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Generation of entangled states for many multilevel atoms in a thermal cavity
and ions in thermal motion
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We propose a scheme for generating entangled states for two or more multilevel atoms in a thermal cavity.
The photon-number-dependent parts in the effective Hamiltonian are canceled with the assistance of a strong
classical field. Thus the scheme is insensitive to both the cavity decay and the thermal field. The scheme does
not require individual addressing of the atoms in the cavity. The scheme can also be used to generate entangled
states for many hot multilevel ions.
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Entanglement of two or more particles is not only of s
nificance for test of quantum mechanics against local hid
theory @1–3#, but also useful in quantum cryptography@4#
and quantum teleportation@5#. Most of research in quantum
nonlocality and quantum information is based on entang
ment of two-level particles. Entangled states for two-le
particles have been observed for photons@6–8#, atoms in
cavity QED @9–11#, and ions in a trap@12–14#.

Recently, it has been shown that violations of local re
ism by two entangledN-dimensional systems are strong
than those for two qubits@15#. The Greenberger-Horne
Zeiliner paradox has also been extended to m
N-dimensional systems@16#. Furthermore, it has been show
that quantum cryptography based on entangled qutrit
more secure than that based on entangled qubits@17#. High-
dimensional entanglement for photons has been obse
@18–21#. However, there have been no reports on the re
ization of entanglement for multilevel massive particles. R
cently, Zouet al. @22# have proposed a scheme for the ge
eration of entangled states for two three-level atoms in ca
QED using nonresonant interaction of two atoms with a c
ity @23#. The scheme is insensitive to cavity decay. The m
drawback of the scheme is that it requires individual addre
ing of the atoms when both atoms are still in the cav
which is experimentally problematic.

In this paper we propose a scheme for generating
tangled states for many multilevel atoms in cavity QED a
ions in a trap. In cavity QED, our scheme does not requ
individual addressing of the atoms in the cavity. Anoth
distinct feature of the present scheme is that the pho
number-dependent parts in the effective Hamiltonian are c
celed with the assistance of a strong classical driving fie
Due to this feature the scheme is insensitive to both the c
ity decay and thermal field. For the trapped ions, our sche
is insensitive to the thermal motion.

We considerN identical ladder-type three-level atoms s
multaneously interacting with a single-mode cavity field a
driven by a classical field. The atomic states are denoted
ug&, ue&, andu i &. The transition frequency between the sta
ue& and u i & is highly detuned from the cavity frequency, an
thus the stateu i & is not affected during the atom-cavity inte
action. The Hamiltonian~assuming\51) @24,25# is
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H5v0(
j 51

N

Sz, j1vaa†a1(
j 51

N

@g~a†Sj
21aSj

1!

1V~Sj
1e2 ivt1Sj

2eivt!#, ~1!

where Sj
15uej&^gj u, Sj

25ugj&^ej u, Sz, j5
1
2 (uej&^ej u

2ugj&^gj u), with uej& and ugj& ( j 51,2) being the excited
and ground states of thej th atom,a† anda are the creation
and annihilation operators for the cavity mode,g is the atom-
cavity coupling strength, andV is the Rabi frequency of the
classical field. We assume thatv05v. Then the interaction
Hamiltonian, in the interaction picture, is

Hi5(
j 51

N

@g~e2 idta†Sj
21eidtaSj

1!1V~Sj
11Sj

2!#, ~2!

whered is the detuning between the atomic transition fr
quency v0 and cavity frequencyv. We define the new
atomic basis

u1 j&5
1

A2
~ ugj&1uej&), u2 j&5

1

A2
~ ugj&2uej&). ~3!

Then we can rewriteHi as

Hi5(
j 51

N

@ge2 idta†~sz, j1
1
2 s j

12 1
2 s j

2!

1eidta~sz, j1
1
2 s j

22 1
2 s j

1!12Vsz, j #, ~4!

where sz, j5
1
2 (u1 j&^1 j u2u2 j&^2 j u), s j

15u1 j&^2 j u, and
s j

25u2 j&^1 j u.
The time evolution of this system is decided by Sch¨-

dinger’s equation:

i @duc~ t !&/dt] 5Hi uc~ t !&. ~5!

