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Three-level atom interferometer with bichromatic laser fields

Kazuhito Honda, Shinya Yanagimachi,* and Atsuo Morinaga
Faculty of Science and Technology, Tokyo University of Science, 2641 Yamazaki, Noda-shi, Chiba 278-8510, Japan

~Received 6 June 2003; published 20 October 2003!

We have developed a three-level atom interferometer using three-level atoms coupled with bichromatic
fields in order to investigate the phase information between two excited states. First, we presented a theoretical
description of the interaction of three-level atoms with bichromatic fields based on single-transition operators.
Using the time evolution of a wave function, the equations of the interference fringes and the visibility were
derived and calculated for several types of the three-level atom interferometers with bichromatic fields. Opti-
mum excitation conditions were evaluated. Next, several types of three-level atom interferometers were dem-
onstrated experimentally using a thermal calcium atomic beam with two Zeeman substates ofm51 andm
521 in the long-lived excited state coupled with bichromatic resonant fields between the ground state and the
excited states. The behaviors of the interference fringes were compared among them along with the calculated
results. The three-level atom interferometer excited by two bichromatic laser beams separated in space was
found to produce the largest visibility among them when the excitation power of each frequency component
was the same.

DOI: 10.1103/PhysRevA.68.043621 PACS number~s!: 03.75.Dg, 07.60.Ly, 32.80.Lg, 42.50.Vk
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I. INTRODUCTION

During the past ten years, Ramsey-Borde´ atom interfer-
ometers have been developed as indispensable tools o
quency standards@1#, sensitive detection for precise me
surements@2,3#, and fundamental tests of quantum phys
@4#. Most of these experiments were achieved by the conv
tional Ramsey-Borde´ atom interferometers composed of
two-level atom. The atom interferometer consists of
ground state and a long-lived excited state coupled wit
resonant laser beam between them@5#. The two wave packets
of the ground state and the excited state are split and
recombined by use of the interaction with a resonant lig
Then the phase difference between two wave packets ca
by a perturbation before recombination is observed as
phase of interference fringes appeared in the popula
probability of the ground state or the excited state. The ph
in the ground state differs byp rad from that in the excited
state. The amplitude or visibility of the interference fring
can be calculated using the evolution of spinor opera
derived by Borde´ et al. @6#.

Such a two-level atom interferometer~hereafter, atom in-
terferometer is referred to as AI! works like a polarizing
interferometer in optics, so that the difference of the elec
magnetic properties between the two states could be inv
gated under an electromagnetic field. In particular, the s
metrical Ramsey-Borde´ AI demonstrated by Morinaga an
Ohuchi@7# is useful because the phase is free from the fl
tuation of the laser frequency. For instance, the phase
between the3P state and1S state of calcium atoms due t
the Stark effect was clearly observed@8#. However, there is a
case where it is desirable to investigate the phase differe
between two long-lived excited states. Then, the three-le

*Present address: National Metrology Institute of Japan, A
Tsukuba central 3, 1-1, Umezono, Tsukuba-shi, Ibaraki 305-85
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AI which is composed of two excited states and a grou
state will be required.

Up to now, several types of three-level AIs were dev
oped. Chuet al. developed the three-level AI using stimu
lated two-photon Raman transitions between the ground
perfine states of sodium atoms and an intermediate exc
state@9#. The amplitude of the interference fringes was an
lyzed by his group in detail@10#. Consequently, it was found
that this three-level system reduced to a two-level system
adiabatic elimination of the intermediate state. Ertmer a
co-workers@11# developed a three-level AI with two excite
states, which are coupled with a monochromatic laser be
simultaneously. The interference signal was calculated us
the concept of momentum families of the two-level AI
described by Borde´ et al. @6#. Furthermore, a multilevel in-
terferometer was developed by Ha¨nsch and co-workers@12#,
but it is not related specifically to the Ramsey-Borde´ AI.

On the other hand, we have developed three-level
using calcium atoms in order to observe the Aharon
Casher phase difference between the Zeeman sublevem
51 andm521. First, we developed a three-level AI, whic
was excited by two parallel laser beams with one reson
frequency and by another equally spaced two parallel la
beams with the other resonant frequency@13#. Next, we have
developed a three-level AI excited by two bichromatic fiel
@14#. The AI was composed of the ground1S0 state and two
nondegenerated Zeeman sublevels ofm51 andm521 in
the 3P1 state which were coupled withs1 ands2 polarized
beams, respectively. The atom was excited by bichrom
s1 ands2 laser beams, simultaneously, at two points se
rated spatially. The phase difference between the two Z
man sublevels was analyzed and it was found that b
phases of interference of the Zeeman sublevels are the s
after the recombination, so that the interference fringes
enhanced. Consequently, the interference signal could be
served in the sum of the fluorescence signal from both
cited states. Conversely, the fringe phase of the excited s
differs by p rad from that of the ground state. It should b

T
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noted that this three-level AI differs from the AI using th
stimulated Raman transitions at this point. Thus, vario
kinds of three-level AIs using the three-level atom and
bichromatic laser fields are possible to produce. Theref
the three-level AI will become a powerful tool as a polar
ing AI. However, the amplitude and visibility of the interfe
ence fringes of the three-level system cannot be calcul
using the evolution of spinor operators, which was used
the two-level system@6#. To the best of our knowledge, ther
has been no report presenting formulas for the three-leve
with bichromatic fields.

