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Dirac monopoles and dipoles in ferromagnetic spinor Bose-Einstein condensates
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We investigate a radial spin hedgehog, analogous to the Dirac monopole, in an optically trapped atomic
spin-1 Bose-Einstein condensate. By joining together a monopole-antimonopole pair, we may form a vortex
line with free ends. We numerically simulate the three-dimensional dynamics and imaginary time relaxation of
these structures to nonsingular textures and show that they can be observable for realistic experimental param-
eters.
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I. INTRODUCTION

Topologically interesting structures in quantum fiel
range from vortices and vortex lattices in single compon
fields @1# to Skyrmions in multicomponent fields@2#. They
have long been important in the study of superfluid phys
@3# and quantum cosmology@4#. Experimental dilute gas
Bose-Einstein condensates~BECs! allow these structures to
be investigated with unprecedented flexibility.

The successful trapping of atomic BECs by purely opti
means has opened up a fascinating domain of research@5,6#.
Unlike in magnetic traps, where the spin of the atoms
effectively frozen, in an optical dipole trap the magnetic d
grees of freedom dramatically affect the structure of the c
densates. In particular, their equilibrium states exhibit ric
degeneracy of physically distinguishable states than mag
cally trapped BECs, with the degeneracy, or order, param
depending on the atomic spin. In this paper we study a
romagnetic spin-1 BEC in87Rb @6# whose degeneracy pa
rameter is determined by the rotations of the spin@7,8#. We
show that in the classical mean-field, or Gross-Pitaevs
approximation there can exist a vortex line with a free e
terminating on a hedgehoglike spin configuration whose
perfluid velocity profile coincides with the vector potential
the Dirac magnetic monopole@9–11#. Magnetic monopoles
are important in quantum cosmology; explaining their o
served low density stimulated the theory of cosmologi
inflation @12#. The terminating vortex line, known as th
Dirac string, is possible in a ferromagnetic spinor BEC b
cause the noncommutativity of the spatial rotations result
ambiguity of the condensate phase difference between
spatial points. We also show that a monopole can be attac
to an antimonopole with a vortex line, such that neither e
reaches the boundary of the atomic cloud, forming a ‘‘
pole,’’ Fig. 1.

In a magnetically trapped BEC the order parameter, de
mined by the complex scalar field, has a well-defined pha
Hence, its circulation around any closed loop can equal o
an integer multiple of 2p, where the integer coefficient rep
resents a topologically invariant winding number. As a res
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any vortex line either is closed or terminates at the bound
of the atomic cloud. In a ferromagnetic spinor BEC the ord
parameter symmetry group is determined by the spatial r
tions of the spin to be SO~3!. This can be represented by
local coordinate axis, or atriad. A vortex line in a ferromag-
netic BEC is determined by an integer multiple of 2p spatial
rotations of the triad about the direction of the spin, wh
one moves around any closed loop surrounding the vo
core. Due to the noncommutativity of the spatial rotatio
such a vortex is not a topological invariant, but can be c
tinuously deformed, e.g., to a vortex line with the oppos
sign or to a disgyration. Since the relative condensate ph
between two spatial locations is not uniquely defined, a v
tex line may also terminate in the middle of the atom
cloud. This is analogous to the possibility of vortex lin
with free ends in the angular momentum texture of superfl
liquid 3He-A @13#.

In this paper we consider the mean-field model of a f
romagnetic spin-1 BEC. We numerically integrate the Gro
Pitaevskii equations in real time to find the dynamics, and
imaginary time to find energetic minima. Our initial stat
are based on analytic expressions for the monopoles an
poles, with overall Thomas-Fermi density profiles. In3He
studies dipoles have been referred to as monopolium@14#. In
that context it was suggested that monopolium lattices m
be dynamically stable in rotating systems.

