
PHYSICAL REVIEW A 68, 042321 ~2003!
Quantum computing with atomic Josephson junction arrays

Lin Tian and P. Zoller
Institute for Theoretical Physics, University of Innsbruck, A-6020 Innsbruck, Austria

~Received 12 June 2003; published 20 October 2003!

We present a quantum computing scheme with atomic Josephson junction arrays. The system consists of a
small number of atoms with three internal states and trapped in a far-off-resonant optical lattice. Raman lasers
provide the ‘‘Josephson’’ tunneling, and the collision interaction between atoms represent the ‘‘capacitive’’
couplings between the modes. The qubit states are collective states of the atoms with opposite persistent
currents. This system is closely analogous to the superconducting flux qubit. Single-qubit quantum logic gates
are performed by modulating the Raman couplings, while two-qubit gates result from a tunnel coupling
between neighboring wells. Readout is achieved by tuning the Raman coupling adiabatically between the
Josephson regime to the Rabi regime, followed by a detection of atoms in internal electronic states. Decoher-
ence mechanisms are studied in detail promising a high ratio between the decoherence time and the gate
operation time.
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I. INTRODUCTION

Josephson effects originate from a tunneling of the p
ticles in the condensed modes between two superfluids
reflect the phase difference of the macroscopic wave fu
tions between the superfluids. Initially discovered in the
perconductors@1,2#, Josephson effects have been studied
tensively in trapped atoms both theoretically a
experimentally@3,4#. In the atomic case, Josephson junctio
can be constructed between two superfluids spatially s
rated by a double-well potential and can be constructed
tween atomic internal modes coupled by lasers. Studies
clude the macroscopic quantum coherence between
atomic condensates and the observation of the Josephso
namics@5#.

One important application of the Josephson junctions
cussed in recent years is in quantum computing. Various
perconducting Josephson devices have been propose
implementing a quantum computer, including the charge
bit, the flux qubit, and the phase qubit. These qubits h
been experimentally tested and have shown quantum co
ent oscillations between macroscopically distinguisha
states@6–9#.

The atomic Josephson junctions can also be explored
quantum computing. In this paper, we present a candidate
implementing an atomic ‘‘flux’’ qubit with a small number o
atoms in an optical trap. We assume that a Bose-Eins
condensate with three atomic states is stored in the low
vibrational state of an optical trap@10#. The three internal
atomic states correspond to three bosonic modes. Each m
is the analog of a superconducting metallic island. Ram
lasers generate the Josephson links between the int
modes, while atomic collisions provide an effective capa
tive couplings between the modes. The phase differences
tween lasers play the role of the magnetic field in the sup
conducting loop. With competition between the Joseph
energy and the collision energy, the atoms behave col
tively and the stationary states of the qubit have a cohe
particle transfer—the persistent current—between the in
nal modes. With only 15 atoms@11#, the atomic counterpar
1050-2947/2003/68~4!/042321~10!/$20.00 68 0423
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of the superconducting flux qubit@7,8# can be realized,
which bears all the qualitative features of the supercond
ing flux qubit.

Compared with the superconducting flux qubit, the p
rameters of the atomic flux qubit can be controlled with lar
flexibility and high uniformity. Both the Josephson couplin
and the collision interaction can be adjusted by external e
tromagnetic sources. The Josephson couplings of diffe
junctions can be made to high accuracy with the fine con
of laser. While for superconductors, not only do the juncti
parameters fluctuate due to the inaccuracy in fabrication,
also the parameters are fixed for one sample. This advan
makes it easier to scale up the number of qubits in the ato
systems and provides various ways to implement gate op
tions. Another merit of the atomic qubit is that a projecti
measurement can be performed by adiabatically switch
the Raman couplings. On the contrary, an efficient read
for the solid-state qubits is a problem many people are stu
ing. The drawback of the atomic qubit is the slow gate spe
which is limited by the strength of the collision interactio
Meanwhile, this drawback can be compensated by the l
decoherence time. In the solid-state systems, various elem
tary excitations can damage the coherence of the quan
states in a time that is only one order longer than the g
time; while we show that in the atomic qubit, the decoh
ence time is 1000 times the gate operation time.

In the following, the major results are summarized.
Sec. II, we briefly review the superconducting flux qubit a
the experimental achievement for the flux qubit. In Sec.
we give a detailed description of our proposal for the atom
flux qubit and how it can be realized experimentally. We a
characterize the qubit at different parameter regimes
present typical energy scales for the qubit. Also we introdu
the phase mode to compare this qubit with the supercond
ing one, and show that a small number of atoms indeed
resent the macroscopic behavior of a Josephson junc
This section is followed by Sec. IV where the implemen
tion of quantum logic gates is studied. In Sec. V, a project
measurement scheme is constructed via the adiabatic sw
ing of the Josephson couplings. The decoherence of the q
©2003 The American Physical Society21-1



e

si
o

be
x
i

In
bi
m
-

ri-
the

t.