In the present paper, we discuss the interference fringe
the three-level AIs theoretically and experimentally. In Se
II and III, we derive a theoretical framework and descripti
for the interference fringes of the three-level AI excited w
bichromatic laser fields in terms of single-transition ope
tors @15# and we present the calculated results of the in
ference fringes and visibilities for the three-level AIs of se
eral excitation schemes. In Sec. IV, we demonstrate
different scheme of the three-level AI experimentally a
compare the visibilities among the three schemes of
three-level AI along with the calculated results.

II. INTERACTION OF A THREE-LEVEL ATOM
AND BICHROMATIC FIELD

We consider a three-level atom which is composed o
ground stateug& and two long-lived excited statesua& and
ub&, as shown in Fig. 1. The energies of statesug&, ua&, and
ub& areEg , Ea , andEb , respectively. It is assumed that th
atom moves with a velocity ofv5(vx ,vy ,vz) and a laser
beam propagates parallel to thez axis. The laser beam is
bichromatic field whose frequencies areva and vb , which
are tuned to the resonance frequencies of transitionsug&-ua&
andug&-ub&, respectively. The electric field of the laser bea
can be written in the classical description as

E~r ,t !5 (
n5a,b

enAncos~gvnt2knz2knvzt1fn!, ~1!

wherekn is the wave number,en is the polarization vector
An andfn are the amplitude and the phase of each freque
component of the field, andg5A12v2/c2 is the relativity
effect which causes a higher-order Doppler effect. We
sume that the field of frequencyva only couples statesug&

FIG. 1. Energy diagram of the three-level atom and bichrom
field. The frequenciesva andvb of the bichromatic field are tuned
to the resonance frequencies of transitionsug&-ua& and ug&-ub&, re-
spectively.
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and ua&, while the field ofvb only couples statesug& and
ub&. This assumption can be true strictly for photon polariz
tion or for an energy split between statesua& andub&, which
is larger than the resonance widths of the transitions.

When the interaction of the atom and the field is assum
to be the electric dipole interaction, the Hamiltonian can
written in the semiclassical description as

Ĥ5
p2

2m
1 (

l 5g,a,b
S El2 i

\G l

2 D u l &^ l u2 (
n5a,b

dn•E, ~2!

wherem andp are the mass and the momentum of the at
and G l is the relaxation rate of theu l & state. The electric
dipole moment of the transitionug&-un& is dn and da•Eb
5db•Ea50 is assumed from the resonant condition.

This Hamiltonian is rewritten by using the ‘‘single
transition operators’’Sx,y,z

rs @15,16#, which facilitate the trans-
fer of the results from the analysis of the two-level system
the three-level system. The single-transition operators are
fined as

^r uSx
rsus&5~ 1

2 !, ^suSx
rsur &5 1

2 ,

^r uSy
rsus&5~2 i /2!, ^suSy

rsur &5 i /2,

^r uSz
rsur &5~ 1

2 !, ^suSz
rsus&52 1

2 , ~3!

and zero otherwise, wherer and s are g, a, and b. These
include ‘‘spin operators’’ for the two-level atom in the com
ponents involved with theur & and us& states. In addition, we
define the level-shift operatorsSg,a,b in the 333 matrix
form as

Sg5S 0 0 0

0 0 0

0 0 1
D , Sa5S 0 0 0

0 1 0

0 0 0
D ,

Sb5S 1 0 0

0 0 0

0 0 0
D . ~4!

Here, the wave-function vector of the atom ist(cb ,ca ,cg)
with a probability amplitudeci of the u i & state.

When the initial atom momentum is perpendicular to t
propagation direction of the laser beam, the Hamiltonian

Ĥ

i\
52S iEg

\
1

Gg

2 DSg2S iEa

\
1 ida1

Ga

2 DSa

2S iEb

\
1 idb1

Gb

2 DSb

12iVacos~gvat2kavzt2kaz1fa!Sx
ga

12iVbcos~gvbt2kbvzt2kbz1fb!Sx
bg , ~5!

wheredn5\kn
2/2m is the recoil shift andVn5udn•enAnu/\

is the Rabi frequency. In this equation, the initial kine
energy of the atom is excluded.

c
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THREE-LEVEL ATOM INTERFEROMETER WITH . . . PHYSICAL REVIEW A68, 043621 ~2003!
In order to eliminate the time-dependent terms in
Hamiltonian, the rotating-wave approximation is applied
the transitionsug&-ua& and ug&-ub& @15#. The Hamiltonian in
the rotating frameĤR becomes

ĤR

i\
' iDaSa1 iDbSb1 iVa~cosfaSx

ga2sinfaSy
ga!

1 iVb~cosfbSx
bg1sinfbSy

bg!, ~6!

where

Dn5gvn2
En2Eg

\
2dn1 i

Gn2Gg

2
2knvz . ~7!