Previous theoretical work on monopoles in atomic BE
has been limited to antiferromagnetic systems@15–17#, two-

FIG. 1. Spin fieldŝ F& for the monopole of Eq.~4! ~left! and the
dipole of Eq.~7! ~right!. In all figures the positivez axis is upward,
and cones are proportional to^F&. The dipole’s singular points a
c56(2.5/A2)xho are near the second and fourth planes of s
vectors.
©2003 The American Physical Society04-1
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C. M. SAVAGE AND J. RUOSTEKOSKI PHYSICAL REVIEW A68, 043604 ~2003!
component monopoles@18#, or analogous two-dimensiona
structures called ‘‘spin monopoles’’@19,20#. This work has
shown that monopoles may be created using phase imp
ing techniques for creating solitons and vortic
@15,18,21,22#. Spin textures have also been recently expe
mentally created in an atomic spin-123Na BEC by means of
rotating the spin profile with spatially dependent exter
magnetic fields@23#.

II. MEAN-FIELD MODEL FOR MONOPOLES
AND DIPOLES

The second quantized Hamiltonian for the spin-1 BEC
an optical dipole trap reads@7,8,24–26#

H5E d3r H 2
\2

2m
“ĉa

†
•“ĉa1V~r !ĉa

† ĉa

1gFmBĉa
†B•Fabĉb1

1

2
c0ĉa

† ĉb
† ĉbĉa

1
1

2
c2ĉa

† ĉb
†Fag•FbdĉdĉgJ , ~1!

whereĉa is the field annihilation operator for thea Zeeman
component andm is the atomic mass.V(r ) is the optical
trapping potential. In experiments, optical traps with a w
range of aspect ratios and depths have been demonst
@27#. In this paper we consider an isotropic harmonic tra
ping potential with frequencyv: V(r )5mv2r 2/2. The mag-
netic field vector is denoted byB, mB is the Bohr magneton
and the Lande´ factor gF521/2 for theF51 transition of
87Rb. In Eq.~1!, F is the vector formed by the three com
ponents of the 333 Pauli spin-1 matrices@24#, and we have
used the Einstein summation convention over repeated i
ces. The Zeeman energy is correct to first order in the m
netic field. c0 and c2 are the spin-independent and spi
dependent two-body interaction coefficients. In terms of
s-wave scattering lengthsa0 and a2 for the channels with
total angular momentum zero and two, they arec0
54p\2(a012a2)/3m and c254p\2(a22a0)/3m. We use
the values given by van Kempenet al. @28# for 87Rb: a0
5101.8aB and a25100.4aB , so that (a012a2)/3
5100.9aB and (a22a0)/3520.47aB , where the Bohr ra-
dius aB50.0529 nm. We also usev52p310 s21, and as-
sume a total number ofN5106 atoms. We make our length
dimensionless with the length scalexho5A\/mv. As usual,
the dynamics is invariant up to changes of length and t
scale under changes ofv andN providedN2v is constant.

In the mean-field Gross-Pitaevskii approximation the
der parameter is the three-component spinorC(r )
5An(r )z(r ), with z(r )†z(r )51, andn(r ) is the total den-
sity. Then the expectation value of the spin is given by^F&
5za* Fabzb . The contribution of the two-body interaction t
the energy is

E2b5E d3r H 1

2
n2~c01c2^F&2!J . ~2!
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The preceding parameters for87Rb correspond to the ferro
magnetic case, sincec2,0, and the energy is minimized
whenu^F&u51 throughout the BEC for the case of a unifor
spin distribution.