.
on
,

and

a

ell
it
p-

cal-
el-

ing
auli

is
f

nt

;
e
n
be

the

el-
wo-
the
lla-
e-
e
the

s
be

bit
ice
op

rs

ow
e
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is discussed in Sec. VI. The conclusions are given in S
VII.

II. THE SUPERCONDUCTING FLUX QUBIT

Josephson junctions have been proved to be a promi
building block for quantum computers. Various proposals
Josephson circuits at different parameter regimes have
studied @6–8#. Among these, the superconducting flu
qubit—also named the persistent-current qubit—has been
tensively studied both theoretically and experimentally.
the following, we summarize the basic facts of the flux qu
in superconducting Josephson junctions to allow the co
parison with the atomic flux qubit introduced in the follow
ing section.

A. The circuit of the qubit

The superconducting flux qubit@7,8# is a superconducting
loop with three Josephson junctions in series, as in Fig. 1~a!.
Written in terms of the phase differencesw1 and w2, the
Hamiltonian@Eq. ~11! in @8## is

Ht5
1
2 PW TM21PW 1EJ$21a2cosw12cosw2

2a cos~2p f 11w12w2!%, ~1!

FIG. 1. The superconducting flux qubit.~a! The circuit of the
flux qubit. ~b! The potential energy for the qubit. The black cente
are local maxima and the white centers are local minima.~c! The
energy and the average current of the qubit vs the flux. The arr
indicate the qubit states with opposite currents. The double-w
potentials at the corresponding flux are plotted.~d! The measure-
ment of the qubit by a dc SQUID.
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where PW 5( P̂1 ,P̂2)T are the conjugates of the phase va
ables and have the physical meaning of the charges on
islands. The first term is the capacitive energy withM
5(\/2e)2C, whereC is the capacitance matrix of the circui
The rest of the terms form the Josephson energy withEJ
5I c(\/2e)2 andI c being the critical current of the junctions
The third junction at the top of the circuit has a Josephs
energy ofaEJ , with a50.75. The magnetic flux in the loop
f 1, in unit of the flux quantumF05\/2e is an important
control parameter for the qubit. Both the stationary states
the one-bit logic gates are controlled via this flux.

The Hamiltonian in Eq.~1! describes a phase particle in
two-dimensional periodic potential as is shown in Fig. 1~b!.
Each unit cell has two energy minima and is a double-w
potential. At f 150.495, the lowest two states of the qub
localize in one of the two wells, respectively, and have o
posite circulating currents. Atf 151/2, the lowest two states
are symmetric and antisymmetric superpositions of the lo
ized flux states, and the energy splitting is due to the tunn
ing of the flux states over the potential barrier. Consider
only the lowest states, the qubit can be described by the P
matrices for a 1/2 spin:Hq5(e0/2)sz1(t0/2)sx , where the
eigenstates ofsz are the localized flux states ande0 varies
linearly with (f 121/2). Typically, the Josephson energy
EJ5200 GHz andEJ /EC580. Numerical calculations o
the energy and current are shown in Fig. 1~c!. The energy
difference of the qubit states atf 150.495 isvq;10 GHz
with the average currents of60.7I c at f 151/2, t0
510 GHz.

For a quantum circuit to be a good qubit for fault-tolera
quantum computing, five requirements have to be met@12#:
~1! to identify a scalable quantum system;~2! to perform
universal quantum logic gates;~3! to prepare the initial state
~4! to read out the qubit states; and~5! to have a decoherenc
time longer than 104 quantum operations. The three-junctio
loop behaves as an effective two-level system and can
mapped onto a 1/2 spin. The qubit can be prepared to
ground state by cooling it to a temperature ofT;50 mK
!vq .

B. Quantum logic gates

To achieve universal quantum logic operations, two
ementary gates are required: single-qubit rotation and t
qubit controlled gate. For the superconducting flux qubit,
single-qubit gate is achieved by applying microwave osci
tions to the superconducting loop. Typically, the Rabi fr
quency isv r510–100 MHz in proportion to the amplitud
of the microwave. The two-qubit gate is constructed via
coupling of the circulating currents of the two qubits:Hint
5M12u^I 1&^I 2&u with I 1,2 being the currents of the two qubit
andM12 being the mutual inductance. The interaction can
of order of 1 GHz.

C. Qubit state readout

The qubit is measured by inductively coupling the qu
to a dc superconducting quantum interference dev
~SQUID! magnetometer which is a superconducting lo

s
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with two Josephson junctions as is shown in Fig. 1~d!. When
the current that flows through the SQUID increases,
SQUID stays in the superconducting state until a critical c
rent I c

e f f is reached, where the SQUID makes a transition
a finite voltage state. The critical current is varied by the fl
generated by the qubit:dI c

e f f56dwqI c
sq sinpfex, where f ex

is the external flux in the SQUID and6dwq are flux of the
two qubit-states respectively. By measuring the critical c
rent, the qubit states are read out. Due to fluctuations,
measured critical current has a distribution that is wider th
dI c

e f f which results in a nonprojective measurement of
qubit.

