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Optomechanical characterization of acoustic modes in a mirror

T. Briant, P.-F. Cohadon, A. Heidmann, and M. Pinard
Laboratoire Kastler Brossel, Case 74, 4 place Jussieu, F75252 Paris Cedex 05, France*

~Received 21 May 2003; published 30 September 2003!

We present an experimental study of the internal mechanical vibration modes of a mirror. We determine the
frequency repartition of acoustic resonances via a spectral analysis of the Brownian motion of the mirror, and
the spatial profile of the acoustic modes by monitoring their mechanical response to a resonant radiation
pressure force swept across the mirror surface. We have applied this technique to mirrors with cylindrical and
plano-convex geometries, and compared the experimental results