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Kinetics of multiple ionization of rare-gas atoms in a circularly polarized laser field

Alexey S. Kornev,* Elena B. Tulenko,† and Boris A. Zon‡

Department of Physics, Voronezh State University, 394006 Voronezh, Russia
~Received 15 May 2003; revised manuscript received 14 August 2003; published 29 October 2003!

The multielectron tunneling ionization probabilities have been calculated for Ar and Kr atoms in circularly
polarized laser fields with the pulse durations of 50 fs and 5 fs. The channels of sequential, nonsequential
ionization, and ionization with ionic core excitation~inelastic tunneling! have been taken into account. The
calculated results demonstrate that many-body effects in tunneling, connected mostly with ionic core excita-
tion, are very important for creation of Ar41, Ar51, Kr41, and Kr51 ions.
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I. INTRODUCTION

The multielectron ionization of atoms by laser radiati
was first observed by Suran and Zapesochnyi@1# in alkaline-
earth-metal atoms~for review of relevant papers see Re
@2#!. At present such investigations have become one of
basic areas in physics of atom interaction with strong la
radiation@3,4#.

The experimental data for linearly polarized laser fie
conprise the rescattering model@5,6#, in which the multi-
charged ion formation is a result of inelastic collisions
previously emitted electrons with the parental ion~see recent
papers@7,8# and review@9#!. However, it is well known that
rescattaring processes are negligible for laser field with
cular polarization@10–12#. This fact has an evident explana
tion in quantum electrodynamics. Circularly polarized las
beam is a coherent superposition of photons with defi
helicity, e.g.,11. In absorption of every photon the proje
tion of the electron orbital momentum onto the beam pro
gation direction increases by11. Since the tunneling ion
ization according to Keldysh@13# corresponds to absorptio
of a great number of photons, the continuum electron w
have very large orbital momentum projection and henc
large orbital momentum. As a result, the centrifugal rep
sion will not allow the free electron to come close to t
residual ion. Therefore, the interaction of the free elect
with the bound electrons may be neglected.

So, for describing the multicharged ion formation by c
cular polarized laser radiation the theoretical models sho
be used taking into consideration the straightforward ac
of the laser field on atoms. Several theoretical models ba
on direct impact of laser radiation on atomic electrons w
proposed~see, e.g., Refs.@14–23#!, in which the shake-off
model @16# is the most widely known.

At the same time it is known that creation of single
charged ions in a laser field by tunneling is described well
the Ammosov-Delone´-Kra�nov ~ADK ! model @24–26#. In
Ref. @27# the empirical generalization of the ADK equation
was proposed by Eichmannet al. to describe creation o
multicharged ions. The existing theory of the atomic tunn
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ing effect for the case of nonsequential emission of sev
electrons caused by laser radiation was developed by
@28#. Formulas in the theories of Refs.@27# and@28# differ in
a number of significant aspects. For example, theory@28#
contains dependence of residual ion on the charge, whe
in Ref. @27# this parameter is not incorporated in explic
form. However, the formula obtained in Ref.@28# cannot be
applied to experiment directly since along with the dire
N-charged ion formation, there exist numerous cascade c
nels, namely, tunneling ionization accompanied by
atomic core excitation. In Ref.@29# the generalized ADK
model with core excitation for creation of the doubl
charged ions for the atoms with twos electrons in the outer
shell was described. This generalized model is based on
Carlson@30# approach to the one-photon two-electron tra
sitions in atoms. Shake-off model follows from Ref.@29# as
limiting case.

In the present paper the role of core excitation accom
nying the tunneling multicharged ion formation is consider
for an atom withN equivalent electrons in the outer she
Also we present a set of kinetic equations, describing
dynamics of multicharged ion formation as a result of la
pulse impact on gas targets. The equations are derived
solved numerically for ionization of Ar and Kr up to Ar61

and Kr61, respectively. We also take into account the follo
ing channels of ion creation: sequential ionization, non
quential tunneling of several electrons, and ionization w
atomic core excitation. The influence of laser pulse durat
on the yield of multiply charged ions is discussed in deta

II. ADK THEORY

A. Linearly polarized field

The rate of single-electron tunneling with quantum nu
bersnlm is defined by ADK equation@24–26#:

W1lin
(nlm)5

A6p\Z2

a2men
2

Cn l
2 Q2

~2l 11!~ l 1umu!!