D. Decoherence

Many factors can result in quantum errors against the
perconducting qubits. First, the errors can come from
imperfect control of the qubit circuits, for example, of
resonant transitions during gate operations and unwante
polar couplings between qubits. These errors can be
vented by the quantum control approach. Second,
fluctuations of the environment of the qubit can cause de
herence of the qubit. In the solid-state qubits, many elem
tary excitations exist that can damage the qubit state, inc
ing the dipolar interactions between the qubit and the nuc
spins, the background charge fluctuations, and the n
coupled to the qubit from the measurement circuits. The
coherence time measured in experiments is 100 nsec@9#,
which is about ten times the operation time. This gives
lower bound for the generic decoherence of the qubit.

III. THE ATOMIC FLUX QUBIT

In this section we present an atomic counterpart of
superconducting flux qubit. The qubit is made of a mes
copic Bose-Einstein condensate of three-level atoms trap
in the lowest motional states of an optical trap and intera
ing with each other via cold collision. Josephson junctio
which are the building blocks of this qubit, are construct
by laser coupling of the three bosonic modes of the trap
atoms.

A. The physical system and the Hamiltonian

We consider a small number of three-level atoms trap
in a one-dimensional~1D! optical lattice, as shown in Fig
2~a!. The corresponding Hamiltonian is

H05(
a

E dxW ca
†~xW !S 2

\2

2m
,21V~xW ! Dca~xW !

1(
a,b

Uabb8a8E dxWca
†~xW !cb

†~xW !cb8~xW !ca8~xW !

2 (
aÞb

E dxW @Tab~xW !ca
†~xW !cb~xW !1H.c.#, ~2!

where the three internal states are labeled bya,b, andm is
the mass of atoms.
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The first term in Eq.~2! is the single-particle energy in
harmonic trapping potential,V(xW )5 1

2 mv i
2x21 1

2 mv'
2 (y2

1z2), wherev',i are the trapping frequencies in the tran
versal direction and the longitudinal direction, respective
In particular, we choose a cigar-shaped geometry,v'@v i .
The second term in Eq.~2! is the collisional interaction. We
choose for the three internal atomic states the hyperfine
els F51, MF50,61. In this case the interaction has th
form U5c2FW 1•FW 2, with FW i being the angular momentum o
the atoms. Here,c25(g22g0)/3 with gF54p\2as

(F)/m,
whereas

(F) is thes-wave scattering length in the channel
total angular momentumF @13,14#. The last term in Eq.~2! is
the Josephson couplings between the internal states ge
ated by Raman transitions. Both the amplitudes and
phases of these couplings can be accurately controlled
adjusting the laser parameters.

We assume the trapping frequencies to be much la
than all the other relevant time scales~e.g., the qubit energy
and the gate speed! so that the atoms stay in the motion
ground states and the qubit can be described by a three-m
Hamiltonian

H05U0@~N̂12N̂21!21~2N̂021!~N̂11N̂21!#

12U0~ â1
†â21

† â0
21H.c.!

2 (
^a,b&

~Vabâa
† âb1Vab* âb

† âa!, ~3!

whereN̂a is the number operator for the modea. The sec-
ond line in this Hamiltonian gives a particle flow term whe
two atoms in the stateMF50 collide to form an atom in the
statesMF511 andMF521. The interaction strength is

FIG. 2. The atomic Josephson junction qubit.~a! Atoms trapped
in the cigar-shaped optical potential by laser beams.~b! Left: the
internal modes coupled by Raman pulses. Right: the supercond
ing flux qubit.
1-3
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U05
4p\2~as

(2)2as
(0)!

3m E d3xW uf~xW !u4, ~4!

wheref(xW ) is the motional ground state of the trapping p
tential. With a fixed number of atoms, the interacti
strength increases with the density of the atoms. The Jos
son tunnelings are given by

Vab5E d3xW Tab~xW !uf~xW !u2. ~5!

Specifically, we assumeV21,05V0,15V0 and V21,1
5V1eif0, as shown in Fig. 2~b!, whereV1 /V0 ranges be-
tween 0.5 and 1.5, and is an important factor for maximiz
the speed of the gate operations. The phasef0 is the analog
of the magnetic fluxf 1 of the superconducting qubit and
an effective controlling knob for the quantum logic gates

The basis element in this qubit is to construct atomic
sephson junctions with a small number of atoms. The ato
Josephson junctions have three distinct parameter reg
@3#: ~1! the Fock regime withU0@V0Nt ; ~2! the Josephson
regime with U0Nt

2@V0Nt@U0; and ~3! the Rabi regime
with V0Nt@U0Nt

2 . In the Fock regime, the collision energ
dominates over the Josephson couplings. In the Josep
regime, the qubit behaves as a phase particle in the Jos
son potential energy. In the Rabi regime, the atoms behav
noninteracting particles described only by the Joseph
couplings. In a superconducting Josephson junction, the R
regime can never be approached with the enormous num
of Cooper pairs. While for the atomic Josephson junctio
all three regimes are possible. In this paper, we assum
mesoscopic number of atomic qubits in the Josephson
gime. When compared with a large ensemble of atoms~say
105 atoms! in a superfluid state where the three-mode
proximation becomes inaccurate during fast gate operat
this system has the advantage that the three-mode mod
robust against the qubit dynamics.

