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Spin virial theorem in the time-dependent density-functional theory
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The spin virial theorem is derived in the time-dependent density-functional theory. It establishes a relation-
ship between the differences of kinetic and potential energies and the currents. It provides a way of checking
accuracy of approximations.
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I. INTRODUCTION

Exact relations and theorems play a very important role
the density-functional theory@1,2# as they proved to be use
ful in improving the accuracy of approximate energy fun
tionals. Recently, the time-dependent density-functio
theory @3,4# has become a very active research area an
couple of papers have already addressed the problem o
riving new exact theorems in the time-dependent theory.
example, the time-dependent virial theorem@5–7# and hier-
archy of equations@8# have been presented.

In this paper the spin virial theorem is generalized
time-dependent systems. The time-independent version
derived several years ago@9#. In the following section the
theorem is derived in the Kohn-Sham system. Section
presents the theorem in the real system. The form of
theorem valid in the presence of time-dependent magn
field is discussed in Sec. IV.

II. DERIVATION IN THE KOHN-SHAM SYSTEM

The time derivative of an operatorÂ is given by

d

dt
^Â&5K ]Â

]t L 1 i ^@Ĥ,Â#&. ~1!

Let Ĥ be the Kohn-Sham one-electron HamiltonianĥKS , Â
5 1

2 (r•p1p•r ) and the average is done with the Kohn-Sha
spin orbitaluks,

1

2

d

dt
^~r•p1p•r !&ks52Tks

s 2^r•“vss&ks , ~2!

where

Tks
s 52

1

2E uks* ¹2uks ~3!

is the noninteracting kinetic energy for the spin orbitaluks .
vss is the Kohn-Sham potential for spins. Taking into ac-
count the definition of the current density corresponding
the spin orbitaluks ~in atomic units!,

j ks5
1

2i
~uks* “uks2uks“uks* !, ~4!

we can immediately notice that
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d

dt
^~r•p1p•r !&ks5

d

dt
^r• j s&ks . ~5!

From Eqs.~2! and ~5! we are led to the virial theorem cor
responding to the spin orbitaluks :

d

dt
^r• j s&ks52Tks

s 2^r•“vss&ks . ~6!

A summation for the orbitals with the same spin results i

d

dt
^r• j s&s52Ts

s 2^r•“vss&s . ~7!

Adding Eq.~7! for spin up and down we obtain the custom
ary virial theorem

d

dt
^r• j s&52Ts2(

s
^r•“vss&s . ~8!

The difference for spin up and down yields the spin vir
theorem

d

dt
^r•~ j s↑2 j s↓!&52~T↑

s2T↓
s!2^r•“vs↑&1^r•“vs↓&.

~9!

For the time-independent case the left-hand side of Eq.~9! is
zero and the time-independent form of the spin virial the
rem results in Ref.@10#.

Another form of the spin virial theorem can be obtain
by substituting the Kohn-Sham potential

vss5vs1vJ1vxcs ~10!

into Eq. ~9!, wherevs is the time-dependent external pote
tial, vxcs is the exchange-correlation potential, and

vJ~r ,t !5E %~r 8,t !

ur2r 8u
dr 8 ~11!

is the classical Coulomb potential. Then the spin virial the
rem takes the form

d

dt
^r•D j s&52DTs1DV, ~12!

where
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DTs5Ts
↑2Ts

↓ ~13!

and

DV5V↑2V↓5Dw1Dy1q↑↓1Dx. ~14!

The first term in the right-hand side of Eq.~14! comes from
the virial of the external potential

Dw5w↑2w↓ , ~15!

ws52^r•“vs&s . ~16!

The second term gives the difference of the electron-elec
repulsion energies of electrons with spin up and down:

Dy5y↑↑2y↓↓ , ~17!

y↑↑5
1

2E %↑~r1!%↑~r2!

ur12r2u
dr1dr2 , ~18!

y↓↓5
1

2E %↓~r1!%↓~r2!

ur12r2u
dr1dr2 . ~19!

q↑↓ stands for a replusion term filtered with the factor (r 1
2

2r 2
2)/ur12r2u2:

q↑↓5E %↑~r1!%↓~r2!

ur12r2u3
~r 1

22r 2
2!dr1dr2 . ~20!

The difference between the exchange-correlation vir
gives the last term in Eq.~14!:

Dx5x↑2x↓ , ~21!

xs52E %sr•“vxcsdr . ~22!

In an atom or molecule the external potentialvs can be
separated as

vs~r ,t !5vne~r !1 ṽs~r ,t !, ~23!

wherevne(r ) is the static electron-nucleon potential

vne~r !52(
p

Zp

ur2Rpu
~24!

and the second termṽs is the time-dependent part. In th
case we obtain for the virial of the external potential

ws5E %sS vne2(
p

Rp•“p

Zp

ur2Rpu
dr D 1^r•“ ṽs&s .