For the ferromagnetic stateu^F&u51, all the degenerate
but physically distinguishable, states are related by spa
rotations of the atomic spin. These may be conveniently
fined by means of the three Euler angles@7#

z5S z1

z0

z21

D
5eiwe2 iF zae2 iF ybe2 iF ztS 1

0

0
D

5eiw8S e2 iacos2~b/2!

sin~b!/A2

eiasin2~b/2!
D , ~3!

wherew8[w2t andw denotes the macroscopic condens
phase. The combinationw2t indicates an invariance unde
the change of the macroscopic phase if it is simultaneou
accompanied by a spin rotationt of the same magnitude
The equivalence of the phase change and the spin rota
represents a broken relative gauge-spin symmetry. Co
quently, the symmetry group of the order parameter is fu
determined by the Euler angles to be SO~3!. The direction of
the expectation value of the spin iŝ F&5 ẑcosb
1sinb(x̂ cosa1ŷsina), wherex̂,ŷ,ẑ are the Cartesian coor
dinate unit vectors.

We are interested in the ferromagnetic state with a sin
lar pointlike core in the atomic spin field. Using the radia
azimuthal, and polar spherical coordinates (r ,u,f), we se-
lect b5u, a5f, andw852f in Eq. ~3!, yielding

z5S e22ifcos2~u/2!

e2 ifsin~u!/A2

sin2~u/2!
D . ~4!

The corresponding spin exhibits a radially outward hedge
field and forms the monopolêF&5 ẑcosu1sinu(x̂ cosf

1ŷsinf). However, foru50 the value off is not defined
and the first component is singular. Therefore, the point s
gularity, or the hedgehog, atr 50 is attached to a line singu
larity @in this case a doubly quantized SO~3! vortex# along
the positivez axis. This is called a Dirac string. Note that fo
z,0 there are no line singularities. The structure of t
monopole in terms of the individual spin components is
follows: a doubly quantized vortex line in theC1 compo-
nent, a vortex with unit circulation in theC0 component, and
no vortex in theC21 component. The corresponding spin
densities are shown in Fig. 2.

The corresponding superfluid velocity is
4-2
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^vs&52 i
\

M
z†
“z

5
\

M
~“w82cosb“a!

52
\~11cosu!

Mr sinu
f̂, ~5!

where f̂ is the polar unit vector. This has the form of th
electromagnetic vector potential of the Dirac magne
monopole, analogous to the corresponding angular mom
tum texture in superfluid liquid helium-3@13#.

An antimonopole with spin vectors pointing radially in
ward ^F&52 ẑcosu2sinu(x̂ cosf1ŷsinf), and the Dirac
string along the negativez axis, is given by

z5S e22ifsin2~u/2!

2e2 ifsin~u!/A2

cos2~u/2!
D . ~6!

An interesting system results from attaching a monop
to an antimonopole by joining their Dirac strings. The resu
ing vortex line with two free ends then no longer reaches
boundary of the atomic gas. From the spin field given
Soni @14# follows an expression for the dipole spinor

z5
1

2 S 11~r 2cos 2u2c2!/l

eifA2~r 2sin 2u!/l

e2if$12~r 2cos 2u2c2!/l%
D , ~7!

where

FIG. 2. ~Color online! Spinor densities for the monopole~left!
and dipole~right!. The spinors are given by Eq.~4! and Eq.~7!,
respectively, multiplied by the Thomas-Fermi and vortex dens
profiles, as described in the text. All lobes are bounded by den
isosurfaces for a spinor component forx,0. On thex50 plane the
isosurfaces are capped with a density color map for the corresp
ing spinor component. Monopole: the top lobe is foruC1u2. The
density zero associated with the doubly quantized vortex is s
along the positivez axis. The bottom lobe is foruC21u2, and the
central lobe is foruC0u2. The singly quantized vortex can be see
Dipole: the top and bottom lobes are foruC1u2, the central one for
uC21u2, and the remaining two lobes foruC0u2. The vortices in
C21 andC0 can be seen on thez axis.
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c
n-

e
-
e
y

l5A~r 22c2!14r 2c2sin2u. ~8!

This has monopole and antimonopole type singularities
the z axis atz5ucu andz52ucu, respectively. On thez axis
for uzu.ucu, z151 and z2150, while between the poles
i.e., for uzu,ucu, z150 andz21 is singular, representing a
doubly quantized SO~3! vortex line. The corresponding
spinor densities are shown in Fig. 2.

