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Joint measurement of photon-number sum and phase-difference operators in a two-mode field
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We present an experimental scheme that realizes joint measurement of photon-number sum and phase-
difference operators on a two-mode field. The proposed scheme only involves linear optical elements and
photon detectors with single-photon sensitivity. Furthermore, we demonstrate that such a measurement setup
can be applied to generate two-modeN-photon entangled states from a pair of squeezed vacuum states. These
N-photon entangled states are useful resources for quantum-information processing, high-precision frequency
measurement, and quantum optical lithography.
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I. INTRODUCTION

An important problem in quantum theory is the quantu
mechanical description of the phase of the radiation field@1#.
Various ingenious ways have been explored in order to
derstand the quantum nature of phase of a single-m
bosonic field@2–4,6#. First, some of these approaches we
motivated by the aim of expressing phase as the complem
of the photon number@2#, and we mention particularly the
work of Pegg and Barnett@3# on the limit approach based o
a finite Hilbert space. A second conception of quantum ph
is based on examining quantum phase probability distri
tion from the s-parametrized quasiprobability distributio
functions @4#. In Ref. @5#, several schemes have been p
posed to measure canonical quantum phase probability
tribution function of single-mode field. The third conceptio
the operational approach to quantum phase by Nohet al.
started with an analysis of what is usually measured in c
sical optics when the phase difference is to be determin
and then translated the formalism into the quantum dom
@6#. Although all experimental tests of operational approa
so far have led to a good agreement between theory
experiment@6#, this operational approach has led to the co
clusion that there is no unique phase operator, but that
ferent measurement schemes correspond to different op
tors.

Now it has been recognized that the absence of a pro
phase operator in single-mode case is mainly due to
semiboundedness of spectrum of the number operator@7#.
This motivated an intensive research in finding the opera
corresponding to the phase difference of two-mode fie
@8,9#. In the two-mode case, the conjugate variable to
phase difference is the number difference, which is
bounded from below. So, it is reasonable to expect that
phase difference will be free of the problems arising in
single-mode case. In Ref.@8#, Luis et al. introduced the Her-
mitian phase-difference operator

F̂125 (
N50

`

(
r 50

N

f r
Nuf r

N&^f r
Nu ~1!
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AN11
(
n50

N

einfr
N
un&1uN2n&2 , ~2!

f r
N5u1

2pr

N11
, ~3!

whereun& denotes then-photon Fock state andu is an arbi-
trary angle. It is obvious that the phase-difference opera
F̂12 commutes with the total photon-number operatorn̂

5n̂11n̂2, wheren̂1 andn̂2 are the photon-number operato
for each mode. Therefore, the joint measurement of
photon-number sum and phase-difference operators on
mode field uC& projects the quantum state into the sta
uf r

N&. The success probability of the measurement
u^Cuf r

N&u2, which is the joint probability distribution func-
tion for the total number and the phase difference@8#. In Ref.
@10#, it is shown that the joint measurement of the photo
number sum and phase-difference operators play a rol
Bell measurement in quantum teleportation of photo
number states. In this paper, we show that the joint meas
ment of the photon-number sum and phase-difference op
tors can be used to generate two-modeN-photon entangled
states of the form

(
n50

N

Cnun&uN2n& ~4!

from a pair of squeezed vacuum states. HereCn are arbitrary
complex parameters. If the amplitudes of all the parame
Cn are equal, states~4! are maximally entangled state, whic
are useful resources in quantum teleportation proces
@10#. If the amplitudes of parametersC0 andCN are equal to
1/A2 and other parameters are zero, states~4! are reduced to

1

A2
~ u0&uN&1eiwuN&u0&), ~5!

which have been used to improve the sensitivity of interfe
metric measurements@11# and form a key ingredient of quan
tum optical lithography@12#. Recently several experimenta
setups for the generation of two-modeN-photon entangled
states have been suggested@13#. But these schemes requir
©2003 The American Physical Society19-1
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FIG. 1. Schematic experimen
tal setup for joint measurement o
photon-number sum and phas
difference operators on two field
modesuC in&, which includes two
symmetricN-port devicesFa and
Fb , N beam splitters BSi , and 2N
photon detectorsDai

andDbi
.
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many single-photon resources as auxiliary resources. T
gered single-photon sources operate by means of fluo
cence from a single molecule@14# or a single quantum do
@15,16# with terrible spatial properties. With the current
available technology of single-photon resources, the requ
ments of these schemes are difficult to satisfy.

