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We develop a theoretical model of two-photon amplification in laser-driven potassium atoms and use it to
analyze the recent experiments reported by Pfedtet. [Phys. Rev. 460, R4249(1999]. The model takes into
account most of the essential factors influencing the amplification process, including the atomic hyperfine
structure(which makes multiphoton emission possjdaéd the simultaneous interaction with intense drive and
probe beams with arbitrary detunings. We determine the origin and analyze the properties of different multi-
photon gain resonances that appear in the light-matter interaction. In particular, the influence of the drive and
probe field amplitudes and detunings on the strength and frequency of the two-photon amplification resonance
is studied in detail, showing clearly the differences with respect to the behavior of single-photon or other
multiphoton amplification processes. In addition, we investigate interferences between different quantum path-
ways originating from the hyperfine structure and determine the conditions under which they can enhance or
suppress multiphoton resonances. The predictions of the model are in good agreement with the observations,
indicating that it can be used to understand recent experiments on two-photon lasing reported bgtRifiister
[Phys. Rev. Lett86, 4512(2001].
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[. INTRODUCTION different from the conceptually simplest scheme where am-
plification occurs through coupling of the field with an effec-
Although most amplification and lasing systems are basetive two-level atomic systentor with a three-level atomic

on single-photon processes, there has always been an inter&gstem with a far-off-resonance intermediate Igueat is
in the physics of multiphoton processes, such as two-photoBumped by means of an incoherent mechar{igr@]. In the
amplifiers and laserfl]. These devices are of interest be- €xperiments, the pump energy is provided by a driving field
cause their intrinsic nonlinearity can lead to dynamical befhrough a coherent multiphoton process where two photons
haviors such as fast amplifiers, self-pulsii, cavity soli- from the drive field are absorbed and, simultaneously, the

tons[3], and different quantum states of ligi#—6], such as probe (or lasing field stimulates the emission of two addi-
multiphoton entanglemen]. tional probe(or lasing photons. In spite of this difference,

Theoretical analyses of two-photon amplification and Ias-;[ahe gcr%%e;geshg‘;;hfo;;grglgng?eng{ateed é)y_ bOttho ?EZegerﬁmaorﬁ
ing were initiated long ag®8—11], but the difficulties in Xxp N ures owing

. . ) . uadratic dependence on the prdbelasing field intensity.
their experimental realizatiori2,13 has slowed progress in q : : i
the field. The main practical difficulty lies in the fact that In fact, it was shown theoreticalpi0] that the set of equa

e tions describing the experimental system used in Ref} is
two—phqton gmpllﬂcatlon processes are oﬁeq overcome bYs:omorphic, in certain operating conditions, with that de-
competing single-photon amplification or multiwave mixing g¢ribing the incoherently pumped three-level atomic system.
processe$14,15. However, there are features unique to the coherently driven
Recent experimental achievements, however, are openirg,stem' such as some coherence and saturation effects.
the way for the implementation and investigation of the = another difference between the experiments with potas-
properties of two-photon amplification and laser systemssjum atoms and the ideal incoherently pumped system is that
The initial results by Mossberg and collaborators usingmore atomic levels are involved in the experimental scheme.
barium in 1992[13] have been followed by more detailed As seen in Fig. 1, the fields interact with magnetic sublevels
results from Gauthier and collaborators on amplification(with quantum numberdl, whereF stands for the total
(1999 [16] and lasing(200)) [7] in potassium using a dif- atomic angular momentunso that a relatively large number
ferent atom-field interaction scheme. In these atomic sysef levels are involved in the atom-field interaction processes.
tems, the necessary two-photon population inversion iFhis richness has the drawback that it makes a theoretical
achieved using a coherent driving field, which leads to nardescription of the interactions more complex. However, it
row amplification resonances. Using this approach, it is posalso opens up possibilities since it can lead to interference
sible to obtain essentially pure two-photon amplification byeffects between different quantum pathways contributing to
adjusting the drive laser frequency slightly away from thethe same amplification process, and it allows for the appear-
atomic transitions to separate the frequency of the one- anance of higher-order amplification processes. Preliminary
two-photon amplification resonances, while enhancing theheoretical results reported 7], obtained with a simplified
two-photon emission rate via resonance enhancement. model where part of the atomic sublevel manifold was ig-
These two-photon amplification and lasing schemes araored(and thus several multiphoton processes and coherence
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in Fig. 1, which is the case investigated experimentally in

\ \ Ref.[16]. Note that the theoretical development also applies
F=2 to any alkali-metal metal atom with nuclear spi 3/2. The
F=1 \ \ 1 Ae ground-level manifold is composed of stat¢g,F,M),

whereF=1,2 is the total angular momentum quantum num-
ber andM¢ (to be denoted in the following simply ad)
a a represents its projection on the quantization axis a simi-
lar way, the excited-level manifold is composed of states
|e,F,M). In each level, theF=1 andF=2 submanifolds
are separated in energy by an amokiAt; andn A, respec-
tively. For 3K, Ay/A.~ 8 (see Fig. 1 captionAs in Ref.
F=2 \ I [16], we assume that the atomic beam propagates inxthe

A

g

)
™

direction and that an optical pumping mechanism prepares
most atoms £95% in the experiments dfL6]) in the spe-
cific ground statég,2,2). Two plane-wave fields of arbitrary

intensity are incident on the atomic beamwa-polarized

FIG. 1. Atomic energy levels A;/A=37.43 and A,/A  “drive” field  E4(zt)={e_Eqexdi(kgz—wqt)]+c.c}/2
=4.677 for 3%K). The process giving rise to two-photon amplifica- propagating in thez direction, and az-polarized “probe”
tion of the probe fields is shown. field Ep(y,t)={e,Epexfli(ky—wit—@p)]+c.cH/2 propagat-
ing in they direction. The driving field couples with transi-
tions |g,F,M)«<|e,F’,M—1) for any allowed value of
F,F’, andM, whereas the probe field interacts with transi-
tions|e,F,M)«|g,F',M).

In the usual rotating-wave, slowly-varying-envelope, and
uniform-field approximations[18-20, the semiclassical
ydensity—matrix equations describing the evolution the atomic
state can be expressed as

F=1
M= 2 10 41 42

effects could not be describgdtlearly show this richness of
phenomena.