2umuumu! ~ l 2umu!!

3S 2Fa

F D 2n2umu23/2

expS 2
2Fa

3F D , ~1!

whereme is electron mass,a5\2/mee
2 is Bohr radius,Z is

residual ion charge,F is amplitude of light wave electric
field,
©2003 The American Physical Society14-1
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Fa5
e

a2 S Z

n D 3

~2!

is electric field of the atomic core,e is absolute value of the
electron charge, andn is effective principal quantum numbe
defined by the binding energy of the emitted electronEnl
according to the following formula:

n5~Z2e2/2aEnl!
1/2. ~3!

ConstantCn l defines the behavior of asymptotic electr
wave function atr→`. In WKB approximation it is given
by the following expression@28#:

Cn l5~2pn!21/2~2/n!nS 12«

11« D ( l 11/2)/2

~12«2!2n/2. ~4!

Here «5( l 11/2)/n corresponds to the eccentricity of th
classical elliptic orbit of the electron. Expression~4! is ob-
tained for«,1. For «.1, WKB approximation appears t
be invalid and numerical methods are required to calcu
constantCn l .

Q in Eq. ~1! is the overlap integral between wave fun
tions of core electrons and their wave functions in init
state of the neutral atom or the parental ion~see Appendix
B!.

The validity of Eq.~1! is restricted to a small value of th
Keldysh parameter@13#

g5
A2meEnl

eF
v!1, ~5!

wherev is the laser field frequency, which corresponds
the tunneling regime, and by small strength of the exter
field as compared to the atomic field:

F!Fa . ~6!

Condition ~6! corresponds to the WKB approximatio
which was used in Refs.@13,24# for the derivation of Eq.~1!.
Note that for highly excited states, such as Rydberg sta
characterized by high values ofn, condition~6! may be re-
placed with a stronger condition due to occurrence of
above-threshold ionization~see Ref.@28# for more details!.

B. Circularly polarized field

The absolute value of electric field is time independen
case of circular polarization. Therefore, in Ref.@25# it was
concluded that in the circularly polarized field the rate
tunneling is the same as in the dc field. This conclusi
however, is not quite correct@31#, since the rate of tunneling
depends on magnetic quantum number of the tunneling e
tron. Then, in the circularly polarized field the projection
electron angular momentum is conserved only in the dir
tion of the light wave propagation, and not in the direction
the electric field. The latter in this case is time dependen

Considering this fact, we should define the electrical fi
of the circularly polarized wave propagating along thez axis.
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In the dipole approximation this field is now determined
the equation

F~ t !5F~excosvt1heysinvt !. ~7!

Here ex,y are unit vectors along respective axes,h561
for the right ~left! circular polarization. The electron-field
interaction may be expressed as

V5e rF5erF sinu cos~w2hvt !, ~8!

whereu,w are the polar and azimuthal angles of the vector.
Then, the unitary transformation of the electron wa

functions is

f5exp~2 ihvtLz!f̃, ~9!

whereLz is the operator ofz projection of the orbital mo-
mentum. Transformation~9! in classical physics correspond
to the transition to the coordinate frame rotating around thz
axis with a frequencyv. This transformation leads to a co
responding transformation of the one-electron Hamiltoni
in accordance with the well-known quantum mechan
equations:

H̃5exp~ ihvtLz!~H01V!exp~2 ihvtLz!2hvLz .
~10!

The last term in Eq.~10! is due to the differentiation of
wave function~9! with time, and corresponds to the know
Larmor theorem assuming that the transition to the nonin
tial rotating coordinate system is equivalent to the magne
field inclusion in an inertial coordinate system.