The evolution of the atomic wave functioncR(t) in the
rotating frame is given by the Schro¨dinger equation

i\
dcR~ t !

dt
5ĤRcR~ t !. ~8!

WhencR(t) is denoted ascR(t)5 t(cbca cg), the Hamil-
tonian can be deduced in the 333 matrix form as follows:

dcR~ t !

dt
5S iDb 0 i

Vb

2
e2 ifb

0 iDa i
Va

2
e2 ifa

i
Vb

2
eifb i

Va

2
eifa 0

D cR~ t !.

~9!

Generally, the equation must be resolved numerically, bu
can easily be solved analytically in the following case.

A. Case I: Field-free zone

In the field-free zone, each state of the atom evolves
dependent of each other, so that the time evolution of
wave function can be obtained as

cR~ t !5@Sg1eiDa(t2t0)Sa1eiDb(t2t0)Sb#cR~ t0!. ~10!

B. Case II: Monochromatic field

The monochromatic field corresponds to the case wh
Va or Vb is zero. Here, assumingVb50, the light field only
04362
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couples to the transitionug&-ua&. Then the statesug& andua&
evolve as a two-level system, while stateub& evolves inde-
pendently. The wave function can be easily solved as

cR~ t !5expH i
Da

2
~ t2t0!J F cosH Va8

2
~ t2t0!J ~Sg1Sa!

12isinH Va8

2
~ t2t0!J H 2

Da

Va8
Sz

ga

1
Va

Va8
~cosfaSx

ga1sinfaSy
ga!J

1expH i S Db2
Da

2 D ~ t2t0!J SbGcR~ t0!, ~11!

where

Va85AVa
21Da

2. ~12!

C. Case III: Bichromatic field

In general, it is difficult to solve the wave function an
lytically when frequency components of a bichromatic fie
are resonant with two transition frequencies of the ato
However, it can be resolved easily in the following tw
cases.

1. DaÄDbÄD

This is the case where the detuning of the laser freque
va from the resonance frequency of transitionub&-ua& is
equal to that ofvb from the resonance frequency of trans
tion ug&-ub&. With the generalized Rabi frequencyV82

5Va
21Vb

21D2, the Hamiltonian is

ĤR

i\
5 iD~Sa1Sb!1 iVa$cosfaSx

ga2sinfaSy
ga%

1 iVb$cosfbSx
bg1sinfbSy

bg%. ~13!

In the rotating frame, the two excited states are degener
since their energies are equal. Therefore, two excited st
can be mixed and the Hamiltonian can be transformed
the form where one mixed excited state and a ground s
ug& evolve like a two-level atom and the other mixed excit
state evolves independently. As a result, the time evolution
the wave function is
cR~ t !5expH 2 i
D

2
~ t2t0!J F cosH V8

2
~ t2t0!J I 1

2i

V8
sinH V8

2
~ t2t0!J H Va~cosfaSx

ga2sinfaSy
ga!1Vb~cosfbSx

bg

1sinfbSy
bg!1

VaVbD

Ve
2 ~cos~fa2fb!Sx

ab1sin~fa2fb!Sy
ab!2DSz

ga2
Vb

2D

Ve
2

Sz
abJ 1H e2 i

D
2 t2cos

V8

2
~ t2t0!J

3S Sa1Sb

2
2

Va
22Vb

2

Ve
2

Sz
ab2

2VaVb

Ve
2 $cos~fa2fb!Sx

ab1sin~fa2fb!Sy
ab% D GcR~ t0!, ~14!

with Ve
25Va

21Vb
2 and I is the identity operator,̂nuI um&5dnm .
1-3
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2. DaÄÀDbÄD and VaÄVbÄV

When the magnitudes of two detunings are the same, but their signs are opposite, and the field amplitudes of two f
components are the same, the evolution of the wave function is

cR~ t !5F H 4D2

V82
1

2V2

V82
cos

V8

2
~ t2t0!J Sg1H V2

V82
1

V214D2

V82
cos

V8

2
~ t2t0!J ~Sa1Sb!14i

D

V8
sin

V8

2
~ t2t0!Sz

ab

1
2V2

V82 H cos
V8

2
~ t2t0!21J $cos~fa2fb!Sx

ab1sin~fa2fb!Sy
ab%1

2V

V8
F2D

V8
H cos

V8

2
~ t2t0!21J 1 isin

V8

2
~ t2t0!G

3~cosfaSx
ga2sinfaSy

ga!1
2V

V8
F2D

V8
H 12cos

V8

2
~ t2t0!J 1 isin

V8

2
~ t2t0!G ~cosfbSx

bg1sinfbSn
bg!GcR~ t0!, ~15!
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Of course, the wave functions in the cases III 1 and II

are consistent with each other whenD50 andVa5Vb .