In the Josephson regime, withNt@1, Eq. ~3! can be ap-
proximated by a phase model@3#. We introduce the phas
variablesw21,1 that are the conjugate operators of the nu
ber operatorsN̂21,1, respectively. Due to particle numbe
conservation,N̂0 is not an independent operator withN̂0

5Nt2N̂212N̂1. Omitting the termâ1
†â21

† â0
2 @15# and ne-

glecting the terms of order 1/ANt, the Hamiltonian is

Hphase5
1
2 uU0uPW TM21PW 2 2

3 NtV0~cosw11cosw21!

2 2
3 NtV1 cos~w12w211f0!, ~6!

where PW 5@N̂12Nt/8,N̂2123Nt/8#T and M1,15M 21,21
51, M1,21523. This shows that with a large number
atoms in the qubit, the major part of the Hamiltonian maps
Eq. ~1! of the superconducting flux qubit withEc
53uU0u/4, EJ52V0Nt/3. In the following section, we will
discuss the validity of the phase model for a comparativ
small number of atoms.

We illustrate our model with the following parameters f
N515 sodium atoms in the trap. For23Na, we choose the
04232
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trap size to beL i50.85mm andL i510L' , which can be
achieved with a far red detuned laser. The trapping frequ
cies arev0

i 53.7 kHz andv0
'5370 kHz. Let as

(2)2as
(0)5

230 nm. With a density ofr5331014cm-3, the collision
interaction isU05550 Hz. The Josephson couplings can
controlled so thatVabANaNb@U0 in analogy to the super
conducting flux qubit. We let 2V0^Na&'110U0 and
V1 /V050.8 in the following calculations. In the notation
of the superconducting qubit,EJ /Ec'130.

B. Effective two-level system

We have numerically studied the Hamiltonian in Eq.~3!
with the above parameters. In Fig. 3~a!, we plot the energies
and the average currents of the eigenstates of the qubit ve
the phasef0 in the range 0.48–0.52~in unit of 2p). It is
shown that withc2,0, the energy spectrum of the qubit ha
the same butterfly shape as that of the superconducting q
in Fig. 1~c!. We define the lowest two states as the effect
two-level system of a qubit. Atf050.495, the qubit energy
is vq51.3 kHz, where the states are labeled by the arro
The stationary states have a coherent transfer of the at
between the internal states, which provides a persistent
ticle current for the qubit, where the current operator is d
fined as Î 1,05 iV0(â1

†â02â0
†â1). The currents of the two-

qubit states flow in opposite directions just as in t
superconducting qubit, withu^I 1,0&12^I 1,0&2u54.6V0. This
shows that the atoms behave collectively just as the elect

FIG. 3. The energy and average current of the qubit states vs
phasef0. ~a! Nt515 atoms. Solid lines,U05550 Hz; dashed lines

U050; and dotted lines, for the symmetric interaction withŪ1

5550 Hz.~b! Energies of the qubit with various numbers of atom
Solid lines, Nt515; thin dotted lines,Nt510; dashed lines,Nt

530; and dotted lines,Nt550.
1-4
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in the superconducting wires, which is a result of the int
action between the atoms. For comparison, the energie
the qubit whenU050 are also plotted as the dashed lines
Fig. 3~a!.

At f051/2, the energy splittingt05750 Hz, which is the
counterpart of the quantum tunneling in the flux qubit and
important feature of the qubit that is crucial for the ga
operations. We studied this splitting with various circuit p
rameters. Our result shows a dramatic dependence oft0 on
the ratio between the Josephson couplingsr 05V1 /V0: at
r 050.75, t051.25 kHz, atr 051, t050.1 Hz, and forr 0
.1, t0 is almost unchanged asr 0 increases.

It can be shown that the detailed form of the interact
does not change the main features of the qubit. For exam
with a symmetric interactionU5U1(N̂a

21U2(N̂1N̂21

1N̂1N̂01N̂21N̂0), the main physical properties of the qub
are well preserved. The energy spectrum with this interac
is plotted as dotted lines in Fig. 3~a!, where we choose the
interaction to beU12U2/252U0 with V1 /V050.75. Note
that the effect of the collisions between different modes o
renormalizes the interactionU1 and the interaction is equiva
lent to U5Ū1(N̂a

2 with Ū15U12U2/2.