In the absence of the laser field, the one-electron Ham
tonian H0 commutates withLz . Therefore, it is not trans-
formed by unitary transformation~9!. Calculation of the
transformed expression forV could be easily performed by
using the well-known operator relation

exp~A!exp~B!5exp~A1B1 1
2 @A,B# !,

which is valid, when the commutator of operators@A,B# is c
number. Hence,

Ṽ5exF ~11!

is time independent.
Thus, in the rotating coordinate frame the electrical fie

is directed along thex axis, and the electron wave function
have the definite projection of the angular momentum o
the z axis. Therefore, these functions should be expan
over other functions, for which the projection of the mome
tum onto thex axis is the integral of motion. This expansio
is based on Wigner angular matrices:

f̃nlmz
5(

mx

Dmxmz

l ~0,p/2,0!f̃nlmx
, ~12!

where mx , mz are orbital momentum projections onto r
spective axes.
4-2
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The energy of states~12! depends on the valuemz due to
Larmorian term in Eq.~10!. Since the energy remains un
changed at tunneling, an electron must have the same v
of mz in both initial and final states@44#. Hence, similar to
Eq. ~12! we have to expand functionsfnlmz

over fnlmx
.

Therefore this problem resembles a process of passing o
wave packet through the potential barrier@32#.

The resulting expression connecting the rates of the
neling effect at linear and circular field polarizations is t
following:

W1circ
(nlm)5~pFa/3F !1/2(

m8
uDm8m

l
~0,p/2,0!u4W1lin

(nlm8) ;

~13!

m[mz , m8[mx .
Formula~13! is identical to the one derived in Ref.@25# if

D function is replaced by the Kronecker symboldmm8 in the
right-hand side of Eq.~13!.

III. INELASTIC TUNNELING

The ADK model could be easily modified to allow to tak
into account the possibility of formation of excited atom
after tunneling of one of the electrons. Unlike ion formati
in the ground state, a process like this indeed occurs at m
slower rates. However, with regard to the possibility of su
sequent electron tunneling, a process like this appears t
important for the reaction as a whole@29#. Similar to inelas-
tic scattering, the problem under consideration may
termed ‘‘inelastic tunneling.’’

Let Dk , k51,2, . . . , be the ionexcitation energy. Then
the rate of tunneling ionization with simultaneous ion ex
tation into a statek is defined by the ADK formulas~1! and
~13!, in which

n→nk5@Z2e2/2a~Enl2Dk!#
1/2, Q→Qk , ~14!

whereQk is the overlap integral of the electron wave fun
tion in the initial states of an atom or of an ion with the wa
function in the ionick state.

In expression~14!, the Carlson formula@30#, defining the
one-photon two-electron process, when both electrons
removed or one of them is removed and another one is
cited, is generalized over the case of tunneling ionizati
For Dk!Enl (Enl /e is the corresponding ionization potenti
for an atom or an ion!, nk.n and both formula~14! and
Carlson formula are proceeded assuming the sudden app
mation @33#. This approximation to be used to describe tu
neling effects~shake-up and shake-off processes! was first
proposed in Ref.@16#, and numerical estimation of the give
approximation was made in Ref.@8# for He atom.

IV. MULTIELECTRON TUNNELING

The ADK model could be generalized over the case
nonsequential~for one half cycle of the light field! tunneling
of several equivalent electrons@28#. If Enl

(1)/e,Enl
(2)/e, . . . are

the first, the second, and so on ionization potentials of
atom or an ion, then nonsequentialN electron tunneling is
04341
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defined in the linearly polarized field by the formula

WNlin
(nl$m%)5

A3p\

a2me

M ! ~2l 11!NCn l
2N

2M23/2NM13/2
Q2S Z

n D 3N21

3)
j 51

N
~ l 1umj u!!

~ umj u! !2~ l 2umj u!!
S 2Fa

F D 2N(n21)2M11/2

3expS 2
2NFa

3F D . ~15!

Here

n5~NZ2e2/2aEnl
(N)!1/2 ~16!

is the effective principal quantum number for each of t
tunneling electrons.

Comparison with formula~3! shows that for the one
electron tunneling effectn;(Enl

(1))21/2, for N-electron tun-
neling n;(Enl

(N)/N)21/2. In other words, formula~15! as-
sumes that all tunneling electrons have equal energies in
initial and final states.

Index $m% in Eq. ~15! means the set of magnetic quantu
numbers of tunneling electronsm1 ,m2 , . . . ,mN , so that

M5(
j 51

N

umj u.

The validity of formula~15! is determined by the inequal
ity ~6!, in which the parametern is calculated by Eq.~16!,
and inequality~5! where the one-electron Keldysh parame
is replaced by theN-electron one:

gN5
A2meEnl

(N)/N

eF
v!1.

