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Sympathetic cooling of 9Be¿ and 24Mg¿ for quantum logic
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We demonstrate the cooling of a two species ion crystal consisting of one9Be1 and one24Mg1 ion. Since
the respective cooling transitions of these two species are separated by more than 30 nm, laser manipulation of
one ion has negligible effect on the other even when the ions are not individually addressed. As such this is a
useful system for reinitializing the motional state in an ion trap quantum computer without affecting the qubit
information. Additionally, we have found that the mass difference between ions enables a method for detecting
and subsequently eliminating the effects of radio frequency micromotion.
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I. INTRODUCTION

A promising system for the development of a quantu
computer is a collection of cold-trapped ions. In this schem
information is stored in the internal states of the ions, a
logic gates are performed by coupling qubits through a m
tional degree of freedom. The original proposal by Cirac a
Zoller @1,2# requires the system to be initialized in the m
tional ground state, with imperfect ground-state occupat
resulting in a loss of gate fidelity. Other gate implemen
tions that relax this condition have been proposed@3–8# and
demonstrated@9,10# but many of these schemes@3–5,8# re-
quire the ions to be in the Lamb-Dicke limit@11#. Maintain-
ing this condition in a large-scale device places string
requirements on allowable heating rates. Furthermore,
proposed architecture for a large-scale device@11,12# re-
quires separation and shuttling of ions between differ
trapping regions in an array of interconnected traps and
tial experiments reported substantial heating during the s
ration process@13#. For these reasons it is expected that co
ing between gate operations will be needed in a viable la
scale processor.

Ion cooling is typically achieved by laser cooling, whic
requires internal state relaxation. Therefore, direct laser c
ing of the qubit ions is not possible without destroying t
coherence of the qubit state. Alternatively, additional refr
erant ions can be laser cooled directly, allowing the motio
degrees of freedom to be sympathetically cooled via
Coulomb interaction@14#. For this strategy to work, the coo
ing radiation must not couple to the qubit’s internal sta
Thus the cooling radiation must be sufficiently focused o
the refrigerants and/or be sufficiently detuned from tran
tions within the qubit’s internal state manifold. In the conte
of quantum computing, there have been two previous imp
mentations of this scheme. In one approach the refrige
ions were of the same species as the qubit ions, and suc
ful sympathetic cooling hinged on the ability to individual
address the trapped ions@15#. While this implementation was
able to achieve 99% ground-state cooling, individual a
dressing can be technically demanding, particularly in tigh
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confining traps, which are required to maintain fast g
speeds@11,16#. In the second approach the refrigerant io
were differing isotopes of the same atomic species@17#.
Since isotope shifts of the relevant cooling transitions
typically several gigahertz and much larger than natural li
width, the required degree of individual addressing is
duced. Furthermore, the isotope shifts can be small eno
so that optical modulators can provide the cooling light wi
out the need for additional lasers@17#. However, not all
atomic species have isotopes that would be suitable for s
pathetic cooling. Moreover, the amount of sympathetic co
ing required may require cooling transitions that are mu
further detuned from any transitions in the qubit ion. F
these reasons we have chosen an implementation in w
the refrigerant ions are of a different atomic species, with
relevant dipole transitions being separated by about 105 GHz
~33 nm!.

An additional problem encountered in radio frequency~rf!
ion traps is that of excess micromotion induced by the pr
ence of stray electric-fields that shift the mean position of
ions to a location away from the rf electric field null poin
~for a summary, see Ref.@18#!. For quantum computing ap
plications the most notable effect of micromotion is to d
crease the effective couplings involved in resonant proces
such as near resonant scattering and Raman transitions, w
having negligible effect on off-resonant scattering. Since
efficiency of state discrimination is determined by t
amount of resonant scattering from one state compare
off-resonant scattering from another, micromotion must
minimized for optimal performance. Furthermore, the fid
ity to which logic operations can be performed is fundame
tally limited to the amount of spontaneous emission occ
ring during a gate operation. Since micromotion increa
the gate time, we again require micromotion to be mi
mized. One method commonly used to detect excess mi
motion employs addition laser beams to illuminate the io
However, we have found a technique for detecting microm
tion that relies on the mass difference between the qubit
and the refrigerant and does away with the need for ad
tional beams.