C. ‘‘Finite-size’’ effect

To see the effect of the small number of the atoms,
calculate the energies with various numbers of atoms, a
shown in Fig. 3~b!. The plot shows that the energies of th
qubit converge as the number of atoms increases. Fur
more, it shows that whenNt515 the states of the qubit we
represents the key features of a superconducting flux qub
the features of a qubit in the phase model. The surprising
is that with a small number of atoms, the atomic qubit
flects the properties of the flux qubit with over 1010 Cooper
pairs: the qubit states have opposite persistent currents
phase in the Raman coupling induces energy difference
is nearly linear withf021/2; besides, even the wave fun
tions in the phase space can be described by the loca
phase states.

The wave function in the basis of the phase variable
uc&5*dw1dw21uw1 ,w21&^w1 ,w21uc&. In our calculation,
we use the number state basis for the states:uc&
5(n1 ,n21

cn1 ,n21
un1 ,n21&, wherecn1 ,n21

is the coefficient
of the wave function. The wave function in the phase basi
then ^w1 ,w21uc&5(n1 ,n21

cn1 ,n21
e2 iw1n12 iw21n21. In Fig.

4, u^w1 ,w21uc&u2 of the ground state is plotted in the pha
basis withNt515, 30, and 60.

The phase model predicts that atf051/2 the wave func-
tion to be a superposition of two local flux states. For t
small number of atoms with a weak interaction, Fig. 4~a!
shows that the qubit state localizes at the center of the ph
space in contrast to the phase-model prediction, while, w
Nt560, the state is a superposition of two local states
agreement with that of the phase model. Figure 4~c! shows
the same result forf050.495. With a stronger interaction
Figs. 4~b! and 4~d! show that the state ofNt515 atoms
agrees with the phase-model result. Our study indicates
the behavior of the qubit depends strongly on the fac
04232
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U0Nt
2/V0Nt . When U0Nt

2,V0Nt , the qubit enters to the
Rabi regime and single-atom behavior starts to domin
over the collective behavior. Our result also shows that w
Nt515 the qubit represents the main features of a pha
model qubit.

IV. GATE OPERATIONS

Below, we discuss how to realize quantum logic gates,
qubit initialization, qubit state readout, and the decohere
properties of the atomic flux qubit.

A. One-bit gate

The superconducting qubit is operated with external m
netic fields where microwave pulse in resonance with
qubit frequency is radiated on the superconducting loop. O
resonant transitions to other states of the qubit can be
glected since the Rabi frequency is much smaller than
detuning.

A similar scheme can be applied in the case of the ato
flux qubit. If we take a Raman laser coupling of any two
our bare atomic states which make up the qubit, and t
these lasers to match the energy difference of the qubit sta
we can perform Rabi rotations between the states. In o
not to excite any higher-lying states, the Rabi frequen
should be less than the level spacings. In the atomic
qubit, the qubit frequency and the detuning are of the or
of 1 kHz, which makes these gates slow. The first way
improve this is to use adiabatic passage, i.e., a sweep o
detuning across the resonance, which allows a single-q
rotation of the order of the level spacing. Below, we discu
in more detail another scheme based on fast switching of
phasef0 of the Raman couplingVab .

Assume HA5H0(f050.495), HB5H0(f050.5), and
@HA , HB#Þ0. We know from group theory that by switch

FIG. 4. Contour plots of the probabilityucg(w1 ,w21)u2 of the
ground-state wave function of the qubit:~a! U0555 Hz, f051/2;
~b! U051100 Hz, f051/2; ~c! U0555 Hz, f050.495; ~d! U0

51100 Hz,f050.495.
1-5
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ing the phase alternatively between these two phase va
any desired unitary transformation can be constructed wi
a reasonable number of switchings asU
5e2 iH At2ne2 iH Bt2n21

•••e2 iH At2e2 iH Bt1 by adjusting the du-
rationst i of the pulses@16#. For a single-qubit gate, we wan
the unitary transformation to be block diagonal between
two-qubit states and the other states. A numerical optim
tion of the $t i% is applied to a 12-pulse sequence of theHA

and HB operators for the lowest six states of the qubit. W
construct aNOT gate and a Hadamard gate UH . The elements
of the unitary operatorsuUi j u are shown in Figs. 5~a!, and
5~b!. The off-diagonal elementsUi ,1 ,Ui ,2!0.005 shows a
high fidelity. The total time for the gates ist1;2 msec for
both gates. The accuracy of the gate can be improved
increasing the number of pulses in the sequence while k
ing the total gate time short~which means faster switching o
the operatorsHA,B).

Note that the above approach relies on the fast and a
rate switching of the phasef0 of the lasers, which can b
achieved experimentally with no difficulty.

The collision energy is the slowest-energy scale wh
limits the speed of the quantum logic gates, while the Ram
couplings can be well controlled by lasers. In practice, F
hbach resonances can be exploited to adjust the scatt

FIG. 5. The absolute value of the elements of the unitary tra
formations for quantum logic gates,uUi j u. The transformations are
on the lowest six states of the qubits with the lowest two states
u↑& andu↓& states of the qubit.~a! Single-qubitNOT gate. The labels
indicate the lowest-qubit states from 1 to 6.~b! Single-qubit Had-
amard gate. Labels are the same as in~a!. ~c! A two-qubit gate by a
36-pulse sequence. The labels 1–4 are the qubit st
u↑↑,↑↓,↓↑,↓↓&. The rest are higher states.
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length by several orders of magnitude@17,18# and the gate
speed can be improved.