It is obvious, that forN51 Eq. ~15! turns into Eq.~1!.
The connection between rates ofN-electron tunneling in

linearly and circularly polarized fields is determined by t
formula analogous to Eq.~13!:

WN circ
(nl$m%)5~pFa/3F !1/2 (

m18 ,•••,mN8
uDm

18m1

l
~0,p/2,0! . . .

3Dm
N8 mN

l
~0,p/2,0!u4WNlin

(nl$m8%) . ~17!

Our model will also be valid for the case withN-electron
tunneling when the ion remains in an excited state. Howe
now in Eqs.~15! and~17! parametern shall be obtained with
the following expression instead of Eq.~16!:

n→nk5@NZ2e2/2a~Enl
(N)2Dk!#

1/2. ~18!

V. KINETIC EQUATIONS

The kinetics of multicharged ion formation was consi
ered as multichannel multi-cascaded reactions, incorpora
both single-electron and multielectron cascading transitio
and ionization processes accompanied by excitation
4-3
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atomic and ionic cores. It is essential that the number
cascading channels of the process dramatically rises
function of multiplicity of the output ion. Besides, emitte
electrons may have various values of magnetic quan
numbermq , which, in turn, results in a further increase
the number of various ways for the multiple atomic ioniz
tion process~or, in branching of cascading channels!.

The set of kinetic equations, defining the formation
N-charged ions, in our case looks that in like Refs.@16,19#:

dCf

dt
5 (

f 850

f 21

Wf→ f 8Cf 82 (
f 85 f 11

f tot

Wf 8→ fCf , ~19!

f 50,1, . . . ,f tot ,

C0~ t0!51; Cf~ t0!50.

Here indicesf, f 8 enumerate ionic statesupk(LS)JM&,
where f 50 defines a neutral inert gas atomup6(00)00&; f tot
is the total number of all ionic states involved;Wf 8→ f is the
ionic transition rate from statef 8 to statef in accordance
with the tunneling mechanism; andt0 is the moment of lase
pulse delivery.Cf can be treated as a ratio of thef-type-ion
concentrationnf to the initial concentration of neutral atom
ntot :

Cf5nf /ntot , ntot5(
f 50

f tot

nf .

TABLE I. Ionization and excitation energies of ArX1 and KrX1

ions according to the data published by the NIST.

Energies of ionization~italicized!
Outer and excitation@46# (cm21)

X subshell Ar Kr

0 p6 1S0 0.0 0.0
1 p5 2P3/2 127109.8 112914.4

2P1/2 1431.5831 5370.10
2 p4 3P2 222848.2 196475.4

3P1 1112.175 4548.4
3P0 1570.229 5312.9
1D2 14010.004 14644.3
1S0 33265.724 33079.6

3 p3 4S3/2 328550.0 298020.0
2D3/2 21090.4 17036.8
2D5/2 21219.3 18699.9
2P1/2 34855.5 31055.2
2P3/2 35032.6 33404.9

4 p2 3P0 481400.0 423400.0
3P1 765.23 3742.86
3P2 2028.80 7595.34
1D2 16298.9 19722.93
1S0 37912.0 39203.92

5 p1 2P1/2 606000.0 521800.0
2P3/2 2207.1 8108.0

6 p0 1S0 734000.0 633100.0
04341
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QuantitiesWf 8→ f are calculated using Eq.~15! or ~17!, and
overlap integrals are derived analytically in Appendix B@see
Eq. ~B3!#.

We would like to emphasize that the use of quantit
Wf 8→ f in kinetic equations~19! assumes that the laser puls
contains at least three optical cycles@34#. This condition is
not fully satisfied in the data below for the pulse duration
5 fs in the case of Ti:sapphire laser (l5800 nm). Obtained
results are valid for shorter wavelengths, which satisfy
Keldysh condition~5!.

VI. RESULTS AND DISCUSSION

The current section presents results obtained from the
tegration of the kinetic equations~19!, defining the process
of multicharged Ar- and Kr-ion formation, up to Ar61 and
Kr61. The analysis was performed for circularly polarize
laser field. We deliberately left aside the case of linear po
ization as this type of polarization is likely to be affected
the rescattering processes. The envelope of the laser p
was assumed to be Gaussian:e2t2/2T2

. All rates of cascading
transitions were calculated with Eqs.~15!, ~17!, and ~19! at
the momentt51T @in Eq. ~19! t052T] as a function of the
laser intensityI. In our calculations we have taken into a
count all valid transitions between ionic states as defined
Table I.