The system we investigate is that of a two-ion crys
consisting of one9Be1 and one24Mg1 ion. The theoretical
details of laser cooling such a crystal can be found in Re
02-1
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BARRETT et al. PHYSICAL REVIEW A 68, 042302 ~2003!
@19,20#. The potential, in the small oscillation limit, is firs
expressed in normal-mode coordinates. In this representa
the system is that of six independent harmonic oscillat
and, as such, laser cooling a single normal mode using
ion is essentially the same as cooling a single ion@11#. Here
we restrict our attention to the two modes involving ax
motion only. When the masses are identical, these two mo
are the center-of-mass~c.m.! and stretch mode, in which th
ions oscillate in phase and 180° out of phase, respectiv
When the masses are different the two modes no longer
respond to center-of-mass and relative motion@20#. How-
ever, the normal modes are still described by an in-phase
out-of-phase motion and so we use these terms to disting
between the two modes.

II. SYMPATHETIC COOLING: EXPERIMENTAL RESULTS

The ions are confined in a linear Paul trap in which a
plied static and rf potentials provide confinement@13#. In the
typical setup used here the axial confinement results in
phase and out-of-phase mode frequencies of 2.05 MHz
4.3 MHz, respectively. A quantization axis is establish
with an applied static magnetic field ofB0.17 G which is
oriented at an angle of 45° with respect to the trap axis.
completeness we have investigated cooling of the two-
crystal using either9Be1 or 24Mg1 as the refrigerant ion.

A. Beryllium cooling

For 9Be1 the relevant level structure is shown in Fi
1~a!. Doppler cooling@21,22# is achieved using thes2 po-
larized D3 beam, with beams D1 and D2 providing any n
essary optical pumping~both of which are also polarize
s2). Sideband cooling is then achieved using beams R1p)
and R2 (s1/s2) to drive stimulated Raman transitions fro
u↓,n& to u↑,n21&, followed by an optical pumping puls
provided by beams D1 and D2@23#. The Raman beam
propagate at right angles to each other with R2 parallel to
quantization axis and the difference vectorDk5k12k2 par-
allel to the trap axis. After 30 cooling cycles the populati
of the crystal’s motional ground state is probed using
9Be1 ion as discussed in Refs.@23,24#. Briefly, we drive
Raman transitions on the red and blue sideband for a fi
duration followed by a detection pulse~beam D3!, which
measures the probability of being in theu↓& state. Assuming
a thermal distribution over the vibrational levels, the ratior
of the red and blue sideband signal strengths yields a d
measure of the ground-state population and mean vibrati
quanta viaP(n50)512r andn̄5r /(12r ) @24#. In Figs. 2
and 3 we show cooling results for both the out-of-phase
in-phase mode and for comparison we have included res
from Doppler cooling alone. From the sideband data we in
a ground-state occupancy of 0.97(2) for the in-phase m
and 0.96(3) for the out-of-phase mode with correspond
mean vibrational quanta ofn̄50.03(2) andn̄50.04(3), re-
spectively.
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B. Magnesium cooling

For 24Mg1 the relevant level structure is shown in Fi
1~b!. R2 is linearly polarized and propagates along the qu
tization axis, giving equal contributions to itss1/s2 com-
ponents. This choice, together with thep polarized R1 beam,
serves to partially balance the ac Stark shifts induced by
Raman beams.1 In addition, the intensity of the R1 beam
chosen such that it has the same couplingV @Eq. ~A2!# to the
excited states as thes components of the R2 beam. Th
choice gives the most favorable ratio of Raman coupling
spontaneous emission rate for this beam configuration. W
a linearly polarized field tuned to the red of the2S1/2↔2P1/2
transition could provide Doppler cooling, this would requi
the use of an additional laser beam. To circumvent this n

1There is a residual differential Stark shift due to the Zeem
splitting of the excited- and ground-state manifolds.

