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Generation of entangled states for many multilevel atoms in a thermal cavity
and ions in thermal motion
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We propose a scheme for generating entangled states for two or more multilevel atoms in a thermal cavity.
The photon-number-dependent parts in the effective Hamiltonian are canceled with the assistance of a strong
classical field. Thus the scheme is insensitive to both the cavity decay and the thermal field. The scheme does
not require individual addressing of the atoms in the cavity. The scheme can also be used to generate entangled
states for many hot multilevel ions.
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Entanglement of two or more particles is not only of sig- N N
nificance for test of quantum mechanics against local hidden H= woz S,j+w,ala+ Z [g(aTSj’+a§+)
theory [1-3], but also useful in quantum cryptograpf/ =1 =1
and quantum teleportatlc[ﬁ]. Most_of r_esearch in quantum +Q(Sj+e7iwt+sjfeiwt)]7 (1)
nonlocality and quantum information is based on entangle-
me?tlof t\r/]vo—le\gel partlbcles. Ifjn';anglﬁdts'éat%s fotr two—_levelwhere Sj+2|ej><gj|y S]i:|gj><ej|, Sz,,:%(|ej><ej|
partcies nave peen observed t1or p O(E S ], atoms In _|gj><gj|)r with |ej> and |gj> (j:1,2) being the excited

cavity QED[9-11], and ions in a trajp12-14. and ground states of thj¢h atom,a” anda are the creation
Recently, it has been shown that violations of local real-

. _ : and annihilation operators for the cavity modes the atom-
ism by two entangled\-dimensional systems are stronger ., it coupling strength, anfl is the Rabi frequency of the
than those for two qubit§15]. The Greenberger-Home- (,qgicq| field. We assume thab=w. Then the interaction
Zeiliner paradox has also been extended to

aNYjamiltonian, in the interaction picture, is
N-dimensional systen{d6]. Furthermore, it has been shown ' P '

that quantum cryptography based on entangled qutrits is N _ _

more secure than that based on entangled qfibfts High- Hi=>, [g(e'?a'S] +e'aS ) +Q(S +5)], (2
dimensional entanglement for photons has been observed =1

.[18._2]]‘ However, there have t_>een no reports on the real\'/vhereé5 is the detuning between the atomic transition fre-
ization of entanglement for multilevel massive particles. Re-

cently, Zouet al. [22] have proposed a scheme for the gen—quency @o and cavity frequencyw. We define the new

eration of entangled states for two three-level atoms in cavit;‘?ltomIC basis

QED using nonresonant interaction of two atoms with a cav- 1 1

ity [23]. The scheme is insensitive to cavity decay. The main |+j>: _(|gj>+|ej>), |_j): _(|gj>_|ej>)_ 3)
drawback of the scheme is that it requires individual address- V2 V2

ing of the atoms when both atoms are still in the cavity,
which is experimentally problematic.

In this paper we propose a scheme for generating en- N
tangled states for many multilevel atoms in cavity QED and H. = 2 [ge al(o,+3o —L07)
ions in a trap. In cavity QED, our scheme does not require e = J !
individual addressing of the atoms in the cavity. Another

Then we can rewritél; as

i ot 1 - 1+ _

distinct feature of the present scheme is that the photon- +tefa(o,trop —z07)+200,], (4
number-dependent parts in the effective Hamiltonian are can-

P P WhereO'Z'j:%(|+]‘><+]‘|_|_J‘><_i|), 0']-+:|+]'><_j|, and

celed with the assistance of a strong classical driving field. _
Due to this feature the scheme is insensitive to both the cav?i = | _J_><+J|' _ _ _ _ .
ity decay and thermal field. For the trapped ions, our scheme, The, time e\_/olutlon of this system is decided by Sehro
is insensitive to the thermal motion. dinger’s equation:

We considem identical ladder-type three-level atoms si- ; —u
multaneously interacting with a single-mode cavity field and idlg()/dd =Hi¥(V). ®
driven by a classical field. The atomic states are denoted bye perform the unitary transformation

|g), |e), and|i). The transition frequency between the states _
|e) and[i) is highly detuned from the cavity frequency, and lp(t))=e Moy (1)), (6)
thus the statéi) is not affected during the atom-cavity inter-
action. The Hamiltoniattassumingii =1) [24,25 is with
N
Ho=2( T, 7
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Then we obtain 1
He=\5 2, (ley)(ei+1g;){gi)

=1

ifdly’ ())/dt] =H{[¢' (1)), 8 y
+ ot + - ;
where +j,k2:1 (S'S{+S/S +He)|, j#k (13
) ) ) where\ =g?/28. The distinct feature of the effective Hamil-
Hi= 2 [ge ®al(o,;+3 0/ e? -] o e 20 tonian is that it is independent of the photon number of the
=12 cavity field. Without the strong classical field, the Stark shift
_l_ei&ta(a_zj_l_%O_j—e—Zim_%a_Jﬁ-GZiQt)]_ (9 termsare proportional to the photon number, and the terms

S]-*SH— H.c. do not exist. The evolution operator of the sys-

Assuming that 22> 6,9, we can neglect the terms oscil- tem is given by

lating fast. TherH, reduces to U(t)=e Hotg—iHet (14)