In the course of analysis the yield of multiply charge
ions of argon as a function of the laser radiation intensityI is
obtained for a pulse durations of 50 fs and 5 fs, respectiv
Let us introduce the concentration of ionsAX1 in all states:

FIG. 1. Concentration of multiply charged Ar ionsn(ArX1),
defined according to Eq.~20!, up to Ar61, as a function of an
intensity of a circularly polarized laser field for a pulse duration
T550 fs in a spatially uniform laser beam with infinitely larg
focus diameter;ntot is the initial concentration of neutral atoms
Solid lines: all channels involved. Dotted lines: the ‘‘pure’’ ADK
model.

FIG. 2. Populations of ground and excited states of io
Ar21 –Ar41, as a function of the intensity of a circularly polarize
laser field for a pulse duration ofT550 fs.
4-4
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n~AX1!5(
f

nf . ~20!

The yield curves of multiply charged Ar ions, up to Ar61, as
a function of the laser radiation intensity for a pulse durat
of 50 fs are presented in Fig. 1. We compared two group
results obtained in calculations for the yield of multip
charged Ar ions: first, considering all valid channels, d
scribed above, and second, considering only seque
single-electron cascade reactions with inclusion of io
ground states~pure ADK model!. Figure 1 demonstrates tha
results obtained for both models differ significantly, esp
cially for ions Ar21 –Ar51.

The populations of ground and excited states of io
Ar21 –Ar41 are presented in detail in Fig. 2 as a function
intensity. Apparently, the population of ionic excited states
comparable with the population of Ar21 and Ar31 ground
state and is larger than the former for some Ar41 states.
Therefore, the examination of the obtained curves undo
edly demonstrates the necessity of taking into account
excited states of ionic cores~inelastic tunneling! in studies of
tunneling atomic ionization.

However, the obtained results are correct only if the la
beam is spatially uniform and has an infinitely large foc
diameter. Now let us consider a focused beam with
Gaussian intensity distribution over the diameter

I ~r!5I b~z!expF2
2r 2

r b
2~z!

G , ~21!

where

FIG. 3. Spatially averaged integral yield of multiply charged
ions P(ArX1), up to Ar61, in a focused Gaussian beam~21!, as a
function of the absolute intensityI 0 of a circularly polarized laser
field for a pulse duration ofT550 fs. l is the wavelength,r 0 is the
radius of the beam waist,ntot is the initial concentration of neutra
atoms. Solid lines: all channels involved. Dotted lines: the ‘‘pur
ADK model.

FIG. 4. Same as Fig. 1 but for a pulse duration ofT55 fs.
04341
n
of

-
ial
c

-

s
f
s

t-
e

r
s
e

r b~z!5r 0@11~z/z0!2#1/2,

I b~z!5I 0@11~z/z0!2#21,

r 0 is the beam waist radius,I 0 is the intensity of the beam
axis in the waist~the absolute intensity!, z0 is the Rayleigh
range given byz05pr 0

2/l, andl is the laser wavelength. I
we integrateCf(I ) over the beam volume, we will obtain th
following integral spatially averaged ionic yield which
more convenient for comparison with experimental data:

Pf~ I 0!5ntotE Cf@ I ~r !#dr

5
ntot

l
~pr 0

2!2E
0

`

dz~11z2!E
0

I 0 /(11z2)
Cf~ I !

dI

I
,

~22!

wherez5z/z0. Let us also introduce the spatially averag
yield P(AX1) of AX1 ions in all states by analogy of Eq
~20!.

The dependence of the integral ionic yieldP(ArX1) on
the absolute intensityI 0 is presented in Fig. 3. Similar to Fig
1, again the results obtained by considering all poss
channels are compared with those obtained in the pure A
model.

Figures 4–6 present results for argon similar to Figs. 1
but for a pulse duration of 5 fs. The obtained results exp
itly demonstrate the distinct dependence of the yield cur
for multiply charged ion creation on the duration of las
pulse.

Figure 3 demonstrates that curves taking into accoun
possible ionization channels are shifted towards the lo
intensities in comparison with the pure ADK theory. Qua
tatively these results agree with the experimental data

’

FIG. 5. Same as Fig. 2 but for a pulse duration ofT55 fs.