B. Two-bit gate

Two-bit gates can be constructed by external Joseph
tunneling between neighboring qubits in the optical lattic
As we mentioned earlier, external Josephson tunneling is
tunneling of atoms between spatially separated condens
With the geometry in Fig. 2~a!, where the qubits are aligne
parallel along the longitudinal direction of the cigar-shap
trap, atoms can tunnel from one lattice site to its neighbor
sites when the trapping potential of the optical lattice is lo
ered for short times. By decreasing the amplitude of the
ser, the trapping potential can be decreased and the tunn
increases exponentially. The tunneling is also enhanced
factor of Nt of the number of atoms.

We consider the tunneling interaction

H25V t(
a

~a1a
† a2a1a2a

† a1a!, ~7!

the indices 1 and 2 in the operators refer to qubits 1 and
The tunneling matrix can be estimated with the WKB a
proximation: V t;(v'/2p)exp(2DU/\v'), with v' being
the plasma frequency of the atoms in the trapping poten
andDU the trapping barrier for the qubit. The single-partic
tunnelingV t is enhanced by the number of particles and
does the speed of two-bit logic gates. The tunneling rate
be controlled by adjusting the laser pulse.

The interactionH2 can be calculated numerically. Th
matrix elements of the operator (aa

†) i j is obtained by calcu-
lating the overlap between the statesu i Nt11& for Nt11 atoms

and the statesaa
† u j Nt

&. Our calculation shows that this inte
action as well as that of the single-qubit gate induces c
pling to the higher states of the qubits. This problem can
prevented by the same approach as that of the single-q
gate—fast-pulse sequence to decouple the lower states
the higher states. We apply a pulse sequence of 36 pu
with HA5H2(f0) and HB5H 0

(1)(f0)1H 0
(2)(f0), where

H 0
(1,2) are single-qubit Hamiltonian atf0. In Fig. 5~c!, we

show the absolute values of the matrix elements for a two
transformation atf050.5. With a total pulse duration of 1
msec, the fidelity of the gates forNt515 atoms is higher
than 98%.

V. ADIABATIC PROCESS AND MEASUREMENT

The qubit we studied in the previous sections works in
Josephson regime whereU0Nt

2@V0Nt@U0. In this section,
we present a projective measurement scheme during w
the qubit is switched adiabatically between the Joseph
regime and the Rabi regime whereV0Nt@U0Nt

2 . In contrast
to the measurement of solid-state qubit where it takes eff
to build efficient measurement schemes, our method p
vides an easy-to-realize way for qubit readout. The sa
approach can also be applied to initialize the qubit.

s-
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A. Qubit in the Rabi regime

In the Rabi regime, when the Josephson energy is m
larger than the collision energy, we neglect the collision te
and the qubit is described by the single-atom Hamiltonia

HJ52~a1
† ,a0

† ,a21
† !S 0 V0 V1eif0

V0 0 V0

V1e2 if0 V0 0
D S a1

a0

a21

D ,

~8!

which describes a three-mode atom where the internal mo
are coupled by lasers. The eigenstates can be describe
atomic states as

HJ5(
i 51

3

e iSi
†Si , ~9!

whereSi
† andSi are the operators for the atomic eigensta

and e i are the eigenenergies withe1,e2,e3 and 2(e2
2e1),(e32e1). The ground state and the lowest excit
states of the qubit withNt atoms can be described by th
atomic states

uc1
J&5

~S1
†! t

N

ANt!
u0&, E1

J5Nte1 ,

uc2
J&5

S2
†~S1

†!Nt21

A~Nt21!!
u0&, E2

J5~Nt21!e11e2 , ~10!

uc3
J&5

~S2
†!2~S1

†!Nt22

A~Nt22!!
u0&, E3

J5~Nt22!e112e2 ,

where in the ground stateuc1
J&, all atoms stay in the lowes

atomic stateuS1&. In the first excited stateuc2
J&, one atom is

excited to theuS2& state and all the others stay in the lowe
atomic state. This result is also confirmed by the numer
calculations.

When the collision term cannot be neglected, we num
cally solve the Hamiltonian in Eq.~3!. In Fig. 6~a!, the cal-
culated energies for the qubit for a large range ofV0 are
plotted. The inset of this plot shows the persistent current
qubit states versusV0. The average currentŝI 1,0& of the
two-qubit states converge to each other asV0 increases.