~25!

Another form of the spin virial theorem can be derived
writing the time-dependent total energy as

E~ t !5(
s

Es~ t !, ~26!
04250
n
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where

Es~ t !5Ts
s ~ t !1Js~ t !1E %svsdr1Excs~ t !, ~27!

Js~ t !5
1

2E %svJdr ~28!

is the classical Coulomb energy andExcs is the exchange-
correlation energy for electrons with spins. In complete
analogy with the time-independent density functional the
the exchange-correlation energy functional is defined by
~27!. Writing the total energy as

Es~ t !5Ts~ t !1E %svsdr1Ees
s ~ t !, ~29!

whereTs andEes
s are the interacting kinetic energy and th

Coulomb energy of electrons with spins, respectively, the
exchange-correlation energy can be expressed with the t
dependent first- and second-order density matricesgs ,gs

s ,
Gss as

Excs~ t !5Ts~ t !2Ts
s ~ t !1Ees

s ~ t !2Js~ t !, ~30!

Ts~ t !52
1

2E ¹1
2gs~r1 ,r18 ;t !ur

185r1
dr1 , ~31!

Ts
s ~ t !52

1

2E ¹1
2gs

s ~r1 ,r18 ;t !ur
185r1

dr1 , ~32!

and

Ees
s ~ t !5E Gss~r1 ,r2 ;t !1Gss8~r1 ,r2 ;t !

r 12
dr1dr2 . ~33!

This is, of course, a very formal expression for the tim
dependent exchange-correlation energy. In the dens
functional theory the exchange-correlation energy is given
a functional of the density or the orbitals.

Using the total energy difference

DE5E↑2E↓ , ~34!

the spin virial theorem can be given by

DE1DTs5DExc2q↑↓2Dx1E ~%↑v↑2%↓v↓!dr2Dw

1
d

dt
^r•D j s&. ~35!

This form of the theorem connects the total and kinetic
ergy differences. While the previous form of the spin viri
theorem@Eq. ~9!# gives a method to check the accuracy
the potentials, expression~35! provides a way to judge the
energy functionals. In an atom or molecule it can also
written as
3-2
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DE1DTs5DExc2q↑↓2Dx1E ~%↑ṽ↑2%↓ṽ↓!dr

1E Q(
p

Rp•“p

Zp

ur2Rpu
dr2E ~%↑r•“ ṽ↑

2%↓r•“ ṽ↓!dr1
d

dt
^r•D j s&, ~36!

where

Q~r !5%↑~r !2%↓~r ! ~37!

is the ~spin! magnetization density.

III. DERIVATION IN THE REAL SYSTEM

Let us now turn to the real, interacting system and cal
late again the time derivative of the operatorÂ with the
Hamiltonian of the real system

Ĥ5T̂1V̂ee1V̂, ~38!

where T̂, V̂ee, and V̂ are the kinetic, the electron-electro
repulsion, and the external potential operators, respectiv
After some algebra we obtain

1

2

d

dt
^~r•p1p•r !&s52Ts1Ṽee

s 2^r•“vs&s , ~39!

where

Ṽee
↑ 52K (

j 51

N↑

(
l 51

N r j•~r j2r l !

r j l
3 L ~40!

and a similar equation stands for electrons with spin do
Eq. ~39! can also be written as

d

dt
^r• j &s52Ts1Vee

s 2^r•“vs&s . ~41!

The difference for spin up and down yields the spin vir
theorem

d

dt
^r•D j &52DT1DU, ~42!

where the first term in the right-hand side of Eq.~42! is the
kinetic energy difference of electrons with spin up and do

DT5T↑2T↓ . ~43!

The second term can be written as

DU5DW1DY1Dw, ~44!

whereWss denotes the Coulomb interaction energy betwe
electrons with spins:

DW5W↑↑2W↓↓ , ~45!
04250
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Wss5
1

2 K (
j 51

Ns

(
l 51

Ns 1

r j l
L , ~46!

DY5Y↑↓2Y↓↑ ~47!

gives the difference of electronic repulsion between electr
with different spin

Y↑↓5
1

2 K (
j 51

N↑

(
l 51

N↓ r j
22r l

2

r j l
3 L , ~48!

Y↓↑5
1

2 K (
j 51

N↓

(
l 51

N↑ r j
22r l

2

r j l
3 L . ~49!

Dw is the energy difference arriving from the external p
tential @Eq. ~16!#.