FIG. 1. Relevant energy-level structures for9Be1 and 24Mg1

~not to scale!. ~a! Level structure for9Be1. The 2S1/2 levels are
labeled by theirF, mF quantum numbers. Beams D1, D2, and D
are all polarizeds2. Raman beams R1 and R2 are polarizedp and
s1/s2, respectively, with a detuningD'2p380 GHz. For all
beamsl.313 nm. ~b! Level structure for24Mg1. Energy levels
correspond to theuJ5

1
2 ,mJ56

1
2 & states. D1 is near resonant an

polarized s2. Raman beams R1 and R2 are polarizedp and
s1/s2, respectively, with a detuningD'2p3750 MHz. The
17 G field defining the quantization axis gives a ground-state Z
man splitting ofd'2p340 MHz. For all beamsl'280 nm.
2-2



xe
d

n
a

n
r
od
in

u

th
s
on

m
u
s
nt
lin
r
t

it

tely
and
e
la-
al

ly
the
the

will
al
all
g

the

ls of
we
m
ted

and
ken

SYMPATHETIC COOLING OF9Be1 AND 24Mg1 FOR . . . PHYSICAL REVIEW A 68, 042302 ~2003!
the initial Doppler cooling step is provided using9Be1 as
before. For sideband cooling, Raman transitions of a fi
duration are driven by beams R1 and R2, which are tune
the ug1 ,n&↔ug2 ,n21& transition and oriented similarly to
the Raman beams used for9Be1. Each Raman pulse is the
followed by an optical pumping pulse provided by the ne
resonants2 polarized beam D1. Since the2S1/2↔ 2P1/2
manifold lacks a closed cycling transition, we use9Be1 as
before in order to probe the final ground-state fraction a
results are given in Fig. 4. From these data we infe
ground-state occupancy of 0.84(4) for the in-phase m
and 0.66(3) for the out-of-phase mode, with correspond
mean vibrational quanta ofn̄50.19(6) andn̄50.52(7), re-
spectively.

The significant difference between the results obtained
ing 9Be1 as a refrigerant ion and those using24Mg1 can be
predominately attributed to spontaneous emission from
24Mg1 Raman cooling beams. For9Be1, the Raman beam
are detuned byD'2p380 GHz and spontaneous emissi
plays a negligibly small role. However, for24Mg1, all
beams are derived from a single laser source with the Ra
detuning achieved using acousto-optic modulators. As s
our current setup limits the detuning of the Raman beam
D'2p3750 MHz, and this gives rise to a significa
amount of spontaneous emission during a Raman coo
cycle. Specifically, one can show that the mean numbe
photons scattered in a time corresponding to a coherenp
pulse on theug1 ,n51&↔ug2 ,n50& transition is 0.55 for the
in-phase mode and 2.0 for the out-of-phase mode. W

FIG. 2. Results for the in-phase mode using9Be1 as a cooling
ion. Red ~blue! sideband data are shown on the left~right!. ~a!

Doppler cooling and~b! sideband cooling. Values ofn̄ are estimated
from the sideband ratio, see text.
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spontaneous emission, population cannot be comple
transferred from one internal ground state to the other,
the ground stateug1 ,n50& is no longer a dark state for th
Raman cooling process. Thus, in any cooling cycle, popu
tion cannot be completely transferred to the vibration
ground state. Starting from the stateug1 ,n51& and driving
the ug1 ,n51&↔ug2 ,n50& transition we find, using the
simulations discussed in the following section, that on
85% of the vibrational population can be transferred to
ground state of the in-phase mode compared to 70% for
out-of-phase mode. Due to the imperfect transfer there
always be a finite amount of population left in the intern
state,ug2&, after any Raman pulse. This gives rise to a sm
amount of recoil heating during the final optical pumpin
step which also limits the cooling process.