III. THREE-LEVEL ATOM INTERFEROMETERS

Atom interferometers are constructed using coherent
teractions of an atom with light as a beam splitter. A typic
symmetric two-level AI is composed of four copropagati
traveling monochromatic laser beams, whose beam spa
of the first two beams is equal to that of the last two bea
Then this AI is comprised of two Mach-Zehnder-type inte
ferometers formed by two pairs of atomic trajectories@17#.
The two interferometers differ on the point that the two wa
packets of the atom are the ground state or the excited
in the interval between the second and the third beams~cen-
ter zone!. On the other hand, several types of AIs can
constructed by combinations of the three-level atom a

FIG. 2. AI interacting with a sequence ofva-va-vb-vb . Atom
trajectories are indicated by straight lines and dashed lines.
atom in the ground stateug& which comes from the left interact
with four copropagating laser beams, indicated by wavy lines.
frequencyva of the first and second laser beams is resonant to
transition ug&-ua&. The frequencyvb of the third and fourth laser
beams is resonant to the transitionug&-ub&. The spacing between th
first and the second laser beams is the same as that betwee
third and the fourth laser beams. The two trajectories indicated
straight lines make a closed loop and the interference signal is
erated after the fourth interaction.
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bichromatic laser beams. In this section, we derive formu
for the magnitude of the interference fringes of three types
the three-level AIs.

The following first two interferometers are composed
four monochromatic laser beams, two of which have f
quencyva and the other two have frequencyvb . When the
atom is irradiated by a sequence ofva-va-vb-vb ~type A),
an AI is produced by one pair of wave packets whose ato
states in the central zone are the ground state. When
irradiated by a sequence ofva-vb-va-vb ~typeB), the other
AI is produced by the other pair of wave packets who
atomic states in the central zone have different excited sta
The last AI is composed of two bichromatic laser beams
frequenciesva and vb ~type C). It corresponds to the de
generated configuration ofva-vb-va-vb , whose first two
and last two laser beams overlap perfectly.

A. Type A: va-va-vb-vb

The AI with a configuration ofva-va-vb-vb is shown in
Fig. 2. The beam spacingD between the first and secon
beams is equal to that of the third and the fourth beams.
AI is composed of two trajectories. One is the atomic traje
tory where the atom is excited toua& after the first beam,
decayed toug& at the second beam, not excited at the th
beam, and interacts with the fourth laser beam again.
other atomic trajectory is the one where the atom is inug&
throughout the first and second beams and excited toub& at
the third beam. Thus, the two trajectories make a closed l
at the fourth beam and interfere. This interferometer can
described using case I and case II in Sec. II. From Eq.~11!,
the interaction of the atom withva in the matrix form is
expressed by

ei (Da/2)tS An,b 0 0

0 An,a Bne2 ifn

0 Cneifn Dn

D , n51,2, ~16!

wheret is the interaction time andn is the order number of
the laser beams. The interaction withvb is

he

e
e
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y
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ei (Db/2)tS An,b 0 Bne2 ifn

0 An,a 0

Cneifn 0 Dn

D , n53,4. ~17!

In Eqs.~16! and ~17!,

An,l5expH i S D l2
Dm

2 D tJ ,

An,m5cos
Vm8

2
t1 i

Dm

Vm8
sin

Vm8

2
t,
th
ra
nc

fo
o

e

s i

is
on
(
a
d

04362
Bn5Cn5 i
Vm

Vm8
sin

Vm8

2
t,

Dn5cos
Vm8

2
t2 i

Dm

Vm8
sin

Vm8

2
t, ~18!

wherem5a and l 5b for n51,2, andm5b and l 5a for
n53,4. The final probability amplitudes after interactio
wR f5

t(cb ,ca ,cg) f can be given by
S cb

ca

cg

D
f

5ei (Da1Db)tS D1D2D3B4e2 if41B1C2D3B4ei (DaT2f11f22f4)

1D1D2B3A4,bei (DbT2f3)1B1C2B3A4,bei $(Da1Db)T2f11f22f3%

D1B2A3,aA4,aei $Da(T1T8)2f2%1B1A2,aA3,aA4,aei $Da(2T1T8)2f1%

D1D2D3D41B1C2D3D4ei (DaT2f11f2)1D1D2B3C4ei (DbT2f31f4)

1B1C2B3C4ei $(Da1D3)T2f11f22f31f4%

D . ~19!
fre-
the

i-
de-
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The signal of the interference fringes is observed as
fluorescence signals from the excited states after the inte
tions. The interference signal is included in the fluoresce
signal when the atom decays fromub&. However, it is diffi-
cult to distinguish the signal from the statesua& andub&. The
signal is observed as the total fluorescence signal. There
the interference signal is equal to the subtraction of the pr
ability of the ground stateug& from unity. The time interval
when the atom passes through the beam spacingD is T
5D/vx . The terms with an exponential function ofDaT and
DbT vanish by the integral ofvz , because the transvers
velocity distribution of the atom is larger than 1/kT. Then,
the population probability of the atom in the excited state

W512uD1D2D3D4u22uB1C2D3D4u22uD1D2B3C4u2

2uB1C2B3C4u222uD1D2B3C4B1* C2* D3* D4* u

3cos$~Db2Da!T2f31f41f12f21w%, ~20!

where

eiw5
D1D2B3C4B1* C2* D3* D4*

uD1D2B3C4B1* C2* D3* D4* u
. ~21!