In this paper we investigate theoretically the detailed be
havior of such a coherently driven atomic system inaam
plification configuration similar to that described in Ref.
[16], where a beam of alkali-metal atoms is simultaneousl|
irradiated by “driving” and a “probe” electromagnetic fields
of arbitrary intensities. Our aim is to investigate the different
coherent multiphoton processes involving amplification of
the probe field that can take place owing to the richness of bii(t)zy\i—[z ¥ji+ 'yout}pii(t)ﬁ—z ¥iipj; (D)
the atomic level structure, paying special attention to the ] ]
two-photon amplification processes. To this end we will es- .
tablish a semicl%ssical mgdel that takes into account most of + Fideij (1), 5ij (1), o(1); aij . Ag A p} @)
the essential factors that play a role in the amplification pro- |
cesses. In particular, it accounts for most of the hyperfine  pij(t)=—T;pj;(t)
sublevels involved in the atom-field interactidwhich al- .
lows us to study phenomena such as quantum-pathway inter- = Fiilpii (1,035 (1), Bij (1), (1) aij , Ag, A},
ferencey as well as for the corresponding atomic relaxation ) .
rates and the finite interaction time between each atom angihere the density-matrix elemengg and p;; represent the
the electromagnetic fields. Thus, the present model extend¥Pulation of staté=[n,F,M) (with n denotingg or e) and
the results of Ref[17] by taking into account all possible the slowly varying envelope of the atomic coherence induced
multiphoton processes and coherence effects so that, for e® the transition between statieandj, respectively. The first
ample, the drive- and probe-induced light shifts can be pro Le_rm _of the first eq_u_atlon gives t_he ratg of |nje_ct|on _of atoms
erly investigated. The only limitations of the model are theWith internal statel into the region of interaction with the
neglect of some broadening mechanisms such as the spatlgfident fields; if the total injection rate is denoted Jag
nonuniformity of the fields and atomic beam and the possibldh®n Ao=Zi\;, s0 thatk;/), is the fraction of atoms in-
residual Doppler broadening of the atomic beam. The influ{€cted into staté. The parametey, = 1/At (whereAt is the
ence of different control parameters is studied in detail. ~ @veraged interaction time of the atoms with the figidsthe

The paper is organized as follows. In Sec. I, we describéecoﬂd term takes into account the fact that this interaction
the atom-field interaction and our model. In Sec. lll, thetime is finite. The density matrix has been normalized ini-
different multiphoton resonances are analyzed, emphasizingg!ly to one atom so thaty= y,,. In all of the calculations,
the two-photon amplification resonance. Finally, the mainVe have neglected the contribution of the different reso-

conclusions are summarized and an outlook is given iflances involving sublevels withl = —2, since they can be
Sec. IV. reached only by high-order multiphoton processes from the

initially populated sublevelg,2,2), or by lower-order mul-
tiphoton processes initiated from othenuch less populated
intermediate sublevels. Nevertheless, relaxation rates from
We consider two laser beams interacting with|e,2,—1) and|e,1,—1) toward |g,2,—2) have been taken
the 3K 4S,,, 4P, transition as shown diagrammatically into account, thus making the active medium an “open” sys-

Il. MODEL
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tem. Thus,2,p;; is less than 1 for later times, but is close to

1 for all conditions considered in our investigation. B B
The populations and coherences are affected by relaxation Xe1-1g20~ Xe1-1g10~ Xe2~1g2-1

mechanisms, characterized Ipy for the population transfer

rate from statei to state j, and I'jj=yout (Skyii

+ 2y ¥xj)/2 for relaxation of the coherengs;(t). The main

population relaxation mechanism is spontaneous emissiop

from the excited to the ground states. Our model also iNyo 4nq represent the effect of the incident coherent fields on
cludes rates for possible population transfer between grounfle atomic state. Some of these functions are given in the
states, which, for instance, might approximately account fo%\ppendix. They depend on the atomic parameters described

the effects of optical pumping fields when such fields act,j, e a5 well'as on the interaction strengths of the fields
simultaneously with the driving and probing fields. Never-yi each transition, which are characterized by the Rabi
theless, in our calculations we will assume that Opticalfrequencies

pumping is performed just before the atoms enter the inter-

action region, as in the experiments [d6]. The effect of

collisions between atoms on the coherence relaxation rates 2aj;=
can be neglectefll6]. The ratesy;; corresponding to spon-

taneous emission have been calculated from the CIebscIaT the drive and probe fields, respectively, wheg;

Gordan coefficient associated with each specific transition : S .
. . = ii is the electric-dipole matrix element of transitign
[21] and are given by y;=(Alx;l®) with A FoXij P 9

- 3 2 3 In the discussion below, we also make use ofaaeraged
= (167" 1)/ (3heoh”) and value of the Rabi frequency, which we define as 2
= uoEq/# for the drive field and B= uoE,/# for the probe

Xel1g20~ Xellgll™ XelOgll _ \/6/12

Xe10g10~ Xe20g20— 0.

The functionsZ; and.F; in the last term of each equation
(1) arise from the quantum Liouville evolution commuta-

HijEq 28 _ MijEp

Tho T @

Xij=(Q'THEM'|T|(INFM) field, so that 2v; = 2ay;; and 28;;=2Bx;; . The detuning of
FE' 1 F the drive field with respect to the optical transitions is con-
:(_1)F’—M’( , )5,,,(—1)J'+'+F+1 trolled by the parameted 4= wy— wep g1, Where wep g7 is
-M" g M the frequency of the transitioe,2,M )« |g,1M) for any M
3 1 FE andA = w,— wy controls the difference between the probe-
X (2F+1)(2F'+1) ] , (2)  and drive-field frequencies.
F 1 We determine the populations of each level and the

atomic coherences that are created in the interaction region
wherel andJ represent the nuclear and angular momentum . . . o

: T o by numerically integrating Eqgl), taking into account both
respectively, andT, is the electric dipolar operatdrq= {he continuous feeding and loss of atoms from the region and
—1,0,1, depending on the polarizatishof the fields) con-  the action of the fields. The density-matrix elements corre-
sidered in each transitignin Eq. (2), the “primed” quanti-  gpond to an average over all atoms present in the interaction
ties refer to the upper state of the specific transition Cons'dregion at a given instant. Note that such averaging is per-
ered. The parameters are the matrix elemenformeqd through the atomic injection\() and expulsion
(J".S.L'[T|J,S,L) = no=4.23e2,=3.58% 102°Cm, € is  (y,,) rates[see Egs.(1)] rather than by calculating the
the vacuum permittivity, anal is the wavelength of the tran- internal-state evolution of each atom as a function of the
sition (769.9 nm for3%K). From Eq.(2), the values of the exact time it is injected into and expelled from the interac-
dimensionless factorg;; , which obeyyx;;= x;ji, are given tion region. Our procedure is simpler and is known to give

by the same steady-state results for this type of problem.
From the numerical solution of Egél), it is possible to
Xe22g22~ Xe10920~ Xe20g10~ Jere, determine a complex “gainG = — wpAn—iG for the probe
field, given by
Xe22g11= ~ Xel1g22— ~ Xel-1g2-2— 172,
~ U
Xe21g22= ~ Xe22g21= ~ Xe2-1g2-2— \/§/6, G= E FEF, % XgF'M,eFMPeFM,gF'M |» 5