III. SIMULATIONS

To more firmly establish spontaneous emission as
principal limitation when cooling with24Mg1 we have used
a master equation to model the cooling process, the detai
which are given in the appendixes. In these simulations
have usedV52p330 MHz, based on the measured bea
intensities, which yields a carrier Rabi frequency associa
with the Ramanug1 ,n50&↔ug2 ,n50& transition of ap-
proximately 2p3300 kHz. Raman pulse times of 2ms and
5 ms were used, as in the experiments, for the in-phase
out-of-phase mode, respectively. The initial state was ta
to be a thermal state in both cases withn̄54 for the in-phase

FIG. 3. Results for the out-of-phase mode using9Be1 as a
cooling ion. Red~blue! sideband data are shown on the left~right!.

~a! Doppler cooling and~b! sideband cooling. Values ofn̄ are esti-
mated from the sideband ratio, see text.
2-3
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BARRETT et al. PHYSICAL REVIEW A 68, 042302 ~2003!
mode andn̄51.7 for the out-of-phase mode, consistent w
the experimental data in Figs. 2~a! and 3~a!.

The final distributions obtained from numerical integr
tion of the master equation are given in Fig. 5. For the
distributions we find ground-state occupancies of 0.80 for
in-phase mode and 0.77 for the out-of-phase mode with
responding mean vibrational quanta ofn̄50.46 and n̄

50.31, respectively. These values ofn̄ are significantly dif-
ferent from those found in the experiment. However the d
tributions in Fig. 5 are not strictly thermal and are not w
characterized byn̄. Recall that we experimentally characte
ize the final state based on the measured sideband ratio
the assumption of a thermal state. Therefore, to make a b
comparison to the experiment, we calculate the sideband
tios for the distributions in Fig. 5 and we findr 50.18 and
r 50.23 for the in-phase and out-of-phase mode, resp
tively. These values, together with the assumption of a th
mal distribution, give ground-state occupancies of 0.82
the in-phase mode and 0.77 for the out-of-phase mode
corresponding mean vibrational quanta ofn̄50.23 and n̄
50.30, respectively. These values are in better agreem
with experiment and, for comparison, we have included
estimated thermal distributions in Fig. 5.

From the measured values of the frequencies an
normal-mode analysis we calculate Lamb-Dicke parame
of 0.3 for the in-phase mode and 0.082 for the out-of-ph
mode. From these values, together with the carrier freque

FIG. 4. Cooling results using24Mg1 as a cooling ion. Red
~blue! sideband data are shown on the left~right!. ~a! In-phase mode

and ~b! out-of-phase mode. Values ofn̄ are estimated from the
sideband ratio, see text.
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quoted above, one might expect pulse times of 2.8ms and
10 ms for the in-phase and out-of-phase mode respectiv
based on calculatedp times for theug1 ,n51&↔ug2 ,n50&
transition. The significant difference between these pu
times and those used in both the simulations and the exp
ments is due to that fact that we do not achieve ground-s
cooling. Thus the final optimum pulse need not be ap pulse
on ug1 ,n51&↔ug2 ,n50& transition.

IV. rf MICROMOTION COMPENSATION

An additional technical advantage of using differe
atomic species arises from the difference in mass of the
ions. In a linear Paul trap@11,25# the transversal confinemen
provided by the applied rf fields can be described by a h
monic pseudopotential with a frequency that is inversely p
portional to the mass of the ion. Thus, in the presence o
transverse stray electric field, the two ions have an equi
rium position that depends on the mass and their rela
position vector no longer lies parallel to the trap axis. The
effect is that the modes are no longer separable into the a
and radial directions, and the measured frequencies dev
from those found in the absence of stray fields. Since
effect only occurs in the presence of stray fields, it provid
an experimental method to detect and eliminate the rf mic
motion they induce.