The interference fringes result from the term which
proportional to a function of cosine in the above equati
The phase of fringes depends on three parts, which areDb
2Da)T, the difference of phases between laser beams,
the difference of amplitudes between laser beams denote
Eq. ~21! @18#. From the first part and Eq.~7!,

~Db2Da!T5H g~va2vb!2
Eb2Ea

\ J T, ~22!
e
c-
e

re,
b-

s

.

nd
by

whereka' kb , da'db , andGa'Gb are assumed. It is found
that the phase of interference does not depend on laser
quency, but depends on the frequency difference between
difference ofva andvb and resonance frequency of trans
tion ua&-ub&. Therefore, the Ramsey fringes occur as the
tuning of the difference frequency, if the resonance f
quency of transitionua&-ub& is less than 1 THz.

Using Eq.~18!, the explicit probability of the atom in the
excited states is

W512~2aa
422aa

211!~2ab
422ab

211!

22aa
2ab

2~12aa
2!~12ab

2!cos$~Db2Da!T

2f31f41f12f21w%, ~23!

where

aa5A12S Va

Va8
sin

Va8

2
t D 2

,

ab5A12S Vb

Vb8
sin

Vb8

2
t D 2

. ~24!

The maximum visibility of V5(Wmax2Wmin)/(Wmax

1Wmin) is 1/6 ataa
25ab

251/2. If D50, the pulse area o
each laser beamVt corresponds to ap/2 pulse. This nu-
merical value can be confirmed easily by calculating the fi
population probabilities for each excited trajectories,
shown in Fig. 2.
1-5
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B. Type B: va-vb-va-vb

Figure 3 shows the configuration of the AI with a s
quence ofva-vb-va-vb , where the frequencies of the se
ond and the third laser beams in typeA are interchanged. In
this case, an atomic trajectory is a wave packet which
excited toua& at the first beam and decayed toug& at the third
beam. The other atomic trajectory is in the stateug& before
the second beam and excited toub& at the second beam. Th
two trajectories make a closed loop at the fourth beam
s

er

it

2

04362
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the interference occurs in the probabilities of statesub& and
ug&.

This AI is also described using the interactions of cas
and case II in Sec. II. Forn51,3, the interaction is given by
Eq. ~16! with a matrix element of Eq.~18! at m5a and l
5b; while for n52,4, the interaction is given by Eq.~17!
with a matrix elements of Eq.~18! at m5b and l 5a. Sub-
sequently, the final probability amplitudes of the states
given by
S cb

ca

cg

D
f

5ei (Da1Db)tS D1D2D3B4e2 if41D1B2A3,bA4,bei $Db(T1T8)2f2%

1B1A2,aC3B4ei $Da(T1T8)2f11f32f4%

D1D2B3A4,aei (DaT2f3)1B1A2,aA3,aA4,aei $Da(2T1T8)2f1%

D1D2D3D41B1A2,aC3D4ei $Da(T1T8)2f11f3%

1D1B2A3,bC4ei $Db(T1T8)2f21f4%

D . ~25!
the
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Using Eqs.~18!, the sum of the population probabilitie
on the excited states is calculated as

W512aa
4ab

42ab
2~12aa

2!22aa
2~12ab

2!2

22aaab~12aa
2!~12ab

2!cos$~Db2Da!~T1T8!

2f21f41f12f31wg%, ~26!

where

eiwg5
D1B2A3,bC4B1* A2,a* C3* D4*

uD1B2A3,bC4B1* A2,a* C3* D4* u
. ~27!

The phase of the interference depends on the same t
as described in the AI ofva-va-vb-vb , however the period
of the Ramsey fringes caused fromDa2Db is shorter than
the latter because the trajectories are in the different exc
states in the central zone.

FIG. 3. AI interacting with a sequence ofva-vb-va-vb , where
the frequencies of the second and the third laser beams of Fig.
interchanged. Details are the same as in Fig. 2.
ms

ed

When the excitation powers of four beams are equal,
visibility becomes a maximum ataa

25ab
25(11A5)/2

2A(11A5)/2'0.59, which corresponds to the pulse area
each laser beam of about 3p/5. The maximum visibility is
@2915A512(21A5)1/2#/2'0.43, which is larger than the
AI of va-va-vb-vb . With four equal excitations ofp/2
pulses, the visibility becomes 4/11, which is confirmed
the calculation of the population probabilities of each exci
trajectory as shown in Fig. 3. Furthermore, the visibility of
could be achieved if the pulse areas of the first and the fo
beams arep/2 and the second and the third arep. Therefore,
this AI is one of the more attractive ones.

C. Type C: „va ,vb…-„va ,vb…

The three-level AI composed of two copropagati
bichromatic beams of frequencies ofva andvb is shown in
Fig. 4. The two trajectories are wave packets of the exc
statesua& andub& in the zone between two bichromatic las
beams. These wave packets overlap each other, if the en
difference between the statesua& andub& is less than 1 THz.
It works as a polarizing AI.