FIG. 6. Same as Fig. 3 but for a pulse duration ofT55 fs.
4-5
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tained by Fittinghoffet al. @16# for Ne21 in a circularly po-
larized laser field withl5614 nm.

In Fig. 7 we present as illustration of spatially averag
yield for Ar21 ions in excited states. In this case the grou
state 3P2 is less populated than the excited state3S2. This
phenomenon can be explained by the difference in ove
integrals~B3! as well as by the relatively low excitation en
ergy ~0.56 eV!.

We also investigated multiple ionization of krypton fo
the pulse duration of 50 fs~see Figs. 8–10!. Results exhibit
similar characteristics of the phenomena. Note that for m
tiple ionization of krypton, the populations reach maxim
and the spatially averaged yield becomes saturated at lo
laser field intensities in comparison with argon.

Our numerical calculations demonstrate that the contri
tion of nonsequential multiple ionization~NSMI! during a
single optical half cycledetermined by Eqs.~15! and ~17!
does not exceed 0.1% in any of the cases that we have
sidered. However, for a single optical half cycle, the multip
ionization cannot be obtained experimentally. Therefore,
final conclusion with regard to contribution of the NSMI ca
be made no sooner than the agreement on the term ‘‘NS
is reached between theorists and experimentalists.

Recent paper by Becker and Faisal@8# presents a theoret
ical investigation of double ionization of He atoms pe
formed within theS-matrix theory and proposes correlate

FIG. 7. Spatially averaged integral yield of Ar21 ions in excited
statesP(Ar21* ) in a focused Gaussian beam~21!, as a function of
the absolute intensityI 0 of a circularly polarized laser field for a
pulse duration ofT550 fs. All notations are same as in Fig. 3.

FIG. 8. Same as Fig. 1 but for Kr ions.
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d
d

p

l-

er

-

n-

e

I’’

energy sharing mechanism to explain experimental d
However, our results are hardly comparable with those
tained in Ref.@8# since both are presented numerically a
correspond to different~i! atoms;~ii ! intensities;~iii ! polar-
izations. The latter is the most significant.

Guo et al. @35# experimentally investigated tunneling fo
mation of Ar1 and Ar21 ions for the case of circularly po
larized field of Ti:sapphire laser and pulse duration of 30
The intensity-selected scanning~ISS! method@36–39# was
used. In this method created ions are extracted throug
pinhole from a small part of the focal volume lying besid
the focal vicinity, not from the entire focal volume. In th
case the number of detected ions cannot be obtained by
eraging over the focal volume as is required by Eq.~22!. In
particular, in the ISS method, ionic yield does not follow t
usualI 0

3/2 dependence in the region of saturation@40#. Unfor-
tunately, there is not a simple relation betweenCf(I ) and the
number of ions extracted by the ISS method, while an
ample of this relation is presented in Ref.@38#.

Experimental curves obtained with the ISS method
Ar1 ions are reproduced by the ADK formulas averaged
the ISS method only in the region of saturation. At the sa
time, far away from saturation, these experimental curves
higher than what the ADK model. Since our results f
single-charged ions are close to the ADK theory, the co
parison with the experimental data obtained in Ref.@35# with
the ISS method is not possible at present. Let us recall
the experimental data obtained by extracting Ar1 ions from
the entire focal volume agree with the ADK theory very we
~see, e.g., Ref.@41#!.

VII. SUMMARY

The results we have just dicussed show the significanc
the inelastic tunneling effect in formation of multipl
charged ions. It should be of interest to verify the obtain
data in experiment.

FIG. 9. Same as Fig. 2 but for Kr ions.

FIG. 10. Same as Fig. 3 but for Kr ions.
4-6
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Experimental observation of multiply charged ions in e
cited states should also be interesting since it may clarify
significance of inelastic tunneling. Such an experiment
be performed, for instance, using the probe radiation met
@42#.