Xe11g21™ Xez1g11™ Xe21g10 whereU =Nw,uj/2¢f represents the unsaturated gain pa-

Xe20g21= Xe1-1g2-1= Xe2—1g20 { =/2/4, (3 rameterN is the density of atoms in the interaction region,
Xe2—1g10= Xe2—1g1-1 and the summation extends to all the one-photon atomic co-
herences induced on the transitiofjesF,M)—|g,F’,M).
Xe21g20= Xe10g21 ] The imaginary part of Eq(5), or thegain factor G repre-
_ = — 214, sents the relative increase in the probe-field amplitude per
Xe10g2-17 Xe20g2-1 unit of time (so that the relative increase in the probe-field
_ _ intensity is given by Z3). The real part of Eq(5) is the
Xe11g10™ Xe21g21™ Xe10g1-1 J: J6/12, product — w,An, whereAn is the change in the refractive
Xe20g11~= Xe20g1—-1= Xel-1g1-1 index of the atomic medium at the probe-field frequency
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0.012 : : : : : : model for a fixed parameter setting, assuming,/l;,—1
=2GAyl/c, whereG is determined from Eq(5), Ay is the
effective atomic-beam diameter in the direction of propaga-
tion of the probe beam, andis the speed of light in the
medium. HenceAy/c is the probe-beam interaction time. A
product U/A?)Ay=60 m has been considered, which can
be achieved with an atomic beam of effective denkityear
10" atoms/ni and effective diametehy~2x10 3 m.

The first remarkable feature seen in Fig. 2 is the good
agreement between experiment and theory. The positions of
the gain(and absorptionresonances are coincident and the
peak strengths are of the same order of magnitude. This al-
lows us to confirm the origin of each gain resonance, as will
be discussed below. The differences in the line strengths and
widths are due to factors neglected in our moet spatial
profiles of the fields and atomic beam, the broadening in-
. FIG. 2. Thin continupus line: relative intensity gain as a func- quced by residual Doppler efféctand experimental uncer-
tion of the probe detuning for/A =12,6/A=12, o;nve-ﬂeld de-  tainties in the atomic-beam parameters, field intensities, in-
tuning Ay/A=4.86, No/A=you/A=0.07, U/ADAY=60m,  araction time of each atom with the fields, and optical
and a 94% efficient initial optical pumping to stat®2,2) Witha o, ying details. In fact, there is a domain of values of the
residual initial population of 1% at each one of the six remainingatom interaction timey:l for which results close to the

out:

ground-level statgshas been assumed. The experimental results . | btained h hecked th
[16] (thick line) are also shown for comparison. Note that the ex_experlmenta ones are obtained. We have checked that an

perimental recording is invalid because of detector saturation fro

0.008
0.004
O L

Ioutllin -1

-0.004
-0.008
-0.012

-80 -60 -40 -20 O 20 40 60
DI

mncrease of up to a factor of 4 iy, still leads to good
A,/A=—55 to—5 (thick dotted ling. results. , , , _

In the rest of this section, we will study the influence of
brought about by the simultaneous action of the drive anéh.e main p.hysical param(.aters'on the diﬁgrent rgsonances._We
probe fields on the atoms. In what follows, we mostly focusWlII start with the absorption dip a_nd continue with each gain
on the study of the gain fact@, although the real part of the resonance, from that corresponding to the lowest-order mul-
gain can also be important since, for instance, it gives thgphoton process to that corresponding to the highest-order
“frequency pushing” effect that appears when the atomicone.A_Ithqugh we are espeually mterest_ed in the two-photon

amplification resonance, we will also discuss some proper-

medium is placed inside an optical cavity. ties of other multiphoton resonances since they might be
Throughout the paper, all quantities with dimensionsbf s uitiphoton . ey mig
useful for certain applications and their comparison will help

(including gainsG and G) are converted to dimensionless ;5 gain a deeper understanding of the multiphoton processes.

. . _ 7 71 -
form by normalizing them byA =7.75<10" s™*. Consistent Absorption resonances;AThe large absorption dip ap-
with this normalization, time must be multiplied By andU  pearing in Fig. 2 at negative detunings corresponds to the
must be divided by\”. overlap of two pairs of probe absorption resonances. Rair

and A, corresponds to transitiong,2M)—|e,i,M), with
i=1 and 2, respectively, occurring &t,/A~—(Agq+A4,
+Ag)/A=—458, andA,/A~—(Ag+Ay)/A=—413, re-

In this section we present results of the probe-beam gaispectively. The strongest contribution is, by far, that of the
calculated according to Eqél) and (5), for parameter set- transition|g,2,2)—|e,2,2), because of the largest population
tings reproducing as closely as possible the experimentalf the initial level (see Fig. 2 caption The second paiA;
conditions of Refs[16,17], and also for other parameter set- and A, corresponds to transitiong,1,M)—|e,i,M) for i
tings. Only values corresponding to steady-state atomie=1 and 2, respectively, and appear At,/A~—(Aq
fluxes and field intensities are given. First, we make a com+A.)/A=-9.3 andA,/A~—A4/A=—4.7. This pair of
parison with the experimental results[d6], and in the rest resonances is much weaker since none of them involves the
of the section we analyze the properties of the multiphotonnitially most populated statég,2,2). Nevertheless, the ex-

IIl. RESULTS: MULTIPHOTON PROCESSES

resonances. perimental curve in Fig. 2 suggests that these resonances are
The thick line in Fig. 2 shows the experimental gain larger than predicted by our model.
lout/lin—1 as a function of the probe detuning,/A, as We believe that the discrepancy in the size of the absorp-

measured if16]. I;, andl, represent the injected and out- tion peaks is due to the fact that the drive laser beam is
put probe-field intensities, respectively. The drive detuningsignificantly larger than the probe laser beam in the experi-
with respect to the associated atomic transitions is relativelynent (250um in comparison to 9«m), whereas we as-
large in this case: from~47A for transitions|g,2M) sume they are the same size in our model. Hence, the atoms
—|e,lM—1) to ~5A for transitions|g,1M)—|e,2M  will be optically pumped out of the initial statg,2,2) by the

—1). This difference separates the different multiphotonintense drive field to a larger extent in the experiment in
processes in frequency. The thinner-line curve shows theomparison to our model. The greater depletion of the initial
same physical quantity, calculated from our theoreticaktate increases the strength of the absorption resonances and
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1.2 : : : : : : most populated atomic staltg,2,2) are more clearly percep-
- — @ tible in Figs. 2 and 3. Their location@noring for the mo-
09115 . (1+1) (2+1) ment any possible light-induced shijfas well as the initial

and final atomic states they connect, are given in Table I.