The interaction of the atom with bichromatic fields
given by Eq.~9! with a matrix element

S An,b Enei (fn,a2fn,b) Bn,be2 ifn,b

Fnei (fn,b2fn,a) An,a Bn,ae2 ifn,a

Cn,beifn,b Cn,aeifn,a Dn

D ,

n51,2, ~28!

where En and Fn indicate a two-photon resonant Rama
transition between statesua& and ub&. In this case, the fina
probability amplitudes of the states are given by

are
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and fluorescence in the end of this AI is in proportion to

W512uD1u2uD2u22uB1,au2uC2,au22uB1,bu2uC2,bu2

22uB1,bC2,bB1,a* C2,a* ucos$~Db2Da!T1f1,a

2f2,a2f1,b1f2,b1wbbaa%, ~30!

where

eiwbbaa5
B1,bC2,bB1,a* C2,a*

uB1,bC2,bB1,a* C2,a* u
. ~31!

The derivation of the matrix elements in Eq.~28! is gen-
erally difficult. However, in case III 1 ‘‘Da5Db5D ’’ and
case III 2 ‘‘Da52Db5D andVa5Vb5V, ’’ in Sec. II, they
could be obtained easily.

1. Case ofDaÄDbÄD

When the detuning of the laser frequencyva from the
resonance transition of statesug&-ua& is the same as that o
vb from the resonance transition ofug&-ub&, using Eq.~14!
matrix elements of the interaction in Eq.~28! are given as
follows:

An,m5
Vm

2

Ve
2

cos
V8

2
t1 i

Vm
2 D

Ve
2V8

sin
V8

2
t1

V l
2

Ve
e2 i (D/2)t,

Bn,m5Cn,m5 i
Vm

V8
sin

V8

2
t,

FIG. 4. AI interacting with a sequence of (va ,vb)-(va ,vb).
The atom interacts with two laser beams which are indicated
double wavy lines. The frequencies of the laser beams areva and
vb . The interference of fringes occurs due to the phase differe
between the wave packets of two excited statesua& and ub& in the
zone between the first and the second laser beams.
04362
Dn5cos
V8

2
tn2 i

D

V8
sin

V8

2
t,

En5Fn5
VaVb

Ve
2 S cos

V8

2
t2e2 i (D/2)tD1 i

VaVbD

Ve
2V8

sin
V8

2
t,

~32!

wherem5a or b, V825Va
21Vb

21D2, andVe
25Va

21Vb
2 .

The sum of the population probabilities of the excited sta
is deduced to

W52 sin2
V8

2
tFVa

21Vb
2

V82
2

Va
41Vb

4

V84
sin2

V8

2
t

2
Va

2Vb
2

V84
sin2

V8

2
t$11cos~f1,a2f2,a2f1,b1f2,b!%G .

~33!

In this case, the phase depends on only the phase di
ence and the amplitude difference of the laser beams. C
sequently, the Ramsey fringes are not observed on the de
ing of D. The visibility as a function of the pulse area of on
bichromatic beamV8t is shown in Fig. 5, wherep51
1Va

2/Vb
21Vb

2/Va
2 and q5D2(Va

21Vb
2)/Va

2Vb
2 . The p indi-

cates the difference of the two intensities of the two f
quency components in the bichromatic field. WhenVa
5Vb , p53, otherwisep.3. q is in proportion to the
square of the detuningD. As the difference of the intensitie
between two components increases,a increases and the
width of the pulse area in order to get high visibility becom
narrower, but the maximum visibility is constant. On th
other hand, asuDu is increased,q increases and the maximum

y

ce FIG. 5. Visibility of AI interacting with a sequence o
(va ,vb)-(va ,vb) vs pulse areaV8t in the case ofDa5Db . p
511Va

2/Vb
21Vb

2/Va
2 andq5D2(Va

21Vb
2)/Va

2Vb
2 .
1-7
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visibility decreases. Thus, the velocity distribution along t
laser beams, namely, Doppler shift, leads to a reduction
visibility.

2. Case ofDaÄÀDbÄD,VaÄVbÄV

When the three-level atoms are excited by the bichrom
fields, one of which is the detuningD and the Rabi frequency
V and the other is the detuning2D and the same Rab
frequencyV, the matrix element of Eq.~15! is obtained from
Eq. ~28!:

An,a5
V2

V82
1

V214D2

V82
cos

V8

2
t1 i

2D

V8
sin

V8

2
t,

An,b5
V2

V82
1

V214D2

V82
cos

V8

2
t2 i

2D

V8
sin

V8

2
t,

Bn,a5Cn,b5
2VD

V82 S cos
V8

2
t21D1 i

V

V8
sin

V8

2
t,

Bn,b5Cn,b5
2VD

V82 S 12cos
V8

2
t D1 i

V

V8
sin

V8

2
t,

Dn5
4D2

V82
1

2V2

V82
cos

V8

2
t,

En5Fn5
V2

V82 S cos
V8

2
21D , ~34!

where V8254D212V2. The sum of the population prob
abilities in the excited states is deduced to

W512
16

V88 S V2 cos
V8

2
t12D2D 4

2
8V8

V88 S cos
V8

2
t1114

D2

V2D 2S 12cos
V8

2
t D 2

3$11cos~22DT1f1,a2f2,a2f1,b1f2,b1wbbaa!%,

~35!

where

tan
wbbaa

4
5

V8 sin
V8

2
t

2DS cos
V8

2
t21D . ~36!