The topological stability of linear and pointlike topolog
cal defects may be characterized by the first and second
motopy groups. Since the second homotopy group of SO~3!
is trivial, there are no stable topological point defects. Ho
ever, as we previously showed, we may form the monop
by attaching it to a singular vortex line. It is not possible
form an isolated point defect in SO~3!. The ‘‘charge’’ W of
the Dirac monopole is similar to the topological invariant
the point defects, which is determined by the way the or
parameter behaves on a closed surface enclosing the d
@3#:

W5
1

8pE dV ie i jk^F&•S ]^F&
]xj

3
]^F&
]xk

D . ~9!

Heree i jk denotes the totally antisymmetric tensor. The in
gration is defined over a closed surface enclosing the mo
pole. The singular vortex line always cuts through the s
face. However, as we show in the following section, t
Dirac monopole can decay to a nonsingular coreless text
in which casê F& is well defined everywhere.

III. NUMERICAL RESULTS

We now turn to the numerical studies of the classi
mean-field theory for the ferromagnetic spinor BEC. We
tegrate the relaxation and dynamics of the monopole and
monopole-antimonopole pair. The Gross-Pitaevskii equati
for the dynamics of the spinor mean field are@24,25#

i\
]Ca

]t
52

\2

2m
¹2Ca1V~r !Ca1gFmBB•FabCb

1c0Cb
†CbCa1c2Cb

†Fbg•FadCdCg . ~10!

The explicit forms of the two-body interaction terms fora
51,0,21 are, respectively,

~c01c2!nC122c2uC21u2C11c2C21* C0
2 ,

~c01c2!nC02c2uC0u2C012c2C0* C1C21 ,

~c01c2!nC2122c2uC1u2C211c2C1* C0
2 . ~11!

We solve these equations numerically in three spatial dim
sions starting from initial monopoles and dipoles to find t
dynamical evolution of the system. We also solve them
imaginary timet̃ 52 i t to find minima, either local or global
of the system’s energy functional. This requires normali
tion of the Gross-Pitaevskii spinor after each time step. O
numerical method is pseudospectral, using fast Fourier tra
forms to evaluate the Laplacian, and a forth-order Run
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C. M. SAVAGE AND J. RUOSTEKOSKI PHYSICAL REVIEW A68, 043604 ~2003!
Kutta time step. It is described in detail in Ref.@29#. All our
simulations were performed using 1283 spatial grids for each
of the three spinor components. The physical region sim
lated was centered on the trap, and was typically (25/A2)xho
long in each dimension. A typical time step was 1023/v.

The initial conditions for our numerical integrations of th
Gross-Pitaevskii equations~10! are either the monopole Eq
~4! or dipole Eq.~7! with an overall Thomas-Fermi densit
profile n(r ), multiplied by an approximation to the vorte
density profiles@24#; see Fig. 2. In both real and imagina
time the structures initially evolve by the filling in of th
vortex core on thez axis by the vortex-free component: fo
the monopole this is theC21 component, and for the dipol
the C1 component.

The imaginary time evolution relaxes toward the lowe
energy component. In the absence of a magnetic field th
the vortex-free component,C21 for the monopole. This rep
resents the relaxation of the monopole configuration tow
a uniform spin texture. A magnetic field along thez axis can
increase the energy of the vortex-free spin component,
versing the direction of the relaxed spin. However, the vor
cores may still be filled by the vortex-free componentC21.
This results in a coreless vortex, similar to the Anders
Toulouse ~AT! spin texture in superfluid liquid helium-3
@3,30,31#. However, the system no longer remained in t
ferromagnetic ground state and regions of reduced spin m
nitude, close tou^F&u50, were found in both the imaginar
and real time simulations; see Figs. 3 and 4.