06| We first discuss general features of these multiphoton pro-

(3+2)

S o3 cesses, and then we will consider specific aspects of each one
© of them. The first general feature to point out is that, as
0.0 expected, the peak gatd associated with these multiphoton
.......... N resonances increases, for relatively weak drive and probe
-0.3 1 fields, proportionally toa®" (i.e., the intensity of the drive
06 o L beam raised to the powe)) and tog%™~ % (i.e., the probe-
-10 0 10 20 30 40 50 60 beam intensity raised to the powar—1). For higher inten-
Ay A sities, saturation slows down the growth process, as can be
seen easily for th€l+1)-photon resonance in Fig(&, for
1.6 DR ‘ ‘ ‘ ‘ ‘ example. This behavior is illustrated in Figgajand 4b)
10 — ) .
P — for several of the if+m)-photon resonances; further details
12 2 (n+n) 15 o] are given below.
08 | (1+1) 20 "“(2 +1"j' | A secor_ld_gener_al feature is that the gain resonances un-
< N e de_rgo rad|at|ve_sh|fts_ _due to the ac-Stark effect v_vhen the
S drive or probe intensities become large. These shifts, for a

given resonance, can be viewed as due to the radiative shifts
of the initial and final states of the corresponding multipho-
ton process, brought about by the drive or probe fields
through their coupling with any optical transition involving
g ke ‘ ‘ ‘ ‘ ‘ such an initial or final state. For the case whér« and
-10 0 10 20 30 40 50 60 a<Ayj for all jk, whereA yj= wy— wjy is the detuning of
Ay A the drive field from thg <k transition, the radiative shift of
an (n+m) multiphoton resonance between initial statnd
FIG. 3. GainG, as given by Eq(5), as a function of probe-drive final statef is given by
detuningA,/A. In (a) a probe amplitude o8/A =12 and different
drive amplitudes are showtfor the sake of clarity, curves corre- B 1 ntm |arf|2 |asi|2
sponding toe/A =5,10, and 15 have been shifted down by 0.3, 0.2, O m —(-1 Z Agrs + z Agsi |’ 6
and 0.1 units, respectivelyin (b) a drive amplitude ofa/A=12
and different probe amplitudes are c_iepic(edrves corresponding \where the sum of the firstsecondl term describes the ac-
to f/A=12,15 and 20 have been shifted down by 0.2, 0.4, and 0.65¢5ry shift of the finalinitial) statef (i), which is defined as
units, respectively Other parameters as in Fig. (h particular,  positive when it is an upward shift. Equati¢) has been
Aq/A=4.87), withU/A"=3000 andyo,./A =0.07. obtained by adapting expressions from R&g] to our light-
atom interaction configuration. For large probe and drive
decreases the strength of the gain resonances somewhat. Wabi frequencies, Eq6) becomes less reliable.
have verified that a wider and deeper absorption dip closer to An analysis with Eq.(6) for the data shown in Fig. 3
that of the experimental results of Fig. 2 can be obtained byeveals the following set of general rules that apply to the
changing the initial populations of the ground-level states inpositions of all gain resonances.
our model. (i) With increasing drive amplitudgFig. 3(@)], all gain
Since we are interested in amplification, the most impor{eaks corresponding ton¢ m)-photon processes with
tant consequence of the presence of the large absorption dipm [namely,(1+1)-, (2+2)-, and(3+3)-photon processés
in Fig. 2 is that its blue wingwhich extends up to very large undergo very small shifts, whereas those processes with
values ofA ) can reduce the strength of the closest multi-#m [namely,(2+1)- and (3+2)-photon processgsindergo
photon amplification resonances. In particular, it representstrong blueshifts. The reason for this behavior is as follows:
one of the main physical obstacles for efficient two-photonin the n=m processes, the initial and final atomic states of
amplification and lasing16,7]. the procesgTable |, second columnare both ground-level
Amplification resonanced he gain peaks of Fig. 2, which states and undergo similar drive-induced light shifts, since
are reproduced in more detail in Fig. 3 for several values ofhe drive field couples to manifolds possessing excited states
the drive-[Fig. 3[@] and probe{Fig. 3(b)] beam Rabi fre- having M one unit smaller in both cases. This leaves the
guencies, correspond to different multiphoton coherent proresonance position almost unchanged with respect to the un-
cesses. Each process is denoted asrannf)-photon pro-  shifted position(Table I, third and fourth columns
cess, which involves absorption af drive photons and In contrast, for the rf+m)-photon processes withm
simultaneous emission of probe photons in an alternating # m, the final atomic state belongs to taecitedlevel mani-
way [see, for instance, th@+2)-photon process depicted in fold, which undergoes a drive-induced shift that is opposite
Fig. 1]. Of such processes, only those starting at the initiallyto the shift experienced by the initial state. Due to this effect,
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TABLE I. Multiphoton gain processes involving absorptionrofirive photons and emission ai probe
photons. Light shifts have been ignored in the last two columns.

(n+m)-photon Initial and Unshifted resonance positidp
process final states Generic position In Fig. 3
af —
(1+1) 022 19.1.1) A=A, 374
aBa
(2+1) 922 — |e2,0) Ap=Ag+Ag 42.3
apa Ap=Ag+Ag+Ae 47.0
19,2,2) — |e,1,0)
aBap _
(2+2) 022 19,10 Ap=Ay/2 18.7
aBaBa
ai2) 922 = le2-1) A=A+ Ag02 21.15
wBaBa Ap=(AgtAg+Ag)2 235
9,22 — |e,1,—1)
aBaBap _
(3+3 022 lga-1) Ap=2Ay/3 12.5
ap
3 922 g2y
ap —
ap
—>|g,2,— 1>
2.0 ‘ ‘ ‘ ‘ we find that the multiphoton gain resonance undergoes a
(@ (B/N)=15 ) shift that, in the limit of low probe amplitude, is the sum of
167 o (g the drive-induced light shifts of the initial and final states
1.2 | ] (see Table 1, second columrdivided bym. The shift is to
< higher energies in Fig. 3 since the drive-field detuningis
~ 08 positive; it brings about an upwardownward shift of the
o NS !
initial (final) state of the multiphoton process.
04y (ii) With increasing probe amplitudé=ig. 3(b)], all gain
0.0 peaks corresponding tm+m)-photon processes with=m
[namely, (1+1)-, (2+2)-, and (3+3)-photon processé¢sin-
-0.4 : : : : dergo a small redshift in general, whereas those processes
0 5 10 15 20 25 with n#m [namely, (2+1)- and (3+2)-photon processés
alA undergo a relatively large blueshift for reasons similar to
10 ‘ ‘ ‘ ‘ those discussed above in poifid, considering now the
_(b) (@/N)=12 g:B - probe-induced light shift of the final state of each multipho-
81 (1+2) | ton process. For the case of tf#+2) peak, it will be shown
sl s gﬁ:ﬁg " below that the small shift can be to the blue side instead of to
- " the red side for large values of the probe-field amplitude.
5 4 50 We note that most of these shifts in the multiphoton reso-
51 | nances could not be correctly described with the simplified
model of Ref[17] since the coupling of the drive and probe
0t fields with transitions involving levels withl <0 were ig-
. nored.
'20 5 10 15 20 25 (iii) Finally, a third general feature is the existence of

several quantum pathways connecting the initial and final
atomic states for eachn(+ m)-photon process. The multiple
FIG. 4. Evolution of the (+m)-photon gain resonance Pathways arise from the existence of two ground states and
strengths with the drivéa) and probeb) amplitudes. The rest of the two excited states for each value Mf(corresponding to the
parameters are the same as in the previous figure, exceptfor two possible values of), which implies thattwo real
=0.3. Note that, for the sake of clarity, the gain strength for theatomic levels exist at each intermediate step of any
(2+2)-photon resonance has been multiplied by 5@kn (n+m)-photon process. This leads to quantum interference