N We note that the atomic state evolution operdddt) is in-
H/=2> ge'"a’+e )y, dependent of the cavity field state, allowing it to be in a
=1 thermal state.
N We first consider the case wheke=2 and assume that
> ge”"aT+eMa) (S +5)). (10) the two atoms are initially in the staig:)|g,). After an
j=1 interaction timet; the state of the system is

N| =

In the cases>g/2, there is no energy exchange between the |91)|92)— e~ ™1{cog A ty)[cosQty|g;) —i sinOty]ey)]

atomic system and the cavity. The resonant transitions are X [cosQty|g,)—i sinQty|e,)] —i sin(xty)
lejgkn)—|gjexn) and |ejen)—|gjgen). The transition
lejgkn)—|gjexn) is mediated by|gjgyn+1) and |ejen X [cosQt,|e;) —i sinQty]|gq)][cosQtq|e,)
+1). The contributions ofg;gyn+ 1) are equal to those of i sinQ)
lejen=+1). The corresponding Rabi frequency is given by —1sinQty[gy)]}- (19
) ) We choose the interaction timg and Rabi frequency)
2<ng'<”| Hilg;9n+1)(g;gkn +1|H{[gjexn) appropriately so that sin(1)=1/\/§ andQt, =k, with k be-
é ing an integer. Then we have
+2<ejgkn|Hi,|gjgkn_1><gjgkn_1|Hi,|gjekn>:g_2 . 1
-5 25 l90)lg2)—e ™Mt V25|g1)|g,) i ﬁ|el>|ez> . (18
(11)

Now we switch off the classical field tuned to the)

Since the transition paths interfere destructively, the Rabi~|€), and switch on another classical field tuned to the
frequency is independent of the photon number of the cavitye)—|f). Choosing the Rabi frequency and interaction time
mode. The destructive interference of transition amplitude@ppropriately so that the atoms undergo the transitjehs

was first proposed for trapped |0|ﬁ26’27_| The Rabi fre- —>|f> We here assume that this classical field is Sufﬁciently
quency for|e;en)«<|g;gn), mediated byle;g,n+1) and strong, and thus t_he_interac'_cion time is so short that t_he dis-
Igjekni1>, is also equal t@?/(25). The Stark shift for the Persive atom-cavity interaction can be neglected during the

state|e;) is application of this classical field. This leads to
<e]n|H|’|an+1)<g]n+1|H|’|eJn> eii)\tl{ V2%|gl>|92>_|(1/\/§)|fl>|f2>} (17)
6 Then we again switch on the classical field tuned to the
Al 1l e 2 |g)—|e), and switch off the field tuned to tHe)—|f). The
+ (ejn[Hilg;n—1)(gin—1|Hile;n) - g_ (12)  Hamiltonian is again given by Eq13). After another inter-
—6 46 action timet,, we obtain

The Stark shift forlg;) is alsog?/(468). The strong classical ~ e~ ™1+t \/g{cos{)\tz)[cosﬂ’tﬂgl)—i sinQ't,)e;)]
field induces the termg(e™'*a* S +€'"as"), which re- , o o
sult in the photon-number-dependent Stark shifts negative to X[cosQt,]gp) —i sinQ "ty €)] —i sin(\ty)

those induced bg(e™'*'a*S; +e'*'aS"). Thus the photon- X[COSQt,]e;) i SinQ't,]g;)][CosQ t,]e,)
number-dependent Stark shifts are also canceled. Then the _
effective Hamiltonian is given by —isinQ/t,|g,) ]} —ie ™Ma(1/43) [f,)|f,), (18
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where()’ is the Rabi frequency of the classical field during (1/42) e e im4q.0,- - -gn)
the interaction timé,. We choose the interaction timgand - i
Rabi frequencyQ’ appropriately so thatt,= /4 and +e ™~ 1) g,g,- - - gy)]. (26)

QO't,= 2k’ 7, with k" being an integer. Then we have ) ) .
By this way we obtain a multiatom Greenberger-Horne-

Zeilinger statg2].
We here assume thhtis even. After the state of EG26)
is prepared, we switch off the classical field tuned|ép

This is a maximally entangled state for the two three—leveIrTaL/gg and perform the transformatiofe) —|f). Then we

atoms. We here do not require individual addressing of the
atoms when they are in the cavity. Furthermore, our schem
is not only insensitive to the cavity depay but also inse_nsitive_(e—iw/4|glgz. gt el T4 — ]_)N/2|f1f2. ~f). (27
to the thermal photons. The thermal field gradually builds up\/z
during the operationgl0]. Thus, our scheme is important in ) _ ) )
view of experiment. Then we again switch on the classical field tuned|ép
We now turn to the problem of generating entanglement|9). After another interaction time we obtain an en-
for three or more three-level atoms with a thermal cavity.tangled state for th&l three-level atoms,
The effective HamiltoniarH, can also be rewritten as Cimld i i
€ ze7' e ™10, - - gn) T = 1)V e, - -ey))