The Ramsey fringes with a fringe cycle ofp/T appears on
the detuning ofD. The visibility versus the pulse area o
each excitationV8t is shown in Fig. 6, whereq52D2/V2,
which is in proportion to the square of the detuningD. In the
case of 0<q<1, the pulse area for the maximum visibilit
shifts from p to 2p as q increases, but the maximum vis
04362
in

ic

ibility reaches to 1 at cos(V8t/2)52q. With a further incre-
ment ofq larger than 1, the maximum visibility is reduce
The visibility at q50 agrees with the visibility atp53 and
q50 in the case ofDa5Db .

D. Comparison of the three AIs

Figure 7 shows the comparison among the visibilities
the three AIs under the condition thatva andvb are tuned to
the resonance frequencies and the power of each frequ
component is the same. The horizontal axis indicates
pulse area for one frequency component in the one la
beam. Therefore, the pulse area for the bichromatic field
A2 times as large as the value of the horizontal scale. C
sequently, the total power of the laser beams is the same
the three AIs.

For a small pulse area, the three visibilities are almost
same, however, with a pulse area larger thanp/3, a big dif-
ference among the three visibilities appears. This differe
occurs due to the extra trajectories which do not particip
in the interference fringes.~They are indicated by dashe
lines in Figs. 2–4.! In type C, noninterference terms in th
matrix of Eq.~29! are canceled out perfectly at the pulse ar
of p/A2 and the visibility of 1 can be obtained. Contrarily,
type A the maximum visibility is only 1/6 due to the nonin
terference terms. However, in the case of typeB, the maxi-

FIG. 6. Visibility of AI interacting with a sequence o
(va ,vb)-(va ,vb) vs pulse areaV8t in the case ofDa52Db and
Va5Vb . q52D2/V2.

FIG. 7. Comparison of visibilities among three AIs. The ho
zontal axis indicates pulse area of one frequency component
laser beam.
1-8
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mum visibility of 1 could be obtained if the second and t
third laser beams arep pulse, as we mentioned before.

IV. EXPERIMENT AND DISCUSSION

A. Experimental apparatus

As described in our previous papers@13,14#, we have al-
ready actualized the three-level AIs of typeA and typeC,
using a thermal calcium atomic beam. In the present exp
ment, we demonstrated the three-level AI of typeB, adding
to typeA andC. A partial level scheme of the calcium ato
is given in Fig. 8. The lifetime of the excited3P1 state is
0.56 ms and splits into the Zeeman substates ofm51, m
50, andm521 under the magnetic field. We use magne
Zeeman substates ofm51 andm521 and the ground1S0
state as the three states. When the magnetic field is zero
transition frequency of the wavelength5657 nm between the
3P1 and 1S0 states is denoted byv0. With a magnetic-field
amplitude ofB, the energies of them51 andm521 states
are shifted fromv0 by DvB and 2DvB , respectively. The
calcium atomic beam interacts with the two laser beams
wavelength of 657 nm with two frequencies. One of them
a s1 polarized light whose frequencyva is near resonance
to the transition between them51 and the ground states, an
the other is as2 polarized light whose frequencyvb is near
the resonant to the transition frequency between them5
21 state and the ground state.

The experimental setup of typeB is shown in Fig. 9. A
thermal calcium atomic beam with the most probable vel
ity of 780 m/s was collimated so as to produce a resid
Doppler broadening of 8 MHz full width at half maximum
interacting with four laser beams at right angles, which w
separated at equal spaces ofD58.3 mm. In the interaction
zone, a homogeneous magnetic field parallel to the la
beam was applied by a Helmholtz coil. The Zeeman ene
shift DvB/2p was about 15 MHz. The laser beam from
high-resolution diode laser spectrometer was tuned tov0 and
phase modulated by a resonant-type electro-optic modu
with a frequency ofDv. The sideband frequencies ofv0
1Dv andv02Dv were used asva andvb . In this situa-
tion, sweeping the carrier frequency of a laser correspond
case III 1, while sweeping the rf frequency of the sideba
corresponds to case III 2.

FIG. 8. Energy diagram of Ca and resonant laser frequen
under a magnetic field.
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A special beam splitter was used to generate four la
beams copropagating in the same direction with equal be
spacing and equal power@13#. The diameter of each lase
beam was 3 mm. Using quarter-wave plates and a half-w
plate, the first and the third laser beams were set to be as1

circular polarized beam and the second and the fourth la
beams were set to be as2 circular polarized beam. The
extinction ratio ofs1 to s2 was less than 0.01 and vic
versa. By removing the half-wave plate, the AI of typeA is
constructed. A phase plate was inserted in the path of the
beam before interaction with the atomic beam. The popu
tion probability of the excited states was observed by mo
toring the fluorescence from the3P1 state at'300 mm
downstream from the interaction zones.