We perform the unitary transformation

uc~ t !&5e2 iH 0tuc8~ t !&, ~6!

with

H052V(
j 51

N

sz, j . ~7!
©2003 The American Physical Society01-1
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Then we obtain

i @duc8~ t !&/dt] 5Hi8uc8~ t !&, ~8!

where

Hi85 (
j 51,2

@ge2 idta†~sz, j1
1
2 s j

1e2iVt2 1
2 s j

2e22iVt!

1eidta~sz, j1
1
2 s j

2e22iVt2 1
2 s j

1e2iVt!#. ~9!

Assuming that 2V@d,g, we can neglect the terms osci
lating fast. ThenHi8 reduces to

Hi85(
j 51

N

g~e2 idta†1eidta!sz, j

5
1

2 (
j 51

N

g~e2 idta†1eidta!~Sj
11Sj

2!. ~10!

In the cased@g/2, there is no energy exchange between
atomic system and the cavity. The resonant transitions
uejgkn&↔ugjekn& and uejekn&↔ugjgkn&. The transition
uejgkn&↔ugjekn& is mediated byugjgkn61& and uejekn
61&. The contributions ofugjgkn61& are equal to those o
uejekn61&. The corresponding Rabi frequency is given b

2
^ejgknuHi8ugjgkn11&^gjgkn11uHi8ugjekn&

d

12
^ejgknuHi8ugjgkn21&^gjgkn21uHi8ugjekn&

2d
5

g2

2d
.

~11!

Since the transition paths interfere destructively, the R
frequency is independent of the photon number of the ca
mode. The destructive interference of transition amplitu
was first proposed for trapped ions@26,27#. The Rabi fre-
quency foruejekn&↔ugjgkn&, mediated byuejgkn61& and
ugjekn61&, is also equal tog2/(2d). The Stark shift for the
stateuej& is

^ejnuHi8ugjn11&^gjn11uHi8uejn&
d

1
^ejnuHi8ugjn21&^gjn21uHi8uejn&

2d
5

g2

4d
. ~12!

The Stark shift forugj& is alsog2/(4d). The strong classica
field induces the termsg(e2 idta1Sj

11eidtaSj
2), which re-

sult in the photon-number-dependent Stark shifts negativ
those induced byg(e2 idta1Sj

21eidtaSj
1). Thus the photon-

number-dependent Stark shifts are also canceled. Then
effective Hamiltonian is given by
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He5lF1

2 (
j 51

N

~ uej&^ej u1ugj&^gj u!

1 (
j ,k51

N

~Sj
1Sk

11Sj
1Sk

21H.c.!G , j Þk, ~13!

wherel5g2/2d. The distinct feature of the effective Hami
tonian is that it is independent of the photon number of
cavity field. Without the strong classical field, the Stark sh
terms are proportional to the photon number, and the te
Sj

1Sk
11H.c. do not exist. The evolution operator of the sy

tem is given by

U~ t !5e2 iH 0te2 iH et. ~14!

We note that the atomic state evolution operatorU(t) is in-
dependent of the cavity field state, allowing it to be in
thermal state.

We first consider the case whereN52 and assume tha
the two atoms are initially in the stateug1&ug2&. After an
interaction timet1 the state of the system is

ug1&ug2&→e2 ilt1$cos~lt1!@cosVt1ug1&2 i sinVt1ue1&]

3@cosVt1ug2&2 i sinVt1ue2&] 2 i sin~lt1!

3@cosVt1ue1&2 i sinVt1ug1&] @cosVt1ue2&

2 i sinVt1ug2&] %. ~15!

We choose the interaction timet1 and Rabi frequencyV

appropriately so that sin(lt1)51/A3 andVt15kp,with k be-
ing an integer. Then we have

ug1&ug2&→e2 ilt1H A2 2
3 ug1&ug2&2 i

1

A3
ue1&ue2&J . ~16!

Now we switch off the classical field tuned to theug&
→ue&, and switch on another classical field tuned to t
ue&→u f &. Choosing the Rabi frequency and interaction tim
appropriately so that the atoms undergo the transitionsue&
→u f &. We here assume that this classical field is sufficien
strong, and thus the interaction time is so short that the
persive atom-cavity interaction can be neglected during
application of this classical field. This leads to

e2 ilt1$A2 2
3 ug1&ug2&2 i ~1/A3! u f 1&u f 2&%. ~17!