B. Initial-state preparation

When the Raman couplingV0 is tuned slowly, the qubit
state can be manipulated adiabatically. Here ‘‘slow’’ mea

umin
V0

$E2~V0!2E1~V0!%u2@
dV0

dt
, ~11!

wheredV0 /dt is how fastV0 is tuned, and minV0
$E2(V0)

2E1(V0)% is the smallest energy difference between the qu
states during the tuning process. As is shown in Fig. 6~a!, it
reaches its minimum at the leftmost end whenV0 is small.
Hence the switching process takes a time of millisecond
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This adiabatic process can be exploited for efficiently i
tializing the qubit to its ground state. Starting from the lar
V0 limit, we prepare the qubit in its ground stateuc1

J&, which
is equivalent to preparing all the atoms in stateuS1& and
which can be achieved easily. Then, the Raman couplin
adiabatically decreased to the working regime so that
ground stateuc0

q& is reached with high fidelity.

C. Projective measurement

Second, and most important, the adiabatic switching p
vides a scheme for a projective measurement of the qu
Starting from the working parameters of the qubit whe
2V0Nt /U05210 and assuming an initial stateauc0

q&
1buc1

q&, V0 is slowly increased to the Rabi regime. Whe
V0Nt@U0, the qubit state evolves toauc1

J&1buc2
J&, a su-

perposition of the states in Eq.~10!. As the increase ofV0 is
adiabatic, no transition to the excited state is induced. Th
a dark-state measurement scheme is performed on the q
that is, a laser pulse is applied which excites the atomic s
uS2& to an excited stateue& and does nothing to the atoms
the statesuS1& and uS3&. The stateue& emits a photon via
spontaneous emission which is then detected. As can be
from Eq. ~10!, when the laser is applied to the ground sta
uc1

J&, no transition occurs and no photon is emitted; when
laser is applied to the second stateuc2

J&, one atom is excited
to the stateue& and one photon is emitted. Hence, this a
proach achieves a projective measurement of the qubit.

The laser pulse applied after the adiabatic switching is

Hm5e†S21S2
†e, ~12!

wheree† ande are the operators for the excited stateue&. It
is easy to prove that single-atom statesS1 and S3 are dark
states of this operator which cannot be excited by this pu
@as they are orthogonal states of the Hamiltonian in Eq.~8!#.
We haveHmuc1

J&50 andHmuc1
J&5u(N21)S1

,1e&. By per-
forming a single-photon measurement with the quant

FIG. 6. Adiabatic switching of Raman tunnelings.~a! The en-
ergy spectrum of the qubit vs the Raman couplingV. The Raman
coupling is plotted in units of the Raman couplingV0 for the de-
signed qubit. The energy differences between statesDE12 andDE23

are indicated by arrows. The inset shows the average current^I &/V
in the same range ofV. ~b! The laser pulseHm of the projective
measurement after the adiabatic switching. The coupling const
a2 , b2, andg2 show the relative phase between the three com
nents of the pulse.
1-7
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jump approach, the probability of the qubit inuc1
J&, and

hence inuc1
q& originally, can be detected.

VI. DECOHERENCE

A major obstacle in pursuing quantum computation w
solid-state qubits is the strong coupling to noise and the
sulting low quality factor. In experiment, the measured de
herence time for the superconducting qubits isT2
5100 nsec, while the gate time istgate510 nsec@8#.

In the atomic qubit presented in this paper, the qua
factor due to decoherence is is higher compared with tha
the superconducting qubit. The qubit is designed to be ins
sitive to the major factors that can result in decoherence.
example, all the energies involved in qubit operation
much lower than the trapping frequency in the longitudin
direction of the trapv i53.7 kHz, which keeps the atoms i
the motional ground state during gate operations. Other
tors such as the inaccuracy in the Raman couplings, the
ticle loss from the trap, and the spontaneous emissions
be well neglected within a time of seconds.

The fluctuation of the number of atoms could induce
vere qubit decoherence when the number of atoms is la
For example, the decoherence rate due to single-particle
grows linearly withNt and the decoherence rate due to thr
body collision increases withNt

3 . Our study shows that fo
the single-particle loss process with coupling constantg0,
the decoherence rate atNt515 is 1.6g0 and the decoherenc
due to three-body collision can be neglected.

A. Effect of single-atom loss

Consider, for example, a single-atom loss characteri
by a loss rateg. The time evolution of the density matrix i
described by the following master equation:

]r t

]t
52 i @HI~ t !,r t#,

]r t

]t
52g0(

a
~ âa

† âar t1r tâa
† âa22âar tâa

† !, ~13!

wherer t is the density matrix of the qubit in the interactio
picture and the atomic losses in different modes are sum
up.