To determine the effectiveness of this method we comp
it with a previously demonstrated method in which the m

FIG. 5. Simulation results using the master equation show
the final populationsPn vs the respective vibrational quantan. ~a!
In-phase mode and~b! out-of-phase mode. Black bars correspond
the simulation results and the white bars are the estimated the
distributions based on sideband ratios.
2-4
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SYMPATHETIC COOLING OF9Be1 AND 24Mg1 FOR . . . PHYSICAL REVIEW A 68, 042302 ~2003!
cromotion is monitored by measuring the saturation scat
ing rate belowR0, on the cycling transition in9Be1 @D3 in
Fig. 1~a!# when the laser is tuned near the carrier (v laser
2vatom.0), and the scattering rateR1 when the laser is
tuned near the first micromotion-induced sideband (v laser
2vatom.6V r f ) @18#. From these measurements the amp
tude of the micromotion can be found from the ratio

R5
R1

R0
5

J1
2~k•u!

J0
2~k•u!

, ~1!

whereJk are Bessel functions of the first kind,k is the wave
vector of the laser, andu is the micromotion amplitude. To
compare the two techniques we determine the effect on
frequency spectrum for a givenR.

In the pseudopotential approximation, the potential ene
for a 9Be1 ion of massm can be written as

V5
m

2
@v1

2x1
21~v0

21v2
2!x2

21~v0
22v3

2!x3
2#, ~2!

wherev0 is the frequency associated with the RF pseudo
tential andv1

2, v2
2, and 2v3

2 are the curvatures associate
with the applied static field needed to provide confinem
along the trap axis (x̂1).2 Sincev0 and the static field cur-
vaturesvk

2 are inversely proportional to the mass, the pote
tial energy of the two ion system can be written as

V5
m

2
@v1

2x1
21~v0

21v2
2!x2

21~v0
22v3

2!x3
2#1

m

2
@v1

2y1
2

1~m21v0
21v2

2!y2
21~m21v0

22v3
2!y3

2#1
q2

4pe0

1

ux2yu

1amv0
2@~x21y2!cosu1~x31y3!sinu#, ~3!

where x and y denote the positions of9Be1 and 24Mg1,
respectively,m is the ratio of the24Mg1 mass to the9Be1

mass, andq is the ion’s charge. In this expression we ha
included a stray electric field

E5a
m v0

2

q
~cosu x̂21sinu x̂3!. ~4!

In the limit thatv0 dominates the radial confinement,a is the
off-axis displacement of9Be1 due to the stray field. More
generally, it can be shown@18# that an electric field of this
form leads to micromotion of amplitude

u5a
v0A2

V r f
S v0

2

v0
21v2

2
cosu x̂21

v0
2

v0
22v3

2
sinu x̂3D . ~5!

For our particular setup we havev0.2p39 MHz, v1
.2p32.8 MHz,v2.2p32 MHz, andv3.2p33.4 MHz

2The sign of the static field curvatures depends on how the fie
applied. For our parameters the two radial curvatures have opp
sign as indicated in Eq.~2!.
04230
r-

-

e

y

-

t

-

and so we neglect the small dependence of the micromo
amplitude on the applied static field. If we assume tha
probe beam is optimally aligned for micromotion detecti
we have

k•u5
2p

l

v0A2

V r f
a. ~6!