The large contribution of inelastic tunneling to the mul
electron Ar and Kr ionization is due to low excitation ener
(Dk&4 eV) of their ions. The influence of inelastic tunne
ing is decreased with the ion excitation energy, as it ta
place for He (Dk;40 eV). In this case other many-partic
effects~e.g., the correlated energy sharing mechanism fr
Ref. @8#! may be of greater significance.
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APPENDIX A: ATOMIC AND IONIC WAVE FUNCTIONS

Considering the ionization of inert gas atoms with ap6

outer shell, we should take into consideration that for all
these atoms and their ions, up to five fold charged ones,
LS coupling occurs. Letrq be theq’s electron radius vector
jq5(rqsq) the set of its spatial and spin coordinates;J, MJ
the total momentum of an atom or an ion and the project
onto the allocated direction, respectively~in this case along
the direction of the electrical field of the light wave,J5L
1S, whereL, S are total orbital momentum and spin!.

The wave function of five fold charged ion in thep1 state
is

FJMJ
~j;L51,S51/2!5Rnp~r !(

mm
C1m1/2m

JMJ Y1m~ r̂!xm~s!.

~A1!

HereRnp is the radial wave function,n is the principal quan-
tum number,x is the spin function, and the other design
tions are standard.

For thep2 state

FJMJ
~j1 ,j2 ;LS!5 (

MLMS
(

m1m2
(

m1m2

CLMLSMS

JMJ C1m11m2

LML

3C1/2m11/2m2

SMS )
q51

2

Rnp~r q!Y1mq
~ r̂q!

3xmq
~sq!, ~A2!

here, as known, allowed levels are

$JLS%5$000%,$220%,$011%,$111%,$211%. ~A3!

For thep3 state
04341
-
e
n
d

s

m

on

f
he

n

-

FJMJ
~j1 ,j2 ,j3 ;LS!

5 (
L8S8

(
MLMS

(
all mm

^p2~L8S8!pup3LS&CLMLSMS

JMJ

3C1m11m2

L8ML8 C1/2m11/2m2

S8MS8 C
L8ML81m3

LML C
S8MS81/2m3

SMS

3 )
q51

3

Rnp~r q!Y1mq
~ r̂q!xmq

~sq!, ~A4!

where^p2(L8S8)pup3LS& is the coefficient of fractional par
entage@43#. Here, the allowed levels are

$JLS%5H 3

2
0

3

2J , H 1

2
1

1

2J , H 3

2
1

1

2J , H 3

2
2

1

2J , H 5

2
2

1

2J .

For thep4 state

FJMJ
~j1 ,j2 ,j3 ,j4 ;LS!

5 (
L8S8

(
L9S9

(
MLMS

(
all mm

^p2~L9S9!pup3L8S8&

3^p3~L8S8!pup4LS&CLMLSMS

JMJ C1m11m2

L9ML9 C1/2m11/2m2

S9MS9

3C
L9ML91m3

L8ML8 C
S9MS91/2m3

S8MS8 C
L8ML81m4

LML C
S8MS81/2m4

SMS

3 )
q51

4

Rnp~r q!Y1mq
~ r̂q!xmq

~sq!, ~A5!

and the same levels are allowed, Eq.~A3!.
For thep5 state

FJMJ
~j1 ,j2 ,j3 ,j4 ,j5 ;LS!

5 (
L8S8

(
L9S9

(
L-S-

(
MLMS

(
all mm

^p2~L-S-!pup3L9S9&

3^p3~L9S9!pup4L8S8&^p4~L8S8!pup5LS&

3CLMLSMS

JMJ C1m11m2

L-ML- C1/2m11/2m2

S-MS- C
L-ML-1m3

L9ML9

3C
S-MS-1/2m3

S9MS9 C
L9ML91m4

L8ML8 C
S9MS91/2m4

S8MS8 C
L8ML81m5

LML

3C
S8MS81/2m5

SMS )
q51

5

Rnp~r q!Y1mq
~ r̂q!xmq

~sq!.

~A6!

Similar to thep1 state, here the allowed levels are

$JLS%5H 1

2
1

1

2J , H 3

2
1

1

2J . ~A7!

Eventually, for the completely filledp6 subshell,
4-7
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F00~j1 ,j2 ,j3 ,j4 ,j5 ,j6 ;00!

5 (
L8S8

(
L9S9

(
L-S-

(
all mm

~21!m51m52m62m6

A~2L811!~2S811!