The paper is organized as follows. In Sec. II, we pres
an experimental setup to implement the joint measuremen
the photon-number sum and phase-difference operator
the two-mode fields with linear optical elements and pho
detectors. Furthermore, we demonstrate that the experim
tal setup can measure quantum state overlaps of one
mode radiation field and one arbitrary two-modeN-photon
entangled state~4! by appropriately choosing the paramete
of the setup. In Sec. III, we show that the measurement s
proposed in Sec. II can be used to generate the two-m
N-photon entangled state~4! from a pair of squeezed vacuum
states. In addition, a simple scheme is proposed for the
eration of the entangled state~5!. Finally, the conclusion are
given in Sec. IV.

II. LINEAR OPTICAL IMPLEMENTATION
OF PHOTON-NUMBER SUM AND PHASE-DIFFERENCE

OPERATORS ON A TWO-MODE FIELD

Our main goal in this section is to present a scheme
can measure the joint probability distribution function for t
total photon number and the phase difference on one t
mode field of the form

uC in&5 (
n,m50

`

Cn,mun&a1
um&b1

, ~6!

where Cn,m are arbitrary complex parameters. The expe
mental setup is depicted in Fig. 1, which consists of t
symmetricN-port devicesFa andFb , N beam splitters, and
2N photon detectors. An extended introduction to the sy
metric multiport device is given in Ref.@17#. The action of
the symmetricN-port device can be described by the unita
operatorUN. The matrix element ofUN is given by
04381
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Ui j
N5

1

AN
gN

( i 21)( j 21) , ~7!

wheregN5exp(i2p/N) and indicesi and j denote the input
and the exit port, respectively. The matrix elementUi j

N gives
the probability amplitude for a single photon entering v
input i and leaving the device by outputj ( i , j 51, . . . ,N).
Recket al. @18# have shown that it is possible to construct
multiport device from mirrors, beam splitters, and pha
shifters that will transform the input modes into the outp
modes in accord with anyN3N unitary matrix.

Now we present a detailed analysis of the propos
scheme shown in Fig. 1. We assume that the modea1 of state
~6! is mixed with theN21 vacuum modesa2 , . . . ,aN at the
symmetricN-port deviceFa , while the modeb1 of state~6!
is mixed with theN21 vacuum modesb2 , . . . ,bN at the
symmetricN-port deviceFb . After these modes pass throug
two symmetricN-port devicesFa and Fb , the state of the
system becomes

Ua
NUb

NuC in&)
j 52

N

u0&aj
u0&bj

. ~8!

Then the modesai andbi are mixed at a beam splitters BSi
( i 51, . . . ,N). The action of the beam splitters BSi is de-
scribed by the unitary operator

Ui
bs5exp@u i~aibi

†ew i2ai
†bie

2w i !#, ~9!

where parametersu i and w i characterize the beam splitte
BSi , which will be determined later. After these photo
modes passing through beam splitters, we can obtain
state of the system:

S )
i 51

N

Ui
bsD Ua

NUb
NuC in&)

j 52

N

u0&aj
u0&bj

. ~10!

Now let the photodetectors PDai
and PDbi

measure the pho

ton numbers in the modesai and bi ( i 51, . . . ,N11), re-
spectively. Consider the case where one photon is detecte
the detectors PDai

and the detectors PDbi
do not detect any
9-2
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photon (i 51, . . . ,N). This means that all detectors can d
tinguish between zero photon, one photon, and more t
one photon. The probability for the detection event is

PN5US )
j 51

N

aj
^1ubj

^0u D
3S )

i 51

N

Ui
bsD Ua

NUb
NuC in& )

j 52

N11

u0&aj
u0&bjU2

5^C inuCN&^CNuC in&, ~11!

where

uCN&5S )
j 52

N

aj
^0ubj

^0u!Ub
N†Ua

N†S )
i 51

N

Ui
bs†D

3S )
j 51

N

u1&aj
u0&bj D . ~12!

If we write the photon creation operators acting on t
modesai andbi asai

† andbi
† , respectively, Eq.~12! can be

rewritten as

uCN&5S )
j 52

N

aj
^0ubj

^0u D
3F)

j 51

N

~Ub
N†Ua

N†U j
bs†aj

†U jUaUb!GUb
N†Ua

N†

3)
j 51

N

~U j
bs†!S )

j 51

N

u0&aj
u0&bj D . ~13!