Using this expression in Eq.~1! we can then finda for a
given ratioR. Using this value ofa in Eq. ~3! we can find, for
a given u, the equilibrium position and normal-mode fre
quencies for the two-ion system@26#. In Fig. 6~a! we plot the
shift in the out-of-phase mode frequency as a function ou
using R50.1 and the experimental valueV r f 52p
3110 MHz. The maximum frequency shift of 90 kHz is ea
ily detected from the difference in the out-of-phase mo
sideband and carrier resonant frequencies. The minimum
quency shift of 7 kHz, on the other hand, would indicate
reduced sensitivity to stray fields acting along thex̂2 direc-
tion. The sensitivity could be increased by applying a sta
potential with negative curvature in this direction. This cou
be accomplished by, for example, applying an overall sta
potential difference between the rf and~rf grounded! control
electrodes@13#. Alternatively we could utilize an additiona
effect that influences the observed Raman frequency s
trum. The Raman beams used to probe the mode frequen
couple to all modes that have motion along the direction
the difference vectorDk5k12k2 which, in this case, is
aligned along the trap axis. Thus, in the presence of a s
field, the Raman beams can couple to other modes giv
rise to additional features in the frequency spectrum. T

is
ite

FIG. 6. Plots showing effects of a transverse stray field on
quency spectrum for our experimental parameters.~a! Out-of-phase
mode shift and~b! Lamb-Dicke parameter for radial rocking mod

in x̂2 as a function of the angleu.
2-5
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BARRETT et al. PHYSICAL REVIEW A 68, 042302 ~2003!
strength of this coupling is determined by the Lamb-Dic
parameterh1 and in Fig. 6~b! we plot the magnitude ofh1 as
a function ofu for the radial rocking mode whose motion
nominally in the x̂2 direction. The maximum value ofh1
.0.05 gives rise to an easily detected feature in the
quency spectrum. Since this effect complements the shif
the out-of-phase mode frequency, compensation of stray
from any direction can be accomplished.

Although the sensitivity of this approach depends on
strength of the rf confinement, it does have advantages
fluorescence measurements where, to null micromotion
the transverse direction, we require two nonparallel pro
laser beam directions. In particular, monitoring the motio
frequency spectrum does not require any additional opt
access and is sensitive to micromotion in all transverse
rections. Furthermore, the mode frequencies are neede
quantum logic experiments anyway and so monitoring
spectrum is a natural part of the experimental setup. As s
we have found this property to be a convenient method
detect and compensate the presence of stray fields.

V. SPONTANEOUS EMISSION AND STARK SHIFTS

The advantage of using a different atomic species for
refrigerant ion is in the small Stark shifts and off-resona
excitation of the qubit ion due to the presence of the cool
light. Although the spontaneous emission and Stark shifts
the qubit ion will depend on the exact experimental con
tions, we can get an estimate of these effects with the
lowing simple model. We calculate the probability of spo
taneous emission from a qubit based on a superpositio
the u↓& and u↑& states of 9Be1, during a p pulse on the
ug1 ,n51&↔ug2 ,n50& 24Mg1 Raman cooling transition
~This will be the dominant source of spontaneous emiss
during one cooling cycle since the repumping pulse is
sumed to be near resonant and therefore of much less in
sity.! We assume the laser beam intensity is the same on
ions. The time for the cooling pulse is given bytp

.2pD/(hV2). From Ref.@27#, we find the rate of sponta
neous emission from the9Be1 qubit to be RSE
5(3/2)gV2/(D* )2 whereD* is the frequency difference be
tween the relevant transitions for9Be1 and 24Mg1. There-
fore, the probability of spontaneous emission from the qu
superposition is given byPSE5RSEtp53pgD/(h@D* )2#.
For the in-phase mode (h50.3), using the experimental va
ues from Sec. III, we findPSE.4310211. Better cooling
with 24Mg1 does require us to increase the Raman be
detuning, which leads to a corresponding increase in
probability of spontaneous emission~proportional toD), but
this should still yield a negligible probability of spontaneo
emission.