3^p2~L-S-!pup3L9S9&^p3~L9S9!pup4L8S8&

3^p4~L8S8!pup51,1/2&C1m11m2

L-ML- C1/2m11/2m2

S-MS- C
L-ML-1m3

L9ML9

3C
S-MS-1/2m3

S9MS9 C
L9ML91m4

L8ML8 C
S9MS91/2m4

S8MS8 C1m51m6

L8ML8

3C1/2m51/2m6

S8MS8 )
q51

6

Rnp~r q!Y1mq
~ r̂q!xmq

~sq!. ~A8!

We are taking into account that^p5(1,1/2)pup600&51.

APPENDIX B: OVERLAP INTEGRALS

The many-particle structure of atomic or ionic wave fun
tions is revealed in rates for tunneling through overlap in
gralsQ.

Let us introduce the notation̂j (k)upkJM(LS)& for the
state of an atom~or an ion! with k outer equivalentp elec-
trons with total momentumJ, its projectionM, and interme-
diate orbital and spin momentaL and S, respectively. The
designationjk is used for the set of all spin-spatial variable

j (k)[r1 ,s1 ; . . . ;r k ,sk .

For a givenk, these states are orthogonal and normalized
the unity:

^pkJ8M 8~L8S8!upkJM~LS!&5dJ8JdM8MdL8LdS8S .
~B1!

To obtain angular overlap integralsQ for an N-electron
tunneling transition from the initial stateupkJiM i(LiSi)&
with k electrons to the final stateupk2NJfM f(L fSf)& with k
2N electrons we neglect the variation of the wave functio
of the completely filled internal shells@45#.

Now, expressions~A1!–~A8! should be combined into a
single expression suitable for arbitraryk andN:

^j (k)upkJiM i~LiSi !&

5 (
Jf M fL fSf

(
all mm

^j (k2N)upk2NJfM f~L fSf !&

3Qm1m1 , . . . ,mNmN

[kN;Jf M f (L fSf ),Ji Mi (LiSi )] )
q51

N

Y1 mq
~ r̂q!xmq

~sq!.

~B2!
s

04341
-
-

:

to

s

Expression~B2! is an expansion of initial ionic state
^j (k)upkJiM i(LiSi)& over a basis of final state
^j (k2N)upk2NJfM f(L fSf)& combined with angular wave
functions of emitted electrons. Its coefficien
Qm1m1 , . . . ,mNmN

[kN;Jf M f (L fSf ),Ji Mi (LiSi )] turn out to be the desired overla

integrals. They are expressed in terms of the coefficien
fractional parentage and the Clebsch-Gordan coefficients

Qm1m1 , . . . ,mNmN

[kN;Jf M f (L fSf ),Ji Mi (LiSi )]

5 (
L1 , . . . ,LN21

(
S1 , . . . ,SN21

^pk2N11~LN21SN21!pu

3upk2N12~LN22SN22!& . . . ^pk21~L1S1!pu

3pk~LiSi !& (
MLi

MSi

(
ML f

MSf

CL f ML f
Sf MSf

Jf M f CLi MLi
Si MSi

Ji M i

3 (
all m

(
ML1

, . . . ,MLN21

C
L1ML1

1m1

Li MLi C
L2ML2

1m2

L1ML1
•••

3•••C
LNMLN

1mN

LN21MLN21(
all m

(
MS1

, . . . ,MSN21

C
S1MS1

1/2m1

Si MSi

3C
S2MS2

1/2m2

S1MS1
•••C

SNMSN
1/2mN

SN21MSN21 . ~B3!

Quantities~B3! have the following properties.
~1! According to the Pauli principle, after permutation

any pairs of indicesmm,

Qm1m1 , . . . ,mrmr , . . . ,msms , . . . ,mNmN

[kN;Jf M f (L fSf ),Ji Mi (LiSi )]

52Qm1m1 , . . . ,msms , . . . ,mrmr , . . . ,mNmN

[kN;Jf M f (L fSf ),Ji Mi (LiSi )] . ~B4!

~2! The following summation rule is satisfied due to th
orthogonality condition~B1!:

(
Jf M fL fSf

(
all mm

@Qm1m1 , . . . ,mNmN

[kN;Jf M f (L fSf ),Ji Mi (LiSi )] #251. ~B5!

Sets of quantities~B3! may be tabulated with any com
puter algebra system. Properties~B4! and~B5! may be used
to verify results.
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