The density matrix can be decomposed into the Hilb
spaces of different numbers of atoms:r t5(nr i j

(n)u i n&^ j nu,
wherer i j

(n)5^ i nur tu j n& is the element of the density matri
with n atoms andu i n , j n& are qubit states ofn atoms. Substi-
tuting this expression into Eq.~13! and assuming an initia
density matrixr0 with Nt atoms, we have

r i j
e f f~dt !5r i j

(Nt)1r i j
(Nt21) ,

r (Nt)5r02dtg0(
a

Aa
†Aar01r0Aa

†Aa , ~14!
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r (Nt21)512dtg0(
a

Aar0Aa
† ,

where the matrix (Aa
†) i j 5^ i Nt

uâa
† u j Nt21&. Starting fromNt

atoms in the trap, when one atom leaks out, the qubit sta
a superposition of the eigenstates of (Nt21) atoms. The de-
coherence rate is slowed down by the fact that the remain
system of (Nt21) atoms largely overlaps with the origina
qubit states in the (Nt21)-atom basis. The decoherence ra
is expressed as

geff5g0max
uC&

H( ^CuAa
†AauC&2u^CuAa

† uC&u2J , ~15!

where the maximum is derived for anyuC& in the Hilbert
space of the qubit.

In Fig. 7~a!, we plotgeff versusNt at f050.5 and 0.495,
which grows linearly whenNt is not very large. AtNt515,
ge f f51.6g0. As Nt increases,geff at f050.495 becomes
saturated, whilegeff at f050.5 keeps increasing linearl
with Nt . In the inset of Fig. 7~a!, we plot the dependence o

FIG. 7. Decoherence rate by Eq.~15!. ~a! Single-atom loss rate
vs number of atoms. Upper curve,f050.5; and lower curve,f0

50.495. Inset: single-atom loss rate vs the phasef0 at Nt515. ~b!
Three-body loss rate units ofg0Nt

2 vs the number of atoms. Uppe
curve,f050.5; and lower curve,f050.495.
1-8
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the decoherence rate on the phasef0 at Nt515, which does
not vary strongly withf0 in the range of interest.

B. Three-body collision loss

One of the main decoherences against this qubit is
three-body collision loss. The three-body processA1A1A
→A21A describes that when three atoms collide, two ato
form a bounded molecular state with a binding energy of
order of \2/mas

2 , which is several orders larger than th
trapping frequency, whereas is thes-wave scattering length
As a result, the molecule and atom gain very large kine
energy after the collision and escape from the trap. This p
cess damages the coherence of the qubit states. The dy
ics of the qubit is still described by Eq.~15!, with g0 re-
placed by the three-body loss rate g0

(3)

5K3(8r)2/72(3p2)3/2Nt
2 , whereK3 is the three-body colli-

sion rate in Refs.@19,20# and* d3xW uc(xW )u6 gives the depen-
dence on the density and on the number of atoms, and
operatorAa replaced byAa

3 . We apply the same approach
that for the single-atom loss to calculate the effective de
herence rate and the results are plotted in Fig. 7~b!. It is
shown thatgeff /g0

(3)Nt
2 grows linearly withNt at smallNt ,

and atNt515, geff'0.5g0
(3)Nt

2 . With r5331014 cm-3 and
K3510228 cm6/sec, we havegeff50.02, which gives a smal
decoherence rate.

VII. CONCLUSIONS

We have presented a scheme for implementing an ato
flux qubit with atomic Josephson junctions, which are ge
erated by Raman lasers that introduce coupling between
ternal modes of atoms. By trapping three internal modes
coupling them with the Raman pulse, a three-junction loo
constructed. The collision interaction between the atoms p
vides the analog of the capacitance energy. With a sm
number of atoms, the qubit presents the main features o
mesoscopic circuit—superconducting flux qubit: the butte
shaped energy spectrum, the persistent currents, and the
wave function in phase basis. We have outlined methods
the implementation of quantum logic gates with fast switc
i,
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ing of Raman pulses, the state initialization, and we ha
presented a projective measurement scheme by adia
switching of the Josephson coupling and observation
quantum jumps. Furthermore, we have given a deta
analysis of possible imperfection and decoherence of the
bit.

The solid-state qubits suffer severely from noise, wh
may become the biggest obstacle in implementing those
bits. However, the solid-state proposals are easy to scal
and control with existing technology. The qubit proposed
this paper inherits many of the merits of the superconduc
qubits. For one thing, almost all the parameters of the qu
can be very well controlled by external sources, which
creases the flexibility of qubit. The system is, in princip
scalable by storing the atomic flux qubit in wells of the 1
optical lattice. Compared with superconducting qubit, t
atomic Josephson junction qubit has the advantage of
subjecting to severe environmental disturbance and havin
long decoherence time. Hence, an array of the atomic qu
can be arranged in a space to simulate a ‘‘clean’’ array
superconducting qubits and perform certain quantum g
operations. Clearly, one of the main differences to the sup
conducting case is the significantly slower time scale of
erations.

In summary, our study shows that the atomic systems
be designed to be a clean realization of the Josephson j
tion circuits and keep the merits of exploring macroscop
mesoscopic degrees of freedom and a long decoherence
In this system, the Josephson couplings can be contro
with large flexibility by adjusting the power and phases
the laser beams. The collision interaction can also be
justed to a large extent by magneto-optical means such
tuning around the Feshbach resonances@21#. Moreover, the
trap geometry and the interaction between neighboring
bits can be chosen to suit different experiments.
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