The relaxation of the singular monopole to a nonsingu
coreless texture may seem surprising at first, but it is to
logically allowed. We can see how the singular monopole~4!
may be deformed to a nonsingular spin texture by conti
ously rotating the direction of the spin at the positivez axis.
Consider the following parametrization:

z5S e22ifcos2@b~r,z,s!/2#

e2 ifsin@b~r,z,s!#/A2

sin2@b~r,z,s!/2#
D , ~12!

FIG. 3. ~Color online! Spin magnitudeu^F&u and spin field̂ F&
of the relaxed state, with a magnetic fielduBu5A2\v/mB , of either

an initial monopole (B in ẑ direction! or dipole (B in 2 ẑ direction!.
The imaginary time simulations were run for2 i t 530/v, with a
time step 0.002/v. Other parameters are as given in the text. Le
Three-dimensional 3D slice plot ofu^F&u in the central region. The
width shown in each dimension is half of the total simulation wid
of (25/A2)xho . The slice planes arex50, y50, andz50. The
color map corresponds tou^F&u ranging between 0.046 and 1. Righ
^F&, for the dipole, on the planez50. One-quarter the simulation
width is shown in thex andy dimensions.
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where (r,f,z) are the cylindrical coordinates. We write, fo
z>0, b5arctan(r/z)1sp exp(2Cr/z), whereC is here cho-
sen to be much larger than the inverse of the radius of
atomic cloud. We continuously evolve the parameter 0<s
<1. At s50, we have the Dirac monopole with the sing
larity at r50, z>0. The singularity can be removed b
continuously evolvings from 0 to 1. At s51, the spin has
rotated by the value ofp at r50, z>0, and the singularity
has disappeared.

Depending on the functional dependence of the param
b we may have different coreless textures. Ifb(r) depends
on r alone, withb(0)5p andb50 at the boundary of the
atomic cloud, we have the AT coreless vortex. On the ot
hand, with b5p/2 at the boundary, we obtain th
Mermin-Ho texture@32#. For the coreless textures,W, in Eq.
~9!, would represent a topologically invariant winding num
ber, provided that̂ F& was asymptotically restricted on
plane. However, unlike in superfluid liquid helium-3, whe
the interactions between the superfluid and the walls of
container may fix the boundary values of the spin, in atom
BECs the spin may generally rotate and change the valu
W.

The continuous deformation of the singular Dirac mon
pole to a nonsingular texture is related to the topology of l
defects in ferromagnetic spin-1 BECs. The ground st
manifold, with the symmetry group SO~3!, corresponds to-
pologically to a three-sphere~a sphere in four dimensions!
with the diametrically opposite points set to be equal,S3/Z2.
In this space the only closed paths that cannot be cont
ously deformed to a point are precisely the paths joining
diametrically opposite points of the three-sphere@33#. Hence,
only vortices with winding number equal to 1 are topolog
cally stable@7# and, e.g., a vortex line with winding numbe
equal to 2 can be continuously deformed to a vortex-f
state.

The regions of low spin in the AT vortex represent t

:

FIG. 4. ~Color online! Spin fields^F& ~left column! and spin
magnitudesu^F&u ~right column! after real time evolution of the
dipole of Fig. 1 forvt5 : 6 ~top row! and 12~bottom row!. The
spin magnitudes are shown on slice planesx50, y50, andz50.
The color map corresponds tou^F&u ranging between 0 and 1. A
vt56 the minimum ofu^F&u is 0.0033. Atvt512 it is 0.0019.
Approximately the central three-quarters of each simulation dim
sion is shown. Parameters given in text.
4-4
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DIRAC MONOPOLES AND DIPOLES IN . . . PHYSICAL REVIEW A68, 043604 ~2003!
largest values of the spin gradient in the texture, indicatin
strong order parameter bending energy. The reduced
value results from the very weak ferromagnetic energy of
87Rb spin-1 condensate: it is energetically more favorable
the system to violate the ferromagnetic spin constraint t
to create a spin texture with a very large spin gradient. T
regions with a large variation in the spin orientation contin
ously mix the ferromagneticu^F&u51 and the polaru^F&u
50 phases of the BEC; see Fig. 3. While the violation of
spinor phase and the variation of the spin value have b
previously investigated in the case of singular defects@17#, it
is interesting to observe that this may happen even as a r
of the order parameter bending energy of nonsingular
tures.