To estimate Stark shifts on the qubit, we first note that
using linearly polarized light to drive the24Mg1 Raman
cooling transition, net Stark shifts on the9Be1 qubit will
vanish @27#. However, during the24Mg1 repumping pulse,
we requires1 light, which leads to Stark shifts on the qub
From Ref.@27#, we estimate the phase shift on the qubit f
each repumping pulse to be approximatelyDf.3310210.
Because the expected decoherence from spontaneous
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sion and Stark shifts are so small, we could not test th
predictions. Nevertheless, we did look for decoherence
to presence of the24Mg1 Raman cooling beams. We pe
formed a Ramsey resonance experiment on theu↓&→u↑&
transition in 9Be1 with a precession time of 10 ms and o
served no loss in contrast (5% accuracy! with the 24Mg1

Raman beams applied continuously with maximum intens
during this time.

VI. CONCLUSION

We have demonstrated sympathetic cooling of a two-
crystal consisting of one9Be1 and one24Mg1. Using 9Be1

as the cooling ion, we have been able to achieve a grou
state occupancy for the axial modes of;95% and better
cooling results can be expected with improvements in
apparatus. With24Mg1 as the cooling ion we are currentl
limited by spontaneous emission. A model has been de
oped which takes spontaneous emission into account
gives reasonable agreement with the experimental res
Thus, for 24Mg1 cooling, we expect to find a substanti
improvement in the cooling results when we use larger
tunings. For the purposes of quantum information process
one can anticipate the need to cool more than two ions:
three-ion crystal consisting of two qubits and one refriger
being an obvious example. For such cases the salient fea
of the cooling process are essentially the same as those
onstrated here, provided the normal-mode frequencies ca
spectrally resolved. This spectral resolution will typically b
achievable in the case where two adjacent qubit ions
cooled by a third refrigerant ion@11,12#. A configuration
where an even number of qubit ions is cooled by a centr
located refrigerant ion@12# should also be experimentall
feasible. Finally, we note that these techniques may find
outside the realm of quantum computation, for instan
when applied to atomic clocks@28#.

In addition to demonstrating sympathetic cooling, w
have found that a mass difference between ions gives ris
a technique to detect and eliminate the effects of rf mic
motion. This technique involves monitoring the motional fr
quency spectrum only and, as such, it is a very conven
and easily implemented method of micromotion compen
tion.
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APPENDIX A: MODEL

In the interaction picture the master equation has the u
form
2-6
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ṙ52 i @HI ,r#1Lr, ~A1!

whereHI is the interaction Hamiltonian andL is the Liou-
villian operator which accounts for dissipative processes.
the 24Mg1 system depicted in Fig. 1~b! the Hamiltonian is
given by

HI5
V

2
eiDt@D~eidLtue1&^g1u1ei (dL22/3d)tue2&^g2u!1D†~ ue1&

3^g2u1ei4/3dtue2&^g1u!#1c.c., ~A2!

wheredL5vR22vR12d is the relative detuning of the Ra
man beams from the Raman resonance andD is the kick or
recoil operator. In terms of the annihilation operatora, the
normal-mode frequencyv, and the corresponding Lamb
Dicke parameterh this operator may be written as

D5expF i
h

2
~ae2 ivt1a†eivt!G , ~A3!

where we have restricted our attention to the mode of inte
andh is defined in terms ofDk for the Raman beams. Usin
the notations jk5ugj&^eku the Liouvillian has the usual form

Lr5
G

2 (
j ,k

cjk
2 ~2s jkr̄s jk

† 2s jk
† s jkr2rs jk

† s jk!, ~A4!

wherecjk is the Clebsch-Gordon coefficient connectingugj&
anduek&, G is the total decay rate from the excited state, a
r̄ describes the density matrix after a spontaneous emis
event@29,30#:

r̄5E E d V W~ k̂•êz!expS ih
k̂•êt

A2
~ae2 ivt

1a†eivt!D r expS 2 ih
k̂•êt

A2
~ae2 ivt1a1eivt!D .

~A5!

In this expressionk̂ is the unit vector giving the propagatio
direction of the scattered photon relative to the quantiza
axis denoted byêz , êt is a unit vector along the trap axis
W( k̂•êz) is the angular distribution of the emission, and t
integration is carried over the full solid angle. For the dipo
decay discussed here we have

W~ k̂•êz!5
3

8p H „12~ k̂•êz!
2
…

1

2
„11~ k̂•êz!