BIA
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50 : : : diate statge,2,1) (i.e., excluding now couplings with state
45 ¢ (a) : le,1,1), and considering, in particular, the procegs2,2)

40 © a/A=10 —al€,2,1)—g|g,1,1)); and channel £2 [ch(1+2)] corre-

35 | PIN=0.1 Pt sponds to the actual case where both intermediate levels ex-
< 30 Ch2 Chl ist. The unshifted location of the resonance, for which the
5 25 \ ac-Stark shifts are not taken into accoult,EA4g), is

20 Fo pointed out on the horizontal axis.

15 \ L AgA It is clearly seen in Fig. @) that there is constructive

10 ; interference between chl and ch2. Quantitative analysis of

5 A N e the data shown in the figure reveals the following aspects of
036 36.5 37 375 38 the (1+1)-photon resonance. It is seen that the gain strength

for channel 2 is slightly larger than for channel 1. This is due
P to the fact that the dipole matrix coefficients for cfitoduct
Xg22e11Xe11g11) @nd ch2(productygzserixer1gi1) have pre-
cisely the same value, while the value of the drive detuning
is slightly smaller for ch2 than it is for ch@42.3 vs 47.0.
Furthermore, for ch(%2), we find that the corresponding
gain peak strength is given approximately bw/Q;
+4G,)2, where G;(i=1,2) represents the gain peak
strength for channel If the probe-field intensity is increased
to a larger value, such as that shown in Figb)5the agree-
ment with this relation is only qualitative because of satura-
| tion effects.

0.1 ‘ ‘ ‘ ‘ ‘ The observed shifts of the resonance in Fig) %re small
due to the fact that the ac-Stark shifts of the inifig2,2)

and final|g,1,1) states involved in the scattering process are
of the same sign and similar strength, as pointed out above.
According to Eq.(6), the final state shifts upward by an

G/IN

Ap//\

FIG. 5. Probe-beam gain as a functiongf showing different

quantum paths for the Raman+{1L)-photon feature, demonstrating . -
their constructive interferencéa) The probe field is weak com- amount of 1.3, and at the same time the initial stae2,2)

pared to the drive fieldr. (b) Both fields are intense. Other param- also shifts upward by amounts of A.S(for ch1), 0_'2A (for
eters are the same as in Fig. 3. ch?), and (0.5+0.2)A [for ch(1+2)]. The largershift of the

final state is due to the much smaller detuning of the drive

phenomena between these pathways, which affect both tHigld with respect to transitionsg,1,1)«|e,F,0) (for F
strength and position of then¢- m)-photon gain resonances. = 1:2) as compared to transitiong,2,2)«<|e,F,1) (9.5A

The interference can be either constructive or destructive déind 4.9\ vs 47.0\ and 42.3\, respectively, which com-
pending on the signs of the matrix elemefs). (3)] con-  Pensates for the smaller dipole matrix coefficients associated
tributing to each pathway and of the associated field detunWith transitions [g,1,1)«|e,F,0). This implies that the
ings. peak-position shifts are all negative in Figab Neverthe-

We consider below specific features of several of the mulless, the values of such negative shifts measured from the
tiphoton processes, and discuss in particular the interferend@act(numerically calculatedcurves in Fig. %) are 0.3\
effects between quantum channels. We start with(1hel)- units (in absolute valugesmaller than the values predicted by
photon process, which, because of its simplicity, will allow EQ- (6) in all three cases. This deviation is due to the over-

us to easily analyze details of such interference effects. ~ e€stimation, by Eq(6), of the|g,1,1) state upshift, owing to
the fact that the drive detuning with respect to transition

lg,1,1)«<|e,2,0) (which is equal to 4.8) is not small
enough for such an equation to be exi®3].

The availability of two intermediate states for the Raman It is worth emphasizing that there is constructive interfer-
procesgnamely, statese,2,1) and|e,1,1)), leads to the ex- ence between channels 1 and 2 in the case considered in Fig.
istence of two quantum paths connecting the initial states(a) because the products of the two electric-dipole matrix
|g9,2,2) with the final statdg,1,1). Figure 5a) shows, for a elements involved in each chanriste abovehave the same
case of strong drive=10) and weak probef=0.1), the  sign, and the drive-field detuning also has the same sign for
Raman peak position in several possible situations: channeldoth channels. But in other cases not satisfying these condi-
(chl) corresponds to a case where only one of the two intertions, destructive interferences can occur. Such destructive
mediate states, namely, sta¢el,1), is presenti.e., we have interferences can even completely cancel a given gain reso-
canceled all the field couplings with std&e2,1), keeping all  nance. Figure 6 illustrates such behavior by considering two
the rest of the interactions with atomic states active, in parcases with a drive field very close to resonance with the
ticular, the procesf,2,2)—«|e,1,1)—g|g,1,1)); channel 2  atomic transitions. For the sake of clarity, relatively small
(ch2 corresponds to the opposite case with only the intermevalues of the drive and probe amplitudes have been consid-

(1+1)-photon Raman process
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10 \ \ \ 0.2 : ;
all
2 (n+n) e (1+1) ch(11+12)
0 — A i
< <
3 -10 5
-20 i
a/A=4 -39.8 —— !
BIN=2 354 i ch(21+22
-30 : 324 -0.1 neza) : : :
-40 -20 0 20 40 60 16.6 16.8 17 17.2 174 17.6 178 18
Ap//\ Ap//\
FIG. 6. Probe-beam gain as a functionf /A, for a/A=4, FIG. 7. Two-photon probe-beam gain for several of the possible

BIA=2, andA4/A=—39.8(continuous ling and —35.4 (dashed  quantum channels contributing to tt#+2)-photon process of Figs.
line); the remaining parameters are the same as in Figs. 3 and 2. and 3(for a/A=15,8/A=20). Each channel is defined by the
Destructive quantum interference cancels either coherent processllowing atomic sublevels: GRF': g,2,2)—|e,F,1)—|g,F’,1)
(1+1) at A,/A=37.4(continuous-line curveor coherent process —1e,2,00—|g,1,0). Channels 1312 (21+22) give constructive
Eﬁ:l(n+n) atA,/A=0 (dashed-line curye (destructive interference. The curve “all’(continuous ling has
been calculated considering all possible atomic channels. Other pa-
ered in the figures. The following features can be observe@Meters as in Fig. 3.
clearly. - : .
(i) In the case of the continuous-line curva (/A= AF‘/A:_35'4 shown in Fig. 6, where the drive detuning
—39.8), the(1+1) Raman gain peak, which should appear atWlth respect to the pump transition for chl and for ch2 takes
- _ : ' : the values+6.7A and +2.0A, respectively. Estimating the
Ap/A=A,/A=374, is canceled out. This occurs becausetransition robability for each channel indicates that we are
the drive detuning with respect to the pump transition for chl P Y )
and for ch2 takes the values2.3A and —2.3A, respec- very close to complete cancellation of the process for these
tively, and thus there is a change of sign which entails deyalxles, as mdeetd' |s'gbs%ryed |ntF|g. 6 hibiti f th .
structive interference between the two channels. Note also sobappatr_en In Fg. © IS at?] rong nhi "OCT 0 282 pri-
that this gain destruction is reinforced by the quite strongmary absorption resonandee., the one caused bg,2,2)