In the presence of cylindrically asymmetric perturbatio
we found the coreless AT texture to be unstable with resp
to drifting toward the boundary of the atomic cloud. This
analogous to the slow drift of a vortex line in a singl
component BEC in a nonrotating trap@1#. We did not per-
form any quantitative studies to determine whether the d
of the spin texture could possibly be suppressed by the
ternal magnetic fields.

The dipole relaxes to a state that is the same as in the
of the monopole, apart from reversed spin directions due
the reversed magnetic field. Although the monopole and
pole relax to the same type of state, their imaginary ti
evolution follows different paths. In particular, the cylindr
cal shell of low spin magnitude develops differently. For t
monopole the transition from̂F&52 ẑ in the core to^F&
5 ẑ at the boundary occurs by the spin vectors in the in
facial region rotating radially outward. For the dipole, ho
ever, the direction of spin rotation differs in the regionsz
.0 andz,0. The spin rotates radially outward forz.0 and
radially inward for z,0. To accommodate these differe
rotation directions, nearz50 the spin magnitude drops clos
to zero early in the relaxation. The cylindrical shell of lo
spin magnitude then grows in the6z directions as the relax
ation progresses. In contrast, for the monopole the gro
occurs from the gas boundaries toward thez50 plane.

The real time evolution of the dipole and monopole, wit
out any applied magnetic field, is shown in Figs. 4 and
The initial states were first relaxed for an imaginary tim
i t̃ 50.1/v before the real time evolution. This ensured th
the total density was close to the steady state distribut
hence suppressing density oscillations. The dynamics is q
complex and hence we restrict ourselves to describing
major features. The spin field of the dipole is generally m
robust in the dynamical evolution than that of the monopo
Apart from the filling of the vortex core by the vortex-fre
component, recognizable structures survive around one-
period (t5p/v) of evolution. However, the original state
are noticeably different after about a period of evolutio

@1# J.R. Anglin and W. Ketterle, Nature~London! 416, 211~2002!.
@2# C.M. Savage and J. Ruostekoski, Phys. Rev. Lett.91, 010403

~2003!, and references therein.
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which for our parameters is 2p/v50.1 s. This is likely to be
an upper bound on the time available to experiment w
these structures. Atvt518, approximately three harmoni
oscillator periods, the spin field of the initial monopole h
developed an approximate dipolar structure, Fig. 5. Howe
the spinor is completely different from the dipole of Eq.~7!.
A major difference between the dynamics of the monop
and dipole is that the dipole develops large regions cente
around thez50 plane where the spin magnitudeu^F&u drops
to zero; see Fig. 4.

We have examined the relaxation and dynamics of Di
monopoles and dipoles in trapped ferromagnetic spi
BECs, for realistic parameters of87Rb. There are severa
interesting aspects to be explored further. We have not inv
tigated the dynamical stability of the monopol
antimonopole pair or the effects of rotation. As proposed
Soni @14#, analogous structures, although not energetica
stable in the presence of dissipation, could still be dyna
cally stable in rotating superfluid liquid helium-3. In the a
sence of dissipation, our dynamical evolution also sugge
the dipole spin field to be surprisingly robust. However,
our studies have shown, due to the weak ferromagnetic
ergy of the 87Rb atom, any dynamically stable dipole co
figuration would also include regions of significantly reduc
spin magnitude, presenting a unique and highly nontriv
topological object for further studies.
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