Then we again switch on the classical field tuned to
ug&→ue&, and switch off the field tuned to theue&→u f &. The
Hamiltonian is again given by Eq.~13!. After another inter-
action timet2, we obtain

e2 il(t11t2)A2
3 $cos~lt2!@cosV8t2ug1&2 i sinV8t2ue1&]

3@cosV8t2ug2&2 i sinV8t2ue2&] 2 i sin~lt2!

3@cosV8t2ue1&2 i sinV8t2ug1&] @cosV8t2ue2&

2 i sinV8t2ug2&] %2 ie2 ilt1 ~1/A3! u f 1&u f 2&, ~18!
1-2
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whereV8 is the Rabi frequency of the classical field durin
the interaction timet2. We choose the interaction timet2 and
Rabi frequencyV8 appropriately so thatlt25p/4 and
V8t252k8p, with k8 being an integer. Then we have

e2 ilt1A 1
3 $e2 ilt2ug1&ug2&2 ie2 ilt2ue1&ue2&2 i u f 1&u f 2&%.

~19!

This is a maximally entangled state for the two three-le
atoms. We here do not require individual addressing of
atoms when they are in the cavity. Furthermore, our sche
is not only insensitive to the cavity decay but also insensit
to the thermal photons. The thermal field gradually builds
during the operations@10#. Thus, our scheme is important i
view of experiment.

We now turn to the problem of generating entanglem
for three or more three-level atoms with a thermal cav
The effective HamiltonianHe can also be rewritten as

He52lSx
2 , ~20!

where

Sx5
1

2 (
j 51

N

~Sj
11Sj

2!. ~21!

We assume that the atoms are initially in the st
ug1g2•••gN&. Using the representation of the operatorSz ,
the atomic statesug1g2•••gN& and ue1e2•••eN& can be ex-
pressed asuN/2,2N/2& and uN/2,N/2&, respectively. On the
other hand, such states can be expanded in terms of
eigenstates ofSx @25,26,28#,

uN/2,2N/2&5 (
M52N/2

N/2

CMuN/2,M &x , ~22!

uN/2,N/2&5 (
M52N/2

N/2

CM~21!N/22MuN/2,M &x . ~23!

Thus, the evolution of the system is

(
M52N/2

N/2

CMe22i (VM1lM2)tuN/2,M &x . ~24!

When N is even,M is an integer. With the choicelt5p/4
andVt5np, we obtain

1

A2
(

M52N/2

N/2

CM@e2 ip/41eip/4~21!M#uN/2,M &x

5~1/A2! ~e2 ip/4ug1g2•••gN&

1eip/4~21!N/2ue1e2•••eN&). ~25!

On the other hand, for the case whereN is odd we choose
lt5p/4 andVt5(2n13/4)p. Then we obtain
03580
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~1/A2! ei (7/8)p@e2 ip/4ug1g2•••gN&

1eip/4~21!(11N)/2ug1g2•••gN&]. ~26!

By this way we obtain a multiatom Greenberger-Horn
Zeilinger state@2#.

We here assume thatN is even. After the state of Eq.~26!
is prepared, we switch off the classical field tuned toue&
→ug& and perform the transformationue&→u f &. Then we
have

1

A2
~e2 ip/4ug1g2•••gN&1eip/4~21!N/2u f 1f 2••• f N&). ~27!

Then we again switch on the classical field tuned toue&
→ug&. After another interaction timet we obtain an en-
tangled state for theN three-level atoms,

1
2 e2 ip/4~e2 ip/4ug1g2•••gN&1eip/4~21!N/2ue1e2•••eN&)

1 ~1/A2! eip/4~21!N/2u f 1f 2••• f N&. ~28!

After the N atoms exit the cavity, we can prepareN21 at-
oms into a maximally entangled state via manipulating
Nth atom. We first perform the transformations

ugN&→ ~1/A2! ugN&1~1/A10! ueN&2A2
5 u f N&,

ueN&→2 ~1/A2! ugN&1~1/A10! ueN&2A2
5 u f N&,

u f N&→ ~2/A5! ueN&1A1
5 u f N&. ~29!