. - — g|€,2,2)) in the vicinity of A,=0. The absorption is sup-
robe absorption occurring at nearby valuesAgf/A (see sle ) p .
Fhe strong d?ps near 37_4gm Fig) as)s/ociated with transi- pressed by quantum interference between different coherent

tions|g,1,1)— s|e,F,1), for bothF=1 and 2. Such absorp- ?nd incohelrem(;tip—by-lstt_eﬁ ptrocesses of differe?t orde.tr'h
tion is in effect resonant fod /A near —(Ag+Ag)/A thor egamptg, (2-1) multiphoton lreso?nanfe 0\:erap?f'W| i
—35.1 and—A,/A=39.8, respectively, and is strong be- e absorption resonance, even leading to net amplification

cause the quasiresonant drive field pumps many atoms fro s shown by the solid line in Fig. 6. Such absorption cancel-

the initial statdg,2,2) to the excited statdg,F,1), and from lation may be useful for removing one of the primary pro-

these states they decay very fast to ground states, in particﬁ‘-asses that makes it difficult to achieve two-photon lasing, as

lar, to the statég,1,1). Close inspection of the populations mentioned in the discussion of the absorption resondnce
of statesg,1,1) and|e,F,1) as a function ofA, allows one

to completely understand even the “fine structure” of the (2+2)-photon process

whole absorption dip appearing in the regionXf/A be- For the case of thé2+2)-photon process, the existence of
tween 30 and 45. several quantum channels also affects the strength and posi-
(i) In the case of the dashed-line curve\ (A= tion of the gain resonance. As an example, Fig. 7 shows the

—35.4) in Fig. 6, the peak that usually exists/gs/A=0 (2+2)-photon gain resonance for several of the quantum
now disappears, and the {11) Raman peak reappears. The pathways connecting the initial statg,2,2) with the final
peak atA,/A=0 corresponds to the process pointed out instate|g,1,0) (see figure captionFor instance, it can be seen
Table | asEﬁ=l(n+ n) (further details about this process are that the quantum channel chl12 involving the intermediate
given below. Since the drive and probe amplitudes are rela-states|e,1,1) and|g,2,1) yields larger gains than channels
tively small in Fig. 6, this process is actually dominated byinvolving any other equivalent couplets of intermediate
its first step, i.e., a (+1) process starting at statg,2,2) states, which is due to the fact that the product of the four
and ending at statggy,2,1). Thus, it is also a Raman transi- Clebsch-Gordan coefficients involved in the gain expression
tion, but now the product of two electric-dipole matrix ele- is, according to Eqs(3), three times larger for these states.
ments determining the associated transition probability take®n the other hand the signs of these Clebsch-Gordan coeffi-
a different value and a differestgn for channels 1 and 2 of cients determine whether the interference between each pair
the proces$see Eq(3)]. This means that the drive detuning of channels will be constructive or destructive. In particular,
must have the same sign in both channels to observe destruitis constructive for ch(1% 12), which is the superposition
tive interference between them. This is in effect the case foof ch1l and ch12, whereas it is destructive for ch{2P).
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©
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-0.1 : 13 :
0 10 20 30 40 50 60 70
Dy 1A B/A
5 () FIG. 9. Gain peak positiofin units of A) for the (2+2)-photon
resonance as a function of the probe amplit@ddor a/A =4, 12,
and 18(andy,,;/A =0.3). The last case corresponds to that of Fig.
50 | 8(a). The unshifted position is ak,=A4/2=18.7. Note that the
< curve for a/A=4 ends around3/A =26 because the gain reso-
@ 30 . nance can no longer be distinguished for smaller valueg. of
T in the case considered in Fig(a, for a value of$3 deter-
0 W mined approximately through the relatione)/A%~4
oL 168 ‘ ‘ X 10%. This is consistent with the fact that the probe satura-
15 16 17 18 19 tion intensity for a(2+2)-photon process is given, in a sim-

By /A plified model where only a single quantum pathway and a
single value of the drive and probe Rabi frequencies for all

FIG. 8. (8) Gain for the(2+2)-photon resonance, fat/A=18  ha transitions involved are taken into account,[Bg]

and different values of the probe amplitu@éA (from 7.5 to 67.5,
in steps of 7.5 as a function of the probe-field detuning. Other 2 )
parameters as in Fig. 3, except fgg, /A =0.3. (b) Amplitude of Bsar=TA1A2A3] %, (7)
the field that would be delivered by a two-photon lasable emis-
sion, continuous line; unstable emission, dotted)life a cavity =~ wherel" is the coherence decay rate between the initial and
with lossesk=0.05 (outer curveg and «=0.07 (inner curve, as a  final states of the multiphoton process akd(for i=1,2,3
function of the emittedield detuning[other parameters as i@]. are the detunings of the intermediate virtual levels of the
Each curve shows two stable regions delimited by vertical tangentultiphoton process with respect to their respective atomic
lines. The smaller region is shown enlarged in the inset. transitions(Fig. 1). Using values for these parameters similar
to those considered in our calculations, and taking into ac-
Finally, we also find that the gain peak position is differentcount expression&}), fair agreement with the saturation be-
for each channel because they involve different ac-Starkavior shown in Fig. 8 is found fdf/A~0.1, which is a few
shifts. times smaller than the upper-level population relaxation
It is worth noting here that cancellation of tlie+1) co-  rates.
herent processes by quantum interference, as described in the(ii) As pointed out above, increasing the probe amplitude
previous section, can never imply destruction of {8e-2)  when the drive-field amplitude is set to a moderate value
resonance. This is because the t(o+1) processes dis- leads to an increasing redshift of the gain resonance, as
cussed there contribute to different quantum channels for thehown in Fig. 9 fora/A=4 and 12. However, this is not
(2+2) resonance, and hence there is no drive detuning foalways true for large drive amplitudes, as shown in Fig) 8
which these processes can be canceled simultaneously. and Fig. 9(solid line) for the case ofa/A =18, where it is
The fact that the(2+2)-photon process involves two seen that there is a blueshift of the resonance wheis
probe photons and can be well separated from other gain dncreased, for the regime whesi A <20.
absorption resonancésee Fig. 3 makes it appropriate for Figure 8a) also provides useful information for predict-
two-photon amplification of the probe field and also for las-ing the behavior of a possible “two-photon laser” based on
ing. To better assess such possibilities, Fig) &hows an the (2+2)-photon amplification resonance. Consider a hori-
example of the evolution of th€+2)-photon peak spectral zontal line crossing the vertical axis at a value determined by
profile for increasing values of the probe field strength  the loss rate of the laser cavity. The intersection of this line
Inspection of this figure shows two main features. with the gain curves will give, for each value df,, the
(i) With increasingg, the two-photon gain peak strength “working point” of the laser system. This leads to the emis-
first increases proportionally to the probe intengfyas ex-  sion profile depicted in Fig. ®), which has the form of a
pected for a process involving two probe photons, and then itlosed curve well detached from the trivial zero-intensity so-
decreases because of saturation. The maximum gain occuistion (and thus it is dramatically different with respect to the
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0.14 Fig. 2 becomes closer to th@+2) gain peak and thus the
012 | negative background increases. Also, there is a strong trans-
' fer of population from the initial statég,2,2) to excited