In an atom or molecule, relation~23! can also be used an
DU can be written as

DU5DW1DY1Dw̃2E Q(
p

Rp•“p

Zp

ur2Rpu
dr ,

~50!

w̃s5^rs•“ ṽs&s . ~51!

The spin virial theorem of Eq.~42! is the time-dependen
generalization of the theorem derived by Ishiara@10#. For
stationary case we get back the spin virial theorem of Ishia

IV. THE TIME-DEPENDENT SPIN VIRIAL THEOREM
IN THE PRESENCE OF MAGNETIC FIELD

In the presence of a magnetic field ofz direction b(r ,t)
the Kohn-Sham potentials have the form

vss~r ,t !5vs~r ,t !1vJ~r ,t !1vxcs~r ,t !1vbs~r ,t !,
~52!

where

vb↑5bb~r ,t !, ~53!

vb↓52bb~r ,t !, ~54!

andb is the Bohr magneton. Substituting Eq.~52! into Eq.
~9! we arrive at the spin virial theorem

d

dt
^r•D j s&52DTs1DV1B, ~55!

where the additional termB,

B5bE %~r ,t !r•“b~r ,t !dr , ~56!

is the virial of the magnetic fieldb(r ,t). In case of constan
field B disappears.

In the total energy expression~26!, Es now has the form
3-3



o

ms
g the

the

the

nts

ame
ved

ent
of

up
sed
her
dy-
ory
l
in

ary
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Es~ t !5Ts
s ~ t !1Js~ t !1E %svsdr1Excs1Ebs , ~57!

where the new terms are

Eb↑5bE %↑~r ,t !b~r ,t !dr ~58!

and

Eb↓5bE %↓~r ,t !b~r ,t !dr . ~59!

The new form of the spin virial theorem is

DE1DTs5DExc2q↑↓2Dx1E ~%↑v↑2%↓v↓!dr2Dw

1
d

dt
^r•D j &2DEb1B, ~60!

where

DEb5Eb↑2Eb↓5bE %~r ,t !b~r ,t !dr . ~61!

V. DISCUSSION

Equation~8! has been derived in Ref.@5# in the form

1

2

d

dt
^~r•p1p•r !&52Ts2^r•“vs&. ~62!

Equation~8! can be written in this case as

1

2

d

dt
^~r•p1p•r !&52Ts2(

s
^r•“vss&s . ~63!

The corresponding relation in the real system can be
tained by adding Eq.~39! for spin up and down,

1

2

d

dt
^~r•p1p•r !&52T1Ṽee2(

s
^r•“vs&s , ~64!

It was shown in Ref.@5# that the left-hand side of Eqs.~63!
and ~64! is equal. It follows from the fact that

d

dt
^r 2&5^~r•p1p•r !& ~65!
s

t

04250
b-

and^r 2& is the same for the Kohn-Sham and the real syste
because the density is same in both the systems. Equatin
right-hand side of Eqs.~63! and~64! leads to the usual form
of the virial theorem. Another consequence of Eq.~65! is the
relation

d

dt
^r• j s&5

d

dt
^r• j &. ~66!

It is an unsolved question whether the Kohn-Sham and
true currents are equal. In a recent paper@11# it is empha-
sized that they are not necessarily equal. Defining
exchange-correlation part of the current by

j5 j s1 j xc , ~67!

it follows from the continuity equation that

“ j xc5“ j2“ j s50. ~68!

For a finite system in which the densities and the curre
vanish at infinity, the continuity equation leads to

E j xc50, ~69!

that is, the Kohn-Sham and the true systems have the s
momentum. For specific systems further relations are deri
in Ref. @11#. It was conjectured@12# that j5 j s and j xc50
hold in general. Equation~66! would be in accordance with
it, but the question still remains open.

The spin virial theorem derived here for time-depend
systems is significant from conceptual and practical points
view. As it gives a relation between the difference of spin
and down kinetic and potential energy terms, it can be u
to check the accuracy of approximations. It can be rat
important as there is a growing interest in studying spin
namics within the time-dependent density-functional the
@13#. As this theorem is independent from the ‘‘usual’’ viria
theorem it provides a way of judging accuracy. The sp
virial theorem is a theorem of quantum mechanics. Contr
to the virial theorem it has no classical counterpart.

ACKNOWLEDGMENTS

Grants from OTKA~Grant No. T 042505! and from FKFP
~Grant No. 0498/2000! are gratefully acknowledged.
u-
@1# P. Hohenberg and W. Kohn, Phys. Rev.136, B864 ~1964!.
@2# R.G. Parr and W. Yang,Density-Functional Theory of Atom

and Molecules~Oxford University Press, New York, 1989!; Á.
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