteracting systems, the coopera- (24
tive effects are up to 30% for distances between one and two
wavelengths and 5% around ten wavelengths, similar as favhere Ry (p) describes the incoherent driving as in Ref.
two V systems. For longer distances they are practically abf26] and is given explicitly below. The Dicke states are de-
sent and this is consistent with the experimental results ofined in analogy to Eq(2), and H.,,g and R(p) can be
Ref. [13]. Figure 4 shows,; and np; versus the relative calculated as in Ref$2,25] as

h
Hcond:z{ Al 2|es)( €| +[S12)(S12 T 1a12)( @12 +[523)(S2d + [@23)(@2d + [S20)(S2d + [@24) (@24 1+ (Ax+ Ay)

3

X | 2|e)(ey] +121 {Isja)(sjal +aja)(ajal}

+(Ag+2iA3)[2]es)(es] +[s13)(S1g +|aig)(arg +s23)(Sg

3

+]az3)(@zd +[S34)(S3d + |azg(@zd 1+ W, 2|g><g|+2|94><94|+;l {Isja)(sjal +|aj4)(aal}

4

+j22 {Is1j) (sl +1ag)(ayl}

fi
} + §{C2(|523><523| —|azg)(@zd) + Ca(|s13)(S1d —|a13)(@13) + Ca([S14)(S14

f
—lamg(awd)}+ 593{ V2(|g)(s1d+ [S19)(€3]) + [S12)(S0a — |@12)(@2d + |S14)(S3dl + @10} (@34 + H.C, (25

4
R(p)= >, [(A;+ReC))RVpRY + (A ~ReC)RDVpRID'], (26)
=1
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with

1
R =|g)(s10+[s12)(€2] + E(|513><523| +]aig)(ay

+[514)(S2d T ]a14)(@24]).

1
RW=|g)(as ] +|as)(es] + E(|a13><323| —[s13)(axd

+]a14)(S24 — [S14)(824)),

1
R®)=1e,)(s54 + |S2a)(€4] + E(|512><514| +lao)(a

+1529)(S3d — [az3)(@34)),

1
R =|e,)(an +|azs)(es| + E(|512><a14| —la)(s1d
+|S23)(azd +]azs)(Ssd),

1
R®)=[g)(s1d +[s19)(es| + E(|512><523| —laiz)(az

+1514)(Sad +]a14)(@34]).

007 7T 1T T T T T
0.06}- _
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é 004? /\ i
0.03 \/ \/\\/\v/\\/\\//\._._..____,,.,.%
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FIG. 4. Transition ratep,; and double-jump ratep; for two

dipole-interacting D systems. The dashed lines show the case of

independent systems. Parameter valuesfarels !, A,=1s"1,

A;=4x10° s, 03=5-10" s7%, andA;=0.
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1
R®)=|g)(asq +|as(es|+ E(|312><323| +]a1p)(Szd
+[s14)(@34 —214)(Szd]).

1
R=[g)(s14 +|s14)(e4] + E(|312><524| —laiz)(az

+[s13)(S3d — [a13)(az4),

1
RW=|g)(aiq+|aiq)(esl+ E(|512><a24| +a12)(s24

+[813)(asd +]a13)(Sad)-
The lamp term is obtained as in RER6] as

Rw(p)=W(Ry; pR}, +Ry_pR]_+R}, pRy.

+R}_pRy-), 27)

whereW is the product of the spectral energy density of the

lamp and the EinsteiB coefficient of thg/1)—|4) transition.
Now the procedure is similar as for tHg system. The

Liouvillean £, possesses threéquas) stationary stateps o,

pss,1» @andpgs o, Which coincide with those for thB systems

in Egs.(10)—(12) and which are associated with the dark and

the two bright periods. As before, one calculapgs,+ At)

as in Eq.(13) and decomposes; ps; as in Eq.(14). Now,

however, the reciprocals, are more difficult to determine

since|4) can decay int¢l) as well ag2). An exact solution

of £}p-=0 is rather elaborate. We therefore decompose

Eg: 55(0)(A2 Az,AL,Q3,45,C5)+ ES(”(CZ ,C4)
(29)

and, by Maple, have calculated, to first order in perturba-
tion theory with respect t&€, and C,, with the same con-
straint as in Eq(15). The lengthy result will not be given
here explicitly. The transition rates are again given by

pi; = Tr(pliLipss)) (29

and one obtains for two dipole-interacting four-level systems
of Fig. 2b) to first order inC, andC,,

Po1=2A1, (303
AW(AZ+Q3+4A3)
p10: 2 2 21 (3Ob)
(Ax+Ay[AS+205+4A%]
P12=Aq, (300

and

043826-6
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(A3+ Q2+ 4A2)(A3+202+4A2%)+ (A3+4A2)(|C4)?+2A3ReC3+4A5Im Cy)
(Ap+Ay)(A3+203+4A3)%+ (A5+4A3)(|C4|2+ 2A3ReC3+4A51Im Cy)

P21=2A;W-

A2+ Q32+4A3 > ReC AQ3(AZ+4A3) i A3Q5(A3+4A%)
+ e + m
(Ag+A)[A2+202+4A2] * (Ag+ A [AZ+ 202+ 44213 * (Ag+ A [AZ+202+ 44273

=2A,W

+0(C3). (300

It is seen thapy;, p1g, andp4, are independent of the cou- wavelengthi 5, they are not more than 1% fqr,; when
pling parameters and are thus the same as for noninteractimgmpared to noninteracting systems, while figy; they are
systems. less than 1%o.

These results for two four-level systems show great simi-
larity with those for the twoD systems of the proceeding
section. In both cases onfy, depends to first order 0G5, IV. CONCLUSIONS
the coupling parameter associated with the laser-driven tran-
sition. However, cooperative effects are significantly smaller We have investigated the effect of the dipole-dipole inter-
for the two four-level systems. For fixed laser detuning, theaction for two fluorescing systems with macroscopic light
effect of C; becomes maximal for €3 and dark periods, first for three-levBl configurations and

=1\\5—1A2+4A2. For this value of);, Fig. 5 shows then for four-level systems. The three-lewIconfiguration
the transition ratep,; from a double intensity period to a models the relevant levels of Hgused in the experiments of
unit-intensity period and the double-jump ratg; over the = Ref. [13,23, and the four-level configuration is an effective
relative distance/\5, with the other parameters as in the model for Ba', used in the experiments of R¢8,19. For
experimen{3,4]. Despite the optimal choice of the Rabi fre- these systems one has macroscopic light and dark periods,
guency(), the deviations from the value for non-interacting and their statistics can be a sensitive test of the dipole-dipole
systems are very small. Already for a distance of about @nteraction. We have explicitly calculated the transition rates
between the different light and dark periods by employing
T T T T the Bloch equations as well as a direct quantum jump ap-

_L37- - proach. From the transition rates the double jump rates are
n 3 obtained.
T"’ 136 For two D systems the effect of the dipole-dipole interac-
=] . 35'_ tion is of similar magnitude as for tw® systems investi-
= gated earlief2] and shown to be up to 30 % for distances of
S 134k ] the order of a wavelength of the strong transition and about
N 5% around ten wave lengths, when compared to independent
1331 ﬂ systems. For longer distances they are practically absent and
’ N N this is in agreement with the experimental results of Ref.
0 1 2 3 4 5 6 7 8 9 [13]. We have also recovered the special case of R,
/A3 where distances satisfying;, A3<<r <<\, were considered
N — and where an argument for the nondependence on the dipole
47041 _ coupling constanC, was given. Here we have shown that
T L i this holds to first order and that the explicitly determined
L4702k - second-order terms are negligibly small.
5 3 /\ ANANNAAN A A~ A For the effective model of two Basystems our results
= . .
=4.700F \/ \/ \VARVARVAR VAR VAR VA yield very sma_\ll and hardly_ o_bservable c_ooperatlve e_ffects
:D L ] for the double-jump rate. This is at odds with the experimen-
4.698} . tal result in Ref[3]. Our method also applies to three Ba
- . ions, but this is more tedious and requires another paper.
4.696 - — Also a theoretical investigation of the experiments with"Ca
0 ’1 : é : 5 ' L'l : 115 . <l3 - ,'/ . é s é [14,15 is possible with our method. For this the calculations
r/X3 have to be carried over to a level scheme which models the
levels of Ca.
FIG. 5. Transition ratg,; and double-jump ratap; for dipole- A further conclusion of our work is the observation that

interacting  four-level  systems,  with  optimal Q3  the magnitude of cooperative effects due to the dipole-dipole
=1\\5—1\AZ+4A2Z and all other parameters as in the experi- interaction sensitively depends on how the metastable level
ment[3]. The dashed lines show the case of independent systemds populated.
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APPENDIX: QUANTUM JUMP APPROACH FOR This can be carried over to two dipole interactibgystems
TWO D SYSTEMS as follows. We consider an emission trajectory and assume to

be in a particular intensity period say, of unit intensity. In

contrast to a singl® system, the reset state after a photon
emission in this period is not always quite the same, but it is
reasonable to start fromys ; and to use

The procedure will first be explained for a sindglesys-
tem which has just two types of periods, light and dark ones,
From its level configuration in Fig. 1 it is evident that the
onset of a dark period is preceded by a photon from the
|3)—|2) transition, with frequency»,. Hence, starting at, o .
=0 in |1), the probability density for the next photon to p1={(Az+ReC3)R®p R
occur at timet and to come from th¢3)—|2) transition is .
_ +(A;—ReC3)R®p  REVTH(-)  (A4)
Wi, (1) =Agl(3[e Meond/™|1)[2, (A1)

as an average reset state. The transition to a double-intensity
period is marked by a photon from th&)—|1) transition,

and therefore the probability density for such a transition,
starting from the above reset state, is

since Hgy,q gives the time development between photon
emissiong 22]. Then its time integral,

P,,= f Owdt Wy, (1), (A2)

| . | Wi, ()= Tr{(A;+ ReCy)RVe Heond/Mp M iond RO
is the probability for the next emitted photon to come from !

the |3)—|2) transition. Now, let the photon rate in a light + (A —ReC)RWe Heond/ - dHond/ AR
period be denoted bly . Then, after each photon of the light (A1 IR pasen b
period the system is reset to the ground state and thereafter, (A5)

with probability P,,,, emits a photon from thg8)—|2) tran-
sition. Hence the transmon rate from a light to a dark periodintegration overt gives the total transition probability, de-

is noted byle The photon rate in a period of unit intensity
_ is that of two dipole interacting two-level systems and is
P10=1LPo, (A3) given by[27]

QI A3(A3+203%+4A3%)+ReCy(A3+4A2%)]

(2)_
'S5 2(A§+ 202+ 4A2)2+ (A2+4A2)(|C4/2+2A3ReCy+4A5ImCy) (A9)
I
Thuspy, is given by expands in the small parameters. In the caga\3<r <<\,
@) one can putC;=C3;=0 and one obtains, for example,
P12=lss'P1o,- (A7)

In a similar way one obtaing;g andp,,. The transition rate Im C%
Po1 can be directly read off from the no-photon probability Pro=Al| 1+ ———F—|. (A8)
e~ 2M!, One obtains the same results as in Sec. Il when one A3+205+4A5
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