0.10 ¢ states (because of saturatipnfollowed by decay to the
0.08 - ground stategas was also the case in Fig), Gvhich makes

< 06l additional single- and multiphoton coherent and incoherent

o ' (gain or absorptionprocesses appear, which start at different
0.04 ground states. Thus, near resonance, the analysis of the probe
0.02 ¢ gain absorption spectrum is more complex, and the strength
0.00 of the multiphoton processes is not necessarily much larger
0.02 | because of the counterbalancing effect of background ab-

sorption processes.

For the sake of brevity we will not further discuss high-
order processes such as tBe-2) and(3+3) onegwhich are
noticeable in Fig. @&)]. Let us mention only that, concerning
the (3+3) process, its faster dependence on the drive and
probe intensities and its higher saturation threshold as com-

emission profile of a standard single-photon laser, whictParéd to the2+2) process might make it more efficient at

consists of a symmetric peak connecting on both wings witfigh drive and probe intensities. In the case of lasing, how-

the zero-intensity branghThis in particular implies that the €Ver our estimations indicate that it would require a higher-
zero-intensity solution is stable against small perturbationdnt€nsity seeding signal, since the separation in intensity be-
and laser emission must be triggefdd). tween the stable off and on solutions is larger than for the

Based on a perturbation analysis of the field amplitude, i{2+2) Process.
is possible to show that the stable and unstable lasing solu-
tions, if they exist, must be separated by points with infinite
derivative. We find that the stablenstable solutions used
to plot Fig. 8b) correspond to the continuoudashed lines. The amplification feature appearing in Figs. 2 and 3 at
Thus, there is the possibility of bistability with respect to theA ~0 corresponds to the complex process,2,2)
zero-intensity solutiofithere is also a narrow domain of bi- — 4g|g,2,1)— «s|g,2,0)— «g|g,2,— 1), where all three inter-
stability between two nonzero solutions, as shown in the inmediate steps are resonaribote that one further step
set to Fig. 8b)]. This reasoning, however, is limited and — ,g|g,2,—2) can occur, but we have ignored the contribu-
approximate because we cannot predict the possible presengen of states withM=—2, as pointed out aboveThis
of local bifurcations that could destabilize the branches weneans that the atom can go from the initial stae,2) to
indicate as stable, and the horizontal axis of Fig) &ctu- any of the following final states: to statg,2,1) through a
ally describes, for a two-photon laser, the generdtell  (1+1)-photon Raman process, to statg2,0) through a
detuning, not thecavity detuning, which is usually the pa- (2+2)-photon process, or to stag,2,— 1) through a(3+3)-
rameter considered in laser physics. To be able to express thoton process. The first of these processes has already been
emission amplitude as a function of the cavity detuning, thejiscussed above in the context of Fig. 6 for the case of low
frequency pushing effect associated with th€2+2) reso-  drive and probe amplitudes, and the second of these pro-
nance must be determined, which is given by the real part ofesses is qualitatively similar to tH@+2)-photon process
the complex gairG as discussed after E(). discussed above.

Investigating further details of the laser behavior, how- The strong overlap and interference effects among the
ever, is difficult with the present model where the probe fieldthreeX,(n+n) processes, however, make it difficult to sepa-
is assumed to be constant. The study of different factors suatate any of them, or to separate their coherent and incoherent
as frequency pushing effects, possible overlap of two-photoKor step-by-stepcontributions. The frequency degeneracy of
lasing with other multiphoton lasing, and, most importantly,the processes is lifted somewhat due to the differences in the
the stability and possible dynamic regimes of a two-photorlight shifts of the final states by the intense fields. As seen in
laser requires a modification of our model to take fully into Figs. 3a) and 3b), when eitherx or 8 is increased, the gain
account the influence of the optical cavity. We will undertakepeak atA,~0 begins to split into a double-peak structure.
such an investigation, which will be described in a subseFigure 11 shows the two peaks of this structure more sepa-
qguent paper. rated(because of a larger drive figlébr two different probe-

To complete this study of thé€2+2) gain processes we field Rabi frequencies. It is seen that the low-frequency peak
point out that the(2+2) gain peak strength approaches ansaturates more rapidly with increasing probe-beam strength,
asymptotic behavior that scales empirically [&7x 10° leading us to conclude that it is generated essentially by the
+(Aq/2+ Ag)*17? (see Fig. 1D For smaller detunings, the (1+ 1)-photon process. In contrast, the high-frequency peak
(2+2)-photon gain peak increases, but it splits into two fea-actually increases, suggesting that it arises mostly from the
tures due to the ac-Stark shift and mixes with other multi-(2+2)-photon process. Th&3+3)-photon process is not
photon processes. In addition, the main absorption(égg  strong enough to generate a noticeable separate peak.

-10 0 10 20 30 40 50 60 70 80
Dyl A

FIG. 10. Peak strength as a functionf, for the (2+2) pro-
cess.a/A=12, B/A =15, and other parameters as in Fig. 3.