By using the unitary transformation of the operatorsUa
N ,

Ub
N , and BSj ,

U j
bs†aj

†U j
bs5cosu jaj

†1sinu je
iw jbj

† ,

U j
bs†bj

†U j
bs5cosu jbj

†2sinu je
2 iw jaj

† ,

U j
bs†bk

†U j
bs5bk

† , U j
bs†ak

†U j
bs5ak

† ~ j Þk!,

Ua
N†aj

†Ua
N5(

i 51

N

Ui j
Nai

† ,

Ub
N†bj

†Ub
N5(

i 51

N

Ui j
Nbi

† ,

Ua
N†bj

†Ua
N5bj

†, Ub
N†aj

†Ub
N5aj

† , ~14!

we obtain
04381
n uCN&5S )
j 52

N

aj
^0ubj

^0u D F)
j 51

N S cosu j(
i 51

N

Ui j
Nai

†

1sinu je
iw j(

i 51

N

Ui j
Nbi

†D G S )
j 51

N

u0&aj
u0&bj D

5)
j 51

N

~cosu ja1
†1sinu je

iw jb1
†!u0&a1

u0&b1
, ~15!

where we have used the relation

Ua
NUb

N)
j 51

N

~BSj !S )
j 51

N

u0&aj
u0&bj D 5S )

j 51

N

u0&aj
u0&bj D ,

S )
j 52

N

aj
^0u D ak

†50, S )
j 52

N

bj
^0u D bk

†50, k>2. ~16!

In order to realize the joint measurement of photon-num
sum and phase-difference operators on two field modes~6!,
we require that the measurement probabilityu^C inuCN&u2 be
proportional to the joint probability distribution functio
u^C inuf r

N&u2 for the total photon-numberN and the phase
difference. This requirement can be satisfied by appropria
choosing parametersu j and w j . If the parameters
tanu1eiw1, . . . , tanuNeiwN are theN complex roots of the
characteristic polynomial

(
n50

N
eincr

N

An! ~N2n!!
~ tanueiw!n50, ~17!

expression~15! is proportional to the stateuf r
N&. This dem-

onstrates that the proposed setup, which is shown in Fig
definitely implements the joint measurement of photo
number sum and phase-difference operators on the two-m
field uC in&.

Further, if the parameters tanu1eiw1, . . . ,tanuNeiwN are
the N complex roots of the characteristic polynomial

(
n50

N
Cn

An! ~N2n!!
~ tanueiw!n50, ~18!

whereCn are determined by Eq.~4!, expression~15! is pro-
portional to state~4!. This demonstrates that the propos
setup can also be used to measure quantum state overl
one two-mode field state and arbitrary two-modeN-photon
entangled state~4!.

III. GENERATION OF TWO-MODE N-PHOTON
ENTANGLED STATE FROM A PAIR OF SQUEEZED

VACUUM STATES

In this section, we show that the experimental setup p
posed in Sec. II can be used to generate two-modeN-photon
entangled states~4! from a pair of squeezed vacuum state
In principle, the scheme proposed here is closely relate
quantum entanglement swapping@19# in which the particles
that have never interacted directly are entangled and ca
9-3
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FIG. 2. Schematic experimen
tal setup for generation o
N-photon entangled states from
the a pair of squeezed stat
uCs&a1 ,b1

and uCs&a2 ,b2
. Here M

denotes the setup proposed
Fig. 1.
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regarded as a specific version of entanglement concentra
protocol by using entanglement swapping@20#. In Ref. @21#,
an experimental purification scheme has been proposed
generating two-mode maximallyN-photon entangled state
from a pair of squeezed vacuum states. However, the sch
requires the nonlinear Kerr medium. With the current te
nology, sufficiently strong nonlinear Kerr interactions are n
available. Compared with the scheme@21#, the present
scheme still requires a nonlinear process such as parame
down conversion to prepare the squeezed vacuum states
avoids the necessity of nonlinear Kerr interaction. Figur
shows the required experimental setup, which can genera
two-modeN-photon entangled state from a pair of squeez
states. We assume that we have generated a pair of sque
vacuum statesuCs&a1 ,b1

anduCs&a2 ,b2
, which in the number

basis can be written in the form

uCs&ai ,bi
5A12l2(

n50

`

lnun&ai
un&bi

, ~19!

wherel,1 is the squeezing parameter. Based on Eq.~19!,
we can rewrite the state of total system as follows:

uCs&a1 ,b1
uCs&a2 ,b2

5~12l2! (
n,m50

`

ln1mun&a1
un&b1

um&a2
um&b2

5~12l2! (
N50

`

lN(
j 50

N

u j &a1
uN2 j &a2

u j &b1
uN2 j &b2

.

