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Spin virial theorem in the time-dependent density-functional theory
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The spin virial theorem is derived in the time-dependent density-functional theory. It establishes a relation-
ship between the differences of kinetic and potential energies and the currents. It provides a way of checking
accuracy of approximations.
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. INTRODUCTION 1d d
Ea<(r'p+p'r)>k0':a<r'js>k0" (5)
Exact relations and theorems play a very important role in
the density-functional theorj1,2] as they proved to be use- From Egs.(2) and (5) we are led to the virial theorem cor-
ful in improving the accuracy of approximate energy func-responding to the spin orbital,, :
tionals. Recently, the time-dependent density-functional
theory [3,4] has become a very active research area and a d s
couple of papers have already addressed the problem of de- E“ Jshka™=2Te = (1 Vuse)io - 6)
riving new exact theorems in the time-dependent theory. For
example, the time-dependent virial theorga-7] and hier- A summation for the orbitals with the same spin results in
archy of equation$8] have been presented.
In this paper the spin virial theorem is generalized to E(r-j bo=2TS—(r-Vug,) @)
time-dependent systems. The time-independent version was dt %7 v sola:
derived several years ad8]. In the following section the ) _ _
theorem is derived in the Kohn-Sham system. Section [1Adding Eq.(7) for spin up and down we obtain the custom-
presents the theorem in the real system. The form of th@'y virial theorem
theorem valid in the presence of time-dependent magnetic

Lo . d .
field is discussed in Sec. IV. a<r.JS>=2T5—§ (r-Vug,)o,. (8)

Il. DERIVATION IN THE KOHN-SHAM SYSTEM The difference for spin up and down yields the spin virial

The time derivative of an operatér is given by theorem

d
&(r'(JST_JSL»:Z(T?_TT)_“'VUsT>+<r'VUsl>-

9
Let H be the Kohn-Sham one-electron Hamiltoniaps, A For the time-independent case the left-hand side of ®ds
=3(r-p+p-r) and the average is done with the Kohn-Shamzero and the time-independent form of the spin virial theo-
spin orbitalu,, rem results in Ref[10].

Another form of the spin virial theorem can be obtained
@) by substituting the Kohn-Sham potential

d . oA\
G =\ o) TIIHAD. 1)

1d
E &((r ptp- r)>k0': 2Tﬁa_<r'vvsa>k0'1

USUZUG+UJ+UXC0' (10)
where
into Eq.(9), wherev, is the time-dependent external poten-
s 1 5 tial, v, IS the exchange-correlation potential, and
Tk0: - Ef U:UV Uks (3)
t)= Q(r,’t)d ' (12)
is the noninteracting kinetic energy for the spin orbiig]. . vy(r. )= Ir—r'| r

v, IS the Kohn-Sham potential for spin. Taking into ac-
count the definition of the current density corresponding tds the classical Coulomb potential. Then the spin virial theo-

the spin orbitalu,, (in atomic units, rem takes the form

o1 d

]kozz(uzovuko_uk(rvu’kc(rL (4) a(r'AjS>:2ATS+AV, (12)
we can immediately notice that where
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AT=T.-TL (13)  Wwhere
and
E,(0=T50+3,(0+ [ 2,0, dr+Exe (), @D
The first term in the right-hand side of E{.4) comes from J ()= Ef 0,v,dr (28)
the virial of the external potential 7 2) =7
Aw=w;—w/, (15  is the classical Coulomb energy afy, is the exchange-
correlation energy for electrons with spin. In complete
W,=—(r-Voug),. (16) analogy with the time-independent density functional theory

) , the exchange-correlation energy functional is defined by Eg.
The second term gives the difference of the electron—electr0(27)_ Writing the total energy as

repulsion energies of electrons with spin up and down:

Ay:y”—yu, (17) Ea—(t):To(t)+f Qovgdr+EgS(t), (29
1 r r
yﬂzij %drldrz, (18)  whereT, andEZ, are the interacting kinetic energy and the
f1=r2 Coulomb energy of electrons with spin, respectively, the
1 (r) () exchange-correlation energy can be expressed with the time-
yli:if wdrldrz- (190  dependent first- and second-order density matrigesy; ,
ry—ryl r,,as
quzstands fozr- a replusion term filtered with the factoﬁ( Epeo() =T () = TS+ EZ(t) = I (1), (30)
—r)l[r—ryl*:
ei(rye (ra) T (t)= 1fV2 o d 31
qu:f "1 132 (ri_rg)drldrz. (20) 0'( )_ 2 lyu(rl!rll )|r£:rl 1, ( )
[ri—rol
. . L. 1
The difference between the exchange-correlation virials TS(t)=— EJ Vfﬁ(rl,ri?t)hfrldrl, (32
gives the last term in Eq14):
AX=X;—X|, (21 and
Iyo(rg,rot)+T o or(rq,ro;t)
er:_f Q(rr'VUXC(rdr' (22) Egs(t):J w2 r w2 drler' (33)
12
In an atom or molecule the external potentig) can be This is, of course, a very formal expression for the time-
separated as dependent exchange-correlation energy. In the density-
~ functional theory the exchange-correlation energy is given as
V(I 1) =vne(r) +u,(r,t), (23)  a functional of the density or the orbitals.

