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Temporal beam splitter and temporal interference
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The effect of photon beam splitting in a time-varying medium is described by classical and quantum
theoretical models. It generalizes the concept of time refraction, introduced recently by the authors as a natural
extrapolation of the usual concepts of refraction and reflection into the time domain. Total time reflection is
shown to exist. A sequence of time refraction processes is shown to lead to temporal interference effects. The
concept of temporal beam splitter is introduced. Bogoliubov transformations for the temporal beam splitter are
derived. Resonant amplification of light by change in time in the optical medium is shown to exist.
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[. INTRODUCTION give the classical description of time refraction, and derive
the relevant field and mode frequency transformations. Total
In recent years, the development of intense and ultrafagime reflection is shown to exist. The classical approach is
laserg 1] opened the way to study new phenomena concerngeneralized to the case of successive time refraction events,
ing the interaction of radiation with mattg2]. With these ~ showing the appearance of temporal interference due to the
laser pulses we are now able to produce very significant norinteraction of successive secondary waves. The case of a
linear changes of the refractive index of the optical media ifmedium that is suddenly perturbed and after some time re-
a very short time scale. Of particular relevance is the occurturns to its initial condition, after suffering two opposite time
rence of frequency shifts of radiation propagating in nonstaIEfraCtion events, will be considered in detail. This process
tionary media. In Plasma Physics this effect was called phowill be seen as a temporal beam splitter, with properties simi-
ton acce|eratior[3_5]_ Similar effects in Nonlinear Opncs lar to the usual beam Splitter. It will be ShOWﬂ tha.t, .in such a
are usually associated with seffind crossed-phase modu- case, the energy of the electromagnetic field can increase at
lations, and can lead to the formation of supercontinuunhe expense of the energy of the medium, leading to a new
radiation[6,7]. kind of amplification process. In Sec. Ill, quantization of the
In a recent Worl{g,g] the most e|ementary physical pro- field will allow to establish the quantum definition of a tem-
cess leading to phase modulation and to photon acceleratigiPral beam splitter. Apart from temporal interference, it will
was identified as time refraction, or an instantaneous tempd2e shown that photon pair creation is possible, thus appear-
ral jump of the refractive index of a medium. Refraction is aing as a specific quantum effect that complements the ampli-
well-known e|ementary optica| process, which occurs Wherfication process described in the preCEding section. Similar
light interacts with the boundary between two distinct opticalPair creation and amplification processes were already no-
media. It is related to nonconservation of the photon momenticed in vibrating cavities/11-13, but the present work
tum, while the photon energipr frequency is conserved. If ~ Shows that the existence of moving space boundéyescal
instead we have a single uniform medium that suddenhpf the dynamical Casimir effects not a necessary ingredi-
changes its refractive index at a given instant of time, theent. Finally, in Sec. IV, we will state the conclusions.
photons will suffer, not a spatial jump as previously, but a
temporal jump that conserves the momentum but results in a Il. AFOUR-PORT TEMPORAL DEVICE
frequency shiftor energy nonconservatipriThis effect, ex-
actly symmetric to refraction, is time refraction.
It is the purpose of the present work to generalize ou

Let us first consider a classical description for the electro-
Imagnetic field. We assume that an optical medium, with ini-

previous results in order to include multiple time refraction i@l refractive indesno, suffers a series of successive changes

events and to show that temporal interference is an importardtt UMeSto.ti, ... t; to the valuesny,ny, ... ;.. Be-
aspect of photon propagation in nonstationary media. Th&ause such a change occurs all over the medium, there are no
concept of a temporal beam splitter will also be introduceddradients of the refractive index, and the wave number
This is a four-port optical device, resulting from two succes-'€mMains constant. In contrast, the mode frequency will have

sive and opposite time refraction events, and can be seen %change in order to adjust to the new dispersion relation of
t

the temporal analog of the well-known optical beam splitter"€ medium.
[10]. P g P P The electric field associated with the two modes propagat-

ing in opposite direction§l4], with an initial frequencyw

This work is organized in the following way. In Sec. Il we " A X )
and a given polarization, alon@x, will be given by

S -, ”
*Electronic address: titomend@ist.utl.pt E(x,t)=[g;(t) +e{(t)]e"*+c.c., (1)
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with éj(t)zéje*iwﬂ and é)j’(t):éj'eJri‘”jt, for t;_,<t<t axisOx, we assumé&;=0, and the corresponding reflection

and j=0,1,2.... Thefrequencies are determined hy,  and transmission coefficients are
=kc/nj=wong/n;. )
Now, considering that Maxwell’s equations remain valid R— E: z(a—l) T— E: g(a+1) 6)

for all times, includingt=0, the following continuity rela- Eo, 2 ' Eq, 2 '

tions for the vector displacement field and for the induction

magnetic field can be establishg,8]: These expressions can be called the Fresnel formulas for

time refraction, by analogy with the case (@pacé refrac-

D(x.t;)=D(x,t]), B(xt)=B(x.t]). (2)  tion. They are not identical to those of R¢&] due to a

minor algebraic error. We also notice that T=«?. This
Assuming the same polarization direction for all the contrasts with the usua@spacé Fresnel formulas for normal
fields, we can establish the following relations for the com-wave incidence, wherR+T=1 as a consequence of energy
plex field amplitudes: nonconservation for nonstationary media.
It is also possible to envisage a situation where, due to the

ajz ) @, , temporal change of the medium, the transmitted wave is
&j+a(t) = o [t +ej(t) ]+ [e(t) —ej(t)], completely canceledE;=0. Equations(5) show that this
occurs when the two initial wave amplitudes are such that
ajz o Eo=(1-a)Ey/(1+ a). The total field of the reflected wave
e 1(t)= 7[ej(tj)+ej’(t,-)]—?[ej(tj)—ej’(tj)], (3)  will be given by
, 2a°
wherea;=n;/n;,;=wj,,/0;. If we replacee; andej by Ei= Ej. (7)
1+«

their expressions in terms ef_, and ej’,l, we obtain

@y Similarly, we can have the opposite case of a totally trans-
JT(1+ aj_1)€_1(tj_1) mitted field E;=0) if the initial field are such thaEy,= (1
+a)Eg/(1-a).

Next, we consider the case of two successive jumps from

@ —iwA;
ejH(tj):?(l—l—aj)e i7i

aj_l ! aj .
— 5 (A-aje () |- 5 (1 no to the values; andn, at timest=0 andt= 7. We start
with the initial conditions:ep=E, andej=0 att=0. The
oA @1 , final field amplitude can now be derived from Hg)
—aj)e+' JAJ ]T(1+aj,1)8j71(tj,1)
Qo1 —iwqT
aj_q Eo=—[(1+ag(l+aj)e
-5 (1=aj-1)ej-1(tj-1) |, (4)

+(l—ao)(l—al)e”“’lf]e”“’ZTEo,

whereA;=t;—t;_4, with a similar expression foej’+1(tj).

This iteration procedure leads to the appearance of a com- , Qoag
plicated interference pattern of the secondary waves gener- 27 g4
ated at each temporal jump. The duration of the distance
between each of these jumps, measuredAby plays the
same role as the width of a dielectric plate in the usual ) )
(space interference pattern. We are then clearly describing d1€r¢ We have used the relatiorg(t) = E,exp(-iw;t) and
similar interference effect in the temporal domain, thus openeé(t) =Ezexp(tiwst).
ing the possibility for realizing temporal interferometers. A very interesting physical situation occurs when, after

Using the above continuity condition®) for a single this time intervalr, the medium returns to its initial state:
jump betweem, andn,, we get, fort=0 and for arbitrary, n,=ny. Such a situation can be called a temporal beam split-

the following relations between the electric-field amplitudester, because of its obvious analogies with the usspace
beam splitter. In this case the wave frequency also returns to

a ) its initial value: w,= wq. In contrast, the field will not return
Ei=5[(1+a)Eo— (1~ a)Eq], to its initial state, because of temporal interference. Noticing
that wga1=1, and usingr,= «, we can easily establish the
final amplitudes of the transmitted and reflected waves;

[(1—ao)(1+ay)e’or”

+(1+ag)(1—aj)e '17]e 1@2E,, 8

By =l (1+ a)Ej— (1-@)E], )

[ _
E,=|codw;7)— 2—(l+ a?)sin(w,7) |€'“E,,
wherea=ng/n;. «
These equations relate the two incident fields with the two )
emerging ones. If, instead of two waves, initially we have it o —iwgr
only one wave propagating along the positive direction of the Ez 2 (1= af)sin(wyr)e Eo- ©
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The amplitude of the incident wave is larger than the ini- ay(k,7)=Aa,(k,7)+Bal(—k,7),
tial wave, in order to compensate for the appearance of the
reflected one. This means that we can have a new kind of a;(—k,r)=Blal(k,r)+AlaI(—k,T). (15)

amplification of light by the time-varying medium. This light
amplification process attains its maximum value for time in- Expressing the operatoas andaI in terms ofa, andag,

tervals such thab,7=(2n+1)7/2 andn=0,1,2 . ... we can find, after simple calculations,
For a small perturbation of the refractive index, we can
use a=1+48, with |§/<1, and we getE,ma.,=i(1 a,=A80+B1ca}),
+ 8)explwonEy and Ej,, =15 exp(~iwg7)Ey. This means
that the wave energy/ will increase in both directions by an aj=B¥@a,+Alal, (16)

amountAW=§°W,, whereW, is the initial energy. If we

have Q) successive events of this kind per second, we willwhere we writea anda' instead ofa(k) anda'(—k). This

have an exponential increase of the wave eneiyyt) new Bogoliubov transformation is a consequence of(Eg).

=W,exp(®Qt). In practical terms the growth rai#() can  applied for two consecutive time steps or temporal jumps.

be considerably large and lead to the concept of a tempordlhe corresponding coefficients contain the interference ef-

optical resonator. This will be discussed in a future work. fects associated with the temporal phase shifts, already en-
countered in the above classical description,

Ill. QUANTUM MODEL FOR TEMPORAL ot gt ay)r
BEAM SPLITTERS Aro=A1Age 1 2T+ B Boe T T 92T,

We consider now the quantum theory of time refraction, Bio=A;Boe (@17 @7+ B Ajet (@1t wdT  (17)
by extending the results of our previous w¢8 to the case
of a temporal beam splitter. Let us represent the field opera- Let us return to the case wherg=ng,, which corre-
tors. For purely transverse modes and for a real polarizatiogponds to the temporal beam splitter. We have mgw wg

vectore(k) = e* (k), we can write the electric-field operator and ao=1/a;=a, which implies thatA;=A, and B,;=

valid inside the time interva, ,<t<t; as —By. The coefficientsA;; and B, defining the double Bo-
goliubov transformationg16) then take a very interesting
. hw ‘ - form
E(X,t)=i Z[a,-(k,t)e"‘X—aj*(k,t)e—"“]e(k), .
[ .
(10 Ajo=|codw 7)— Z(1+a2)sin(w17) el@or,
with the time-dependent operators _
: ; iwgT
aj(ky=a(kje ', al(kt)=a'(kje“. (11 Bio=— 5, (1~ a?)sin(w, 7)€ 0. (18)

Applying the above continuity conditions, we are led 0 The ogcillations appearing in these expressions result
the following Bogoliubov transformation: from temporal interference associated with the secondary
transmitted and reflected waves at the two successive tempo-
ral jumps. If the resonant condition cas)=0 is satisfied,
we can obtain, from Eq$16) and(18), the following opera-
tor transformations:

ajfl(k,tj):Ajflaj(k,tJ‘)_ijla}.(_k,t]‘),
al_;(—kt)=—Bj_ja;(k.t)+A_jal(—kt), (12

where i
ap(k)=— 507 (1+a?)ag(k) +(1-a)aj(—k)],
1(1+aj_y) 1(1-aj_y) 13 2 2a 0 0
RN et RN v .
@j-1 -1 aj(—k)=i2ae T (1— a?)ag(k)+ (1+ a?)al(—k)].
Let us first consider the simplest case of a single time (19
jump att,=0. ;I'he operator transformTations will reduce 10 These expressions describe the maximum possible cou-
aO_:AOal_BOa% and aO:_BOal—’_AO?l' where we have pling between field modes propagating in opposite direc-
written a anda’ instead ofa(k) anda’(—k). This single-  tions. On the other hand, if the antiresonance condition
step process was considered in detail in our previous workjn(w,7)=0 is satisfied, we simply geA;o=expwo7) and
on time refractio{8]. The corresponding coefficients are B1o=0.
The establishment of the double Bogoliubov transforma-
:1 (1+ao) :1 (1—ao) tion (16) can be used to determine the temporal evolution of
072 P02 ' % f the fiel ing in th i
Jao Jao the quantum state of the field propagating in the nonstation-
ary medium. For that purpose, let us introduce the symmetric
Let us now consider a second time steptat 7. From  Fock state|n,n’);, for n photons propagating with wave
Egs.(27) we can write numberk, andn’ photons with wave number k, with fre-
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quencyw;=Kkc/n;. It can be built from the corresponding  This process was described here by using both classical

vacuum stat¢0,0>j by the operation and quantum formulations. The classical approach allowed
) , us to derive appropriate Fresnel laws for temporal refraction
[n,n");=F;(n,n")[0,0);, (200 and to discover a possible new mechanism for optical ampli-
with fication, due to successive temporal changes of the medium.
This was described as an electromagnetic instability where
1 ) some external agent, responsible for these temporal jumps,
Fi(nn")=— [af()]"[af(—k)]"". (21)  produces work on the photon field and converts a fraction of

n:ns its energy into radiation. Here, this external agémtlaser

If we start with the initial vacuum stat0,0),, we can beam or an intense electric field, for @ns_ta)mms assumed
represent it in terms of the final states resulting from theS @n independent parameter and an infinite source of energy.
temporal beam splittdim,m’),, in the form Obviously, such a description is valid only when the energy
flowing into the electromagnetic field is significantly lower
than the energy associated with the optical change in the
0.0)0= 3 Coy ). @ medium i ’

’ The present results are only valid for perturbations on a

Due to momentum conservation, we hav@p time scale shorter than the period of the wave modes, but
=Cmdmm - Applying annihilation operatorsiz(k) to Eq.  they can easily be extended to arbitrary time scales. Future
(20), and using normalized vector states, we can easily arrivenodels will have to specify the appropriate physical condi-
at the following recurrence relatio€,,,,=8C,=8"Cy; tions where a temporal beam splitter can occur. This will
=pBMe'?\1- %, where ¢ is an arbitrary phase an@  eventually imply the use of laser pulses with a size shorter
=Bi1o/A10. We can then calculate the probability for photon than the medium where the optical changes are taking place.
pair creation from vacuum by a temporal beam splitter withFor very short pulses, with durations below 100 fs, a tempo-
a durationr. Callingp(m) the probability for the creation of 3| heam splitter can be achieved by using a second short

a symmetric Fock state ah photon pairs, we obtain laser pulse, acting as a pump, and applied to a submillimeter-
p(m)=|,(m,m|0,0),|?=|Co|?8?™=(1— B?)B>™, size nonlinear optical mediurta crystal or simple piece of
(23) glass.

. On the other hand, the quantum approach was able to
where the dependence on the width of the temporal beagynfirm our classical modeling, and led to general forms of
splitter 7, and on the refractive index variation is implicitly gogqjiubov transformations where temporal interference was

given by the value of. included. The electromagnetic instability derived from the
classical model was replaced here by the possible creation of
IV. CONCLUSION pairs of photons from vacuum, propagating with the same

It was shown that a temporal beam splitter can result fronfrequency and in opposite directions in order to preserve mo-
two consecutive temporal changes of the optical propertie§1entum conservation. We have also shown that the photon
of a medium, due to the interference of partially reflected an¢treation process is present for arbitrary temporal beam split-
partially transmitted signals resulting from these changesiers with a duratiorr, and that the rate of creation depends
This is a straightforward generalization of the process ofesonantly on the photon frequency and this time interval.
time refraction[8], and can be seen as a four-port deviceThe existence of such a temporal resonance can then be used
which is the temporal analog of the usuapatia) optical to build up a temporal resonance cavity for light amplifica-
beam splitter. tion, which will be analyzed elsewhef&5].
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