He=2)\SZ, (20) + (1/V2) @™ = )N ff,- - ). (28)

e M1\3{e Mgy gy —ie Mele) ep) —i[ 1) f2).
(19

where After the N atoms exit the cavity, we can prepaie-1 at-
oms into a maximally entangled state via manipulating the

1 N Nth atom. We first perform the transformations
Sﬁz,% (ST+S)). (21)
a0 — (LIV2) lgn) + (LVI0) [e) — V2| ),
We assume that the atoms are initially in the state
|g102- - -gn). Using the representation of the operaSr, len)— = (1/42) [gny +(1/4/10) |ey) — \/glfm,
the atomic state§y,g,- - -gy) and|e.e,- - -ey) can be ex-
pressed a$N/2,—N/2) and|N/2,N/2), respectively. On the [fn)— (2/\/5) |en) + \/g|fN>- (29
other hand, such states can be expanded in terms of the
eigenstates 08, [25,26,2§, Then we detect the state of tiNth atom. The detection of

the statg fy) collapses theN—1 atoms onto the maximally
entangled state,

(1\3) (€719, - - gn-1) +(— 1)V ese;- - -ey_1)

N/2 —e (= )Mf - fyy). (30
INI2N/2y= > Cu(—=DNVZMN2M),. (23
M=-N/2

N/2
INI2,—N/2)= >,  CuINI2M),, (22
M=—N/2

The probability of success is 0.3.

We note we can generate a maximally entangled state for
Thus, the evolution of the system is N four-level atoms determinately. The fourth level|ts).
After the atoms are prepared in the state of E2f), we
perform the transformationfg)«|f) and |e)«|h). This
leads to

(1/7/2) €™4(—1)N?gyg,- - - gn)+ 3 (€7 ™2 f 15 - - Fy)

N/2

CMe—Zi(()M+)\MZ)t|N/2,M>X_ (24
M=—N/2

WhenN is even,M is an integer. With the choickt= 7/4

andQt=ns, we obtain + (=N hyhy- - -hy)). (3D
1 N2 _ , Then we again switch on the classical field tuned|ep
N 2 Cyle '™+~ 1)M]IN2M), —|g). After another interaction time, we obtain an en-
2 M==NP2 tangled state for thé&l four-level atoms,
— —inl4 . i
(1/\/5) (e |gng gN> %[(— 1)N/2|9192' . .gN>+e' /2|elez. . .eN>
+e'™(—1)"ese,- - -ey)). (25 +e 1T ffy - f )+ (— 1)V hihy- - hy)]. (32

On the other hand, for the case whétds odd we choose We note that the idea can also be used to the ion trap
M =7/4 andQt=(2n+3/4)7. Then we obtain system. We consider thations are confined in a linear trap.
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Then we simultaneously excite the ions with two lasers of N

frequencieswo+ v+ & and wy— v— 8, Wherewy is the fre- H=inQe '*> §(ale +ae'™)+H.c. (39
quency of the transitiohe)—|g) and v is the frequency of =1

the one collective vibrational mode. Suppodeis much

smaller thanv, and thus we can neglect other vibrational

modes. In this case the Hamiltonian for the system is giver{/hen 8> 7 and ¢=m/2, the effective Hamiltonian has

[26.27 by the same form as Eq13), with A=20?%?/ 5. For the case
N=2 we focus the two lasers on the ions for a time
o N N arcsin(14/3)/x, then perform the transformatiore)— |f)
H=va'a+ wozl Sz,;+[ﬂe"¢jEl §felnata with |f) being another internal state, followed by the appli-

cation of the two above-mentioned lasers for a timé4\).
The two ions are prepared in the state of E). Using the

X [ (0ot vty g=i(wo=r=a)t] 4 H.c.] , (33)  procedure similar to that for cavity QED we can also gener-
ate entangled states for many multilevel ions. The effective

~t - _ o Hamiltonian does not involve the external degree of freedom
wherea’ anda are the creation and annihilation operators g thys the scheme is insensitive to the external state, al-

for the collective vibrational mode, angl=k/y2vM is the  |oying it to be in a thermal state. For the generation of the
Lamb-Dicke parameter, with being the wave vector along  giates of Egs(19), (28), and (32), we do not require indi-
the trap axis and/ the mass of the ion collection. We here y;qya| addressing of the ions.

have assumed that the lasers have the same Rabi frequency|n conclusion, we have proposed a scheme for generating
(), phases, and same wave vectér Furthermore, we con- entangled states for two or more multilevel particles in both
sider the resolved sideband regime, where the vibrationglayity QED and ion trap. In cavity QED, our scheme does
frequencyv is much larger than other characteristic frequen-not require individual addressing of atoms in the cavity. In
cies of the problem. In this case we discard the rapidly oStavity QED the scheme is insensitive to both cavity decay
cillating terms and obtain the Hamiltonian in the interactiongng thermal field, which is of importance from the experi-

picture, mental point of view. In ion trap, our scheme is insensitive to
N © 241 the thermal motion. Based on the experiments reported in
H=0e" n2/ze—i¢2 ASfE (i) Refs.[10,13,14, our scheme is realizable with techniques
= SN+ D)! presently available.
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