. . ) Using the total energy difference
wherev,(r) is the static electron-nucleon potential

. AE=E;—E|, (34)
_ p
o)== 2 g (24

the spin virial theorem can be given by

and the second term,, is the time-dependent part. In this
case we obtain for the virial of the external potential AEJFATS:AEXC_QN_AXJFJ (Qvy—e v )dr—Aw

WU:J QO’
o . This form of the theorem connects the total and kinetic en-
Another form of the spin virial theorem can be derived by ergy differences. While the previous form of the spin virial

z ~ d .
vne—% Rp~Vpﬁdr +(r-Vu,),- +a<r~AJS>. (35
(25)

writing the time-dependent total energy as theorem[Eq. (9)] gives a method to check the accuracy of
the potentials, expressidi35) provides a way to judge the
E(t)=2 E (1), (26) energy functionals. In an atom or molecule it can also be
o written as
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N
~ ~ U' o 1
fQZ Ry vpI f(QTr Vo, AY=Y, =Y (47)
d gives the difference of electronic repulsion between electrons
—or-Vo)dr+ Fe(r-Ads). (36)  Wwith different spin
Ny N2 2
1/ re—r
where Y == > > - 3 L), (48)
2\ 311> r
Q(r)=g(r)—g(r) (37)
N N 2 2
is the (spin) magnetization density. Y”=1 \ S rj_Srl . (49)
ANE N r

Ill. DERIVATION IN THE REAL SYSTEM

Aw is the energy difference arriving from the external po-
Let us now turn to the real, interacting system and calCutentjal [Eq. (16)].

late again the time derivative of the operaerIth the In an atom or molecule, relatidi23) can also be used and
Hamiltonian of the real system AU can be written as
H=T+Vet+V, 38 ~ z
ee 39 AuzAw+AY+Aw—f Q> Rp-vpﬁdr,
A A ~ P -
whereT, V.., andV are the kinetic, the electron-electron P (50)
repulsion, and the external potential operators, respectively.
After some algebra we obtain W,=(r,-Vo,),. (51)
1d The spin virial theorem of Eq42) is the time-d dent
n 2T, +Vo,—(r-V (39 pin vi (42 is the time-dependen
2 dt<(r PFp1)o= (Vo). (39 generalization of the theorem derived by Ishiatd]. For

N stationary case we get back the spin virial theorem of Ishiara.
where

N IV. THE TIME-DEPENDENT SPIN VIRIAL THEOREM
< 2 E r')> (40) IN THE PRESENCE OF MAGNETIC FIELD
=1l1= r
jl

In the presence of a magnetic field oflirectionb(r,t)

and a similar equation stands for electrons with spin downthe Kohn-Sham potentials have the form

Eq. (39 can also be written as Ve (1) =0 (1) + 0510+ Ve (1) + 01 1),

d . (52
&(r'J>U:2T0+Vee_<r'vva>o‘- (41) where
The difference for spin up and down yields the spin virial vy = Bb(r,1), (53
theorem
g vp,=—Bb(r,1), (54)
—(r-Aj)=2AT+AU, 42 . - :
dt<r B 42 and B is the Bohr magneton. Substituting E&2) into Eq.

) ) ) ) ) (9) we arrive at the spin virial theorem
where the first term in the right-hand side of E42) is the

kinetic energy difference of electrons with spin up and down d
E(r-Ajs>=2ATS+AV+B, (55

The second term can be written as where the additional terrs,

AU=AW+AY+Aw, (44) B:’B)J o(r,t)r-Vb(r,t)dr, (56)
whereW,, denotes the Coulomb interaction energy between
electrons with spirv: is the virial of the magnetic fielth(r,t). In case of constant
field B disappears.
AW=W,;,-W,, (45) In the total energy expressid@6), E, now has the form
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Eo’(t) :Ttsr(t) +‘]0'(t) + f Qa’va'dr + EXC(T+ Ebo’ ’ (57)
where the new terms are

Em:ﬁf o(r,t)b(r,t)dr (58)

and
Ebfﬁf o (r,t)b(r,t)dr. (59

The new form of the spin virial theorem is

d
+a<r~Aj>—AEb+B, (60)

where

AEb:EbT_EbL:Bf o(r,t)b(r,t)dr. (61

V. DISCUSSION
Equation(8) has been derived in Ref5] in the form

1d
5 5 ((r-p+p-1))=2T—(r-Vuy). (62)

2 dt

Equation(8) can be written in this case as

1d .
3 gt{(pHPN)=2T= 2 (r-Vug,),. (63
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and(r?) is the same for the Kohn-Sham and the real systems
because the density is same in both the systems. Equating the
right-hand side of Eq¥63) and(64) leads to the usual form

of the virial theorem. Another consequence of E&§) is the
relation

d  d
gilrio=g(r-i- (66)

It is an unsolved question whether the Kohn-Sham and the
true currents are equal. In a recent pajiel] it is empha-

sized that they are not necessarily equal. Defining the
exchange-correlation part of the current by

J=Jstixes (67)
it follows from the continuity equation that
Vixe=Vj=Vjs=0. (68)

For a finite system in which the densities and the currents
vanish at infinity, the continuity equation leads to

f xc=0,

that is, the Kohn-Sham and the true systems have the same
momentum. For specific systems further relations are derived
in Ref. [11]. It was conjectured12] thatj=js andj,,=0

hold in general. Equatiof66) would be in accordance with

it, but the question still remains open.

The spin virial theorem derived here for time-dependent
systems is significant from conceptual and practical points of
view. As it gives a relation between the difference of spin up
and down kinetic and potential energy terms, it can be used
to check the accuracy of approximations. It can be rather

(69

The corresponding relation in the real system can be obinportant as there is a growing interest in studying spin dy-

tained by adding Eq.39) for spin up and down,
1d -
5 &((r PHP-r))=2T+Vee— E (r'Vug),, (64

It was shown in Ref[5] that the left-hand side of Eq&63)
and(64) is equal. It follows from the fact that

d 2\
i =(r-p+p-) (65

namics within the time-dependent density-functional theory
[13]. As this theorem is independent from the “usual” virial
theorem it provides a way of judging accuracy. The spin
virial theorem is a theorem of quantum mechanics. Contrary
to the virial theorem it has no classical counterpart.
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