~20!

The modesa1 anda2 of state~20! act as input modes of th
experimental setup shown in Fig. 1. We appropriately cho
the parameters of the beam splitters BSi to satisfy Eq.~17!
and implement joint measurement of photon-number s
and phase-difference operators on these two field mode
the result of measurement is the stateuf r

N&, the states of the
modesb1 andb2 is projected into
04381
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N
uN2n&b1

un&b2 , ~21!

which are the maximallyN-photon entangled states. The
states have found applications in quantum teleportation@10#.
The present scheme provides an experimental realizatio
the specific version of entanglement concentration proto
by using entanglement swapping@20#.

On the other hand, if the parameters of the setup are c
sen to satisfy

(
n50

N Cn*

An! ~N2n!!
@ tan~u!ew#n50, ~22!

whereCn are determined by Eq.~4!, the expression~15! is
proportional to(n50

N Cn* un&b1
uN2n&b2

. In this case, the state

of the modesb1 andb2 is projected into state~4!. In particu-
lar, if the parametersu j and w j are chosen to satisfyu j
5p/4 andw j52 j p/N, the state of the modesb1 andb2 is
projected into state~5!.

Note that if we only consider the generation of the e
tangled state~5!, we can simplify our scheme and reduce t
number of the linear optical elements and photon detect
The simplified scheme is shown in Fig. 3, which consists
one symmetricN-port deviceFa and N-photon detectors.
Now we present a detailed analysis of the proposed sim
scheme. Let the modesa1 anda2 of state~20! inject into two
input ports of the symmetricN-port devicesFa . The other
input modes of this device are in the vacuum state. After
modesa1 and a2 pass throughFa , the state of the system
becomes

Ua
NuCs&a1 ,b1

uCs&a2 ,b2S )j 53

N

u0&aj D . ~23!

If each detector detects one photon, the state of the modeb1
andb2 is projected into
9-4
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FIG. 3. A simplified scheme
for the generation of the entangle
states~5!. Fa denotes the symmet
ric N-port device andDai

are pho-
ton detectors.
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S )
j 51

N

aj
^1u DUa

NuCs&a1 ,b1
uCs&a2 ,b2S )j 53

N

u0&aj D , ~24!

which can be rewritten as

S )
j 51

N

aj
^0u D )

j 51

N

(Ua
N†ajUa

N)uCs&a1 ,b1
uCs&a2 ,b2

3S )
j 53

N

u0&aj D . ~25!

By using relation~14!, we obtain the state of the modesb1
andb2:

a1
^0ua2

^0u)
j 51

N

~a11gN*
ja2!uCs&a1 ,b1

uCs&a2 ,b2

5a1
^0ua2

^0u@a1
N2~21!Na2

N#uCs&a1 ,b1
uCs&a2 ,b2

.

~26!

Substituting Eq.~20! into Eq. ~26!, we obtain the state o
modesb1 andb2:

1

A2
~ u0&b1

uN&b2
2~21!NuN&b1

u0&b2
), ~27!

which is expired entangled state~5!.
04381
IV. CONCLUSION

In summary, we have presented an experimental sch
that measures the joint probability distribution function
photon-number sum and phase-difference operators on
mode fields. We also demonstrate that such an experime
setup can be used to measure the quantum state overla
one two-mode radiation field and arbitrary two-mo
N-photon entangled states. As an example of application
the proposed experimental setup, we consider the genera
of arbitrary two-modeN-photon entangled states from a pa
of squeezed vacuum states. If we only consider the gen
tion of the entangled state~5!, we can simplify the scheme
and reduce the number of the linear optical elements
photon detectors. Since the present scheme does not
single-photon resource as auxiliary resources, the main d
culty of the scheme in respect of an experimental demons
tion consists in the requirement on the sensitivity of the
tectors. These detectors should be capable of distinguis
between no photon, one photon, or more photons. Rece
experimental techniques for single-photon detection h
made tremendous progress. A photon detector based
visible-light photon counter has been reported, which c
distinguish between a single-photon incidence and tw
photon incidence with high quantum efficiency, good tim
resolution, and low bit-error rate@22#. More recently, high
efficiency photon counting has been proposed by combin
the techniques of photonic quantum memory and ion-t
fluorescence detection. It is possible to achieve pho
counting with efficiency approaching 100%@23,24#. How-
ever, experimental realization to detect very weak opti
fields with high efficiency and to distinguish the number
photons in a given time interval is still a very challengin
technical problem.
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