Then we detect the state of theNth atom. The detection o
the stateu f N& collapses theN21 atoms onto the maximally
entangled state,

~1/A3! ~e2 ip/2ug1g2•••gN21&1~21!N/2ue1e2•••eN21&

2eip/4~21!N/2u f 1f 2••• f N21&. ~30!

The probability of success is 0.3.
We note we can generate a maximally entangled state

N four-level atoms determinately. The fourth level isuh&.
After the atoms are prepared in the state of Eq.~28!, we
perform the transformationsug&↔u f & and ue&↔uh&. This
leads to

~1/A2! eip/4~21!N/2ug1g2•••gN&1 1
2 ~e2 ip/2u f 1f 2••• f N&

1~21!N/2uh1h2•••hN&). ~31!

Then we again switch on the classical field tuned toue&
→ug&. After another interaction timet, we obtain an en-
tangled state for theN four-level atoms,

1
2 @~21!N/2ug1g2•••gN&1eip/2ue1e2•••eN&

1e2 ip/2u f 1f 2••• f N&1~21!N/2uh1h2•••hN&]. ~32!

We note that the idea can also be used to the ion
system. We consider thatN ions are confined in a linear trap
1-3
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Then we simultaneously excite the ions with two lasers
frequenciesv01n1d and v02n2d, wherev0 is the fre-
quency of the transitionue&→ug& andn is the frequency of
the one collective vibrational mode. Supposed is much
smaller thann, and thus we can neglect other vibration
modes. In this case the Hamiltonian for the system is gi
@26,27# by

Ĥ5nâ†â1v0(
j 51

N

Ŝz, j1H Ve2 if(
j 51

N

Ŝj
1eih(â†1â)

3@e2 i (v01n1d)t1e2 i (v02n2d)t#1H.c.J , ~33!

where â† and â are the creation and annihilation operato
for the collective vibrational mode, andh5k/A2nM is the
Lamb-Dicke parameter, withk being the wave vector alon
the trap axis andM the mass of the ion collection. We he
have assumed that the lasers have the same Rabi frequ
V, phasef, and same wave vectork. Furthermore, we con
sider the resolved sideband regime, where the vibratio
frequencyn is much larger than other characteristic freque
cies of the problem. In this case we discard the rapidly
cillating terms and obtain the Hamiltonian in the interacti
picture,

Ĥ5Ve2h2/2e2 if(
j 51

N

Ŝj
1(

j 50

`
~ ih!2 j 11

j ! ~ j 11!!

3@ â1( j 11)â je2 idt1â† j â j 11eidt#1H.c. ~34!

In the Lamb-Dicke regime~i.e., hAn11!1), with n being
the phonon number, the Hamiltonian of Eq.~34! can be ap-
proximated by the expansion to the first order inh,
rs

J.
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Ĥ5 ihVe2 if(
j 51

N

Ŝj
1~ â†e2 idt1âeidt!1H.c. ~35!

When d@hV and f5p/2, the effective Hamiltonian has
the same form as Eq.~13!, with l52V2h2/d. For the case
N52 we focus the two lasers on the ions for a tim
arcsin(1/A3)/l, then perform the transformationue&→u f &
with u f & being another internal state, followed by the app
cation of the two above-mentioned lasers for a timep/(4l).
The two ions are prepared in the state of Eq.~19!. Using the
procedure similar to that for cavity QED we can also gen
ate entangled states for many multilevel ions. The effect
Hamiltonian does not involve the external degree of freed
and thus the scheme is insensitive to the external state
lowing it to be in a thermal state. For the generation of t
states of Eqs.~19!, ~28!, and ~32!, we do not require indi-
vidual addressing of the ions.

In conclusion, we have proposed a scheme for genera
entangled states for two or more multilevel particles in bo
cavity QED and ion trap. In cavity QED, our scheme do
not require individual addressing of atoms in the cavity.
cavity QED the scheme is insensitive to both cavity dec
and thermal field, which is of importance from the expe
mental point of view. In ion trap, our scheme is insensitive
the thermal motion. Based on the experiments reported
Refs. @10,13,14#, our scheme is realizable with techniqu
presently available.
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