2
…,

~A6!

where the upper~lower! expression applies to decay chann
involving linear ~circular! polarization.

APPENDIX B: ADIABATIC ELIMINATION

The master equation formulated in Appendix A can
integrated directly using a truncated basis of Fock state
04230
or

st

d
on

n

to

describe the vibrational modes. However, it is computati
ally intensive to do so and significant simplification can
achieved by adiabatically eliminating the excited state. T
procedure we adopt here closely follows that found in R
@31#.

Let Pg and Pe be the projection operators defined byPg
5(kugk&^gku andPe5(kuek&^eku. Then any operatorA can
be written as A5Aee1Aeg1Age1Agg where Aab
5PaAPb . In this way the master Eq.~A1! can be rewritten
in component form giving

ṙee52 i ~H̃egr̃ge2 r̃egH̃ge!2Gree, ~B1!

ṙ̃eg52 i ~H̃egrgg2reeH̃eg!2S G

2
1 iD D r̃eg , ~B2!

ṙgg52 i ~H̃ger̃eg2 r̃geH̃eg!1G(
j ,k

cjk
2 s jkr̄ees jk

1 ,

~B3!

where we have used the definitionsHI5eiDtH̃eg1c.c. and

r̃eg5e2 iDtreg . To proceed we neglect the termsṙ̃eg and
reeH̃eg in Eq. ~B2!, the validity of which is discussed in Re
@31#. This results in an algebraic expression forr̃eg , which
can be rearranged to give

r̃eg5
2 i

~G/2!1 iD
H̃egrgg . ~B4!

Substituting this expression into Eq.~B1! and neglectingṙee
then yields the result

ree5
1

~G/2!21D2
H̃egrggH̃ge . ~B5!

Finally, Eqs.~B4! and ~B5! can be substituted into Eq.~B3!
to give a closed equation of motion forrgg . Dropping the
subscripts onrgg we find the equation

ṙ52 i F 2D

~G/2!21D2
H̃geH̃eg ,rG2H ~G/2!

~G/2!21D2
H̃geH̃eg ,rJ

1
~G/2!

~G/2!21D2 (
j ,k

cjk
2 2s jkH̃egr̄H̃ges jk

† ~B6!

for the effective ground-state density matrix, where$•••% is
used to denote an anticommutator. If one makes the iden
cations

He f f5
2D

~G/2!21D2
H̃geH̃eg ,

G85
G

~G/2!21D2
,

and
2-7



s
er
th
s

th
-
m
of
c
e

us
d for
ra-
c-
the
we
ent.
be

BARRETT et al. PHYSICAL REVIEW A 68, 042302 ~2003!
s̄ jk5s jkH̃eg,

then Eq.~B6! can be recast into the usual form given in Eq
~A1! and ~A4!. Numerical simulation of the reduced mast
equation can be further simplified by expanding out
terms in Eq.~B6! and neglecting the off-resonant terms a
sociated with the Raman pairs1 andp.

The resulting system gives excellent agreement with
full system given in Eq.~A1!. However the procedure out
lined here is not rigorously correct due the residual ti
dependence inH̃eg associated with the Zeeman splitting
the excited- and ground-state manifolds. In effect, the pro
dure here neglects the small differential Stark shift induc
hy

r,

04230
.

e
-

e

e

e-
d

by this splitting as well as the small change in the vario
spontaneous emission rates. These have been accounte
in a more elaborate treatment in which the projection ope
tors are split, allowing the individual level shifts to be a
counted for. The resulting algebra is more involved but
procedure is precisely the same. For brevity and clarity
have omitted the details of this more elaborate treatm
Finally, we note that the optical pumping process can
treated in a similar manner with Eq.~A2! replaced with

HI5
V

2
D†ue1&^g2u1c.c. ~B7!
d

d

er,
on
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