>2_,(n+n)-photon process
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20 ‘ ‘ ‘ : ‘ : TABLE Il. Translation from atomic notation to numeric nota-
1.8 | Z,(n+n) tion.
1.6 r process
1.4 le,2,2)—1 |9,2,2)—2
1.2t le,1,1)—3 le,2,1)—4
< 107 |9,2,1)—5 |9,1,1)—6
o 08¢ le,1,00—7 le,2,0)—8
g-j [ 19,2,0)—9 19,1,0)—10
02 | le,1,—1)—11 le,2,—1)—12
0.0 [ lg,2,—1)—13 lg,1,—1)—14
o B
-3 2 -1 0 2 3 4 5
Dy I A photon lasing, including the emission spectral profile that can
be expected.
FIG. 11. Probe beam gain for tf#,(n+n)-photon resonance, Our results greatly extend the theoretical results published

as a function of the probe detuniniy,/A for a drive amplitude in [17], where a more simplified model was considered. The

a/A =40 and two values of the probe amplitudeA (other param-  present model can describe, for instance, multiphoton pro-

eters as in Fig. B cesses of larger order, the radiative shifts of the multiphoton
resonances, and the expected two-photon laser emission pro-

The mixed character of thE,(n+n) feature also deter- file. o _
mines the growth and saturation behavior of the gain peak Future work will incorporate into our model the role

strength, which is shown in Figs(a and 4b) (for a case Played by an optical cavity, so that it will be possible to
with y,,;=0.3), and obeys a law that can be seen as afompletely determine the two-photon laser emission charac-
ou . ’

overlapping among the laws governing the differemt-() teristics and to study the stability and possible dynamics of

processes. For instance, it is seen that the peak strength e\f‘%u-Ch emission. Th'.s. model W'”. also allow us to dete'rm|.ne
lution differs significantly from that of the Ramai+1)- the operating conditions for which the two-photon emission

photon resonance and shows some similarities with that of_'mmune to pertu_rbat|ons by_ smgle-pho_ton and three-
Hoton emission, which are possible competing processes. In

higher-order resonances. Concerning the saturation observ)’fhIS way we will be able to understand the recent experimen-
in Fig. 4b), we have determined that the gain peak strengt al results on two-photon lasifg] and to establish a basis

G/A® decreases with increasing probe intens/A as a for theoretical investigation of whether the laser produces

power law with an exponent approximately given byl.0 o )
for large probe field /A between 25 and 80, domain only polarization-entangled twin beams.

partially shown in the figure and where the peak splitting is

noticeablé. This value is consistent with the fact that all gain ACKNOWLEDGMENTS
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IV. CONCLUSIONS APPENDIX

In conclusion, we have investigated theoretically the mul- In this appendix we give the mathematical expressions for
tiphoton gain features arising in the interaction of a drive andseveral of the equations included in Ed), which describe
a probe field of arbitrary intensities with tii, transition of  the evolution of the most representative density-matrix ele-
an alkali-metal atom, taking into account most of the hyperiments characterizing the field-matter interaction. To simplify
fine sublevels. We used the theory to predict gain spectra fahe expressions, we identify the atomic state using a numeric
the situation off%K that was used in recent experiments dem-notation displayed in Table II.
onstrating two-photon amplificatigri6] and lasing 7]. Our The equations described below include the evolution of
results are in very good agreement with the experimentaihe population of state 2, which is the most populated state
findings concerning gaifi16], allowing us to confirm the initially, and of one atomic coherence of each possible order
origin of essentially all the observed features. In addition, weconnecting that state with other atomic states. Specifically,
are able to study the effects of interference among differentve consider the populatiop, ,=x, ,, and the single-photon
quantum pathways contributing to the observed resonancepherenceps; ,=X3,+1iy3,, the two-photon coherence; s
giving deeper insight into their origin. The influence of the =x,5t+iy, 5, the three-photon coherengg /=x, /+iy, 7,
different physical factors and parameters can easily be studhe four-photon coherence, 0=X,10tiy210, the five-
ied with our model, giving important information about two- photon coherencg, 1:=X, 11+1y211, the six-photon coher-
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ence p,14/=X,14tiy,14 and the seven-photon coherence
p114/~=X%114T1Y114- Each one of these coherence envelopes
is related to the strength of the corresponding multiphoton
process connecting its associated initial and final atomic

Y210= — 210210~ X21d Ag—2(Ap) ]+ @(x2,3%3,10

+ X2.4%2.10~ X10,1%2,11~ X101%2,12) T B(X1,2X1,10

states.

5(2,2: Aot yo X111 V2 X33T V2.4Xa4T V2,5X5 51 ¥2,6X6.6
—(¥52F Y621 YouX2,2— 2[ X1,28Y1,2F a( X232
+ X242 ], (A1)

X37= — '3 X3 0= (Ag+Aet Ag)Ys 2t B(X3 Y251 X3.8Y2,6
—X1,Y19 T axX2.4Y43, (A2)

Y32= —Layaot (Ag+ A+ Ag)X3 ot X2,30(X2 2~ X33)
+ B(x3 X251 X3,6%2,6~ X1,2X1,9 — X2.4¥%Xa3,  (A3)

5<2,5: — I sXo 5= Yos(Ap) + a(xs 27T X58Y28~ X235
—X2.4Y45) — B(X1.Y15F X332 XasYa2), (A4)

Yo5= —Tosyost Xos(Ap) + a(x2Xs 5t X2.8Xa5— X57X27

— X5,8%2.8) T B(X1,2X1,5~ X3,5%3.2~ X4,5%4,2) (A5)

5(2,7: Iy X7t Yo dAg+tActAg—Ap) +alxsV2s
+ X6, Y26~ X227~ X237 T BX71¥2,10 X1.Y1,7
+X7.92.9, (A6)

S/2,7: Loy XoAAg+ActAg—Ap) +a(x2 X7
+ X2,4Xa,7~ X5,%2,5~ X6,%2,6) T B(X1,2%1,7~ X7,9%2,9
— X7,10%2,10)» (A7)

5(2,10: —I'10%0,10t Y21d Ag— 2(Ap) 1+ @(X101Y2,11
+ X1012,12~ X2.3Y310~ X2.4,10 T B(X7.1d2.7
+ X81¥2,8~ X1,Y10,12 (A8)

— X7,10%2,7~ X8,10%2,8) (A9)

Xp11= — 210X 11+ Vo1l Ag+ At Ag—2(A )]
+ a(X101Y2,10F X9,1Y2,9~ X2.411~ X2,3Y3,11)
+ B(x11.1d 2,147 X111 2,13~ X1,Y10,12) (A10)

V211= — 21211~ Xo1d Ag+ Ae+ Ag—2(Ap)]
+ a(x2,X311F X2,4X4,11~ X10,1%2,10~ X9,1%X2,9)

+ B(X1,2X1,11~ X11,14%2,14~ X11,1%2.19) » (A11)

Xp14= — L 21X0 14+ Y214 Ag—3(Ap) ] a(x2Y314

+ X2,4Y410 + B(X11,1 2,117 X121 2,10~ X1,Y1,14 5
(A12)

Vo1~ — T 21214~ X214 Ag—3(Ap) ]+ @(x2,3%3,14

+ X2,0X2.14) T B(X1,X1,14~ X11,1%2,11~ X12,14%2,12) »
(A13)

5(1,14: —I'11X1147 Y124 Ag+4(Ap) 1+ B(X11,1 1,11
+X12141,12~ X1, 2,14 (A14)

Y1,14: 1104t X124 Ag+4(Ap) 1+ B(X1,2%2,14
— X11,14%1,11~ X12,14%1,12) - (A15)
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