B. Results and discussion

The performance of typeB was examined. By changing
the angle of the phase plate, interference fringes appeare
the fluorescence signal. Figure 10 shows the observed in
ference fringes as a function of the angle of the phase pl
together with that of typeA. The period of the former fringes
is almost the same as that of the latter, but the size of
former is smaller than that of the latter, which seems to
inconsistent with the theoretical prediction. We will return
discuss it later.

es

FIG. 9. Experimental setup of AI interacting with a sequence
va-vb-va-vb ~typeB). The four parallel laser beams are genera
by an optical plate. EOM, electro-optic modulator; PS, pha
shifter; l/4, quarter-wave plate; andl/2, half-wave plate.

FIG. 10. Observed interference fringes of the AI as a function
the angle of the phase plate. Open circle (s); AI interacting with a
sequence ofva-va-vb-vb ~type A). Closed circle (d); AI inter-
acting with a sequence ofva-vb-va-vb ~type B).
1-9
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On the other hand, the Ramsey fringes of typeB were
observed by the tuning ofDv or changing the strength of th
magnetic field, as shown in Fig. 11, together with the Ra
sey fringes of typeA. The period of the Ramsey fringe i
4361 kHz/cycle for typeB, while it is 2361 kHz/cycle for
typeA. This verifies Eq.~26! that the Ramsey fringes of typ
B depend on a reciprocal number of the spacing between
first and the third laser beams, which is twice the spac
between the first and the second laser beams.

Figure 12 shows the measured size of the Ramsey frin
for the AI of typeC for various beam spacingD. The fringe
size decreases asD increases according to exp(2D/D0). The
1/e attenuation lengthD0 is 1361 mm. There will be sev-
eral reasons why it decreases, e.g., inhomogeneity of
magnetic field, scattering with background gas, or beam
vergence, etc. The ratio of the fringe size at 2D to that atD
is 0.53. For the AI of typeB, the real beam spacing for th
interference is 2D. If this reduction ratio is compensated fo
the fringe size of typeB, it becomes larger than that of typ
A, which is consistent with the theoretical prediction. The
fore, we could conclude that the fringe size of typeB is
larger than that of typeA.

FIG. 11. Ramsey fringes observed by the tuning ofDv. Open
circle (s); AI interacting with a sequence ofva-va-vb-vb ~type
A). Closed circle (d); AI interacting with a sequence o
va-vb-va-vb ~type B).

FIG. 12. Visibility of the Ramsey fringes for the AI interactin
with a sequence of (va , vb)-(va , vb) ~type C) vs beam spacing
D.
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Finally, the dependencies of the visibilities on the exci
tion power of each frequency component were compared
the three AIs, where the visibilities atD50 mm estimated
from the attenuation length are used. The laser power of
mW corresponds to thep/2 pulse area for atoms with th
most probable velocity@19#. The visibility of the AI of type
C is the largest of the three AIs, being 0.15 at the excitat
power of 0.6 mW for each frequency component of o
bichromatic beam, while that of typeA is 0.09.

The shapes of the dependencies are similar to the the
ical results in Fig. 7, but the magnitudes of the visibilities a
about a quarter of the theoretical ones. In order to comp
the visibility with the experimental value, we must take in
account the specific features of the divergent thermal calc
atomic beam. Therefore, we calculated a convolution of
probability function of Eq.~33! for the AI of typeC and the
beam divergence Gaussian function, and finally integrate
with the probability of the velocity having the Maxwellia
velocity distribution at oven temperature@18#. The calculated
visibility for type C is also shown in Fig. 13 by a curved line
The calculated results are larger than the experimental o
but it has been found that the behavior of the experime
results is fairly well described by the calculation. The r
sidual discrepancy may be caused by a simple assumptio
the calculation and by the difficulty of achieving perfe
alignment in the experiment.

V. CONCLUSION

We have derived the theoretical equation for the inter
tion of three-level atoms with bichromatic fields, based
the single-transition operators. The interference fringes
visibilities were calculated for three types of the three-le
atom interferometers with bichromatic fields. On the oth
hand, we have demonstrated several types of the three-
AIs using a thermal calcium atomic beam with Zeeman s
levels in the excited states. The experimental results w
well explained by the theoretical results. It is shown that
three-level AI with two bichromatic fields has the large
visibility for the same excitation power for each frequen

FIG. 13. Visibilities of three types of the AIs as a function of th
laser power of the single transitionP, with a calculated visibility for
the AI excited by a sequence of (va , vb)-(va , vb) ~solid line!.
Open circle (s); AI of va-va-vb-vb ~typeA). Closed circle (d);
AI of va-vb-va-vb ~type B). Cross (3); AI of ( va , vb)-(va ,
vb) ~type C).
1-10
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component, theoretically and experimentally. The three-le
AI with two laser beams of bichromatic fields was used s
cessfully to observe the Aharonov-Casher phase directl
real time@14#. Thus, the three-level atom interferometer w
become a powerful tool for investigating properties betwe
the excited states. This three-level atom interferometer
also make it possible to construct itself in time domain us
cold atoms and pulsed laser fields@20#. Then the discrepancy
of the experimental visibility with the calculated one will b
removed, because atoms have the same pulse area rega
of their velocity. We will attempt to use this time-doma
ke
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three-level AI to measure Berry’s phase betweenm511 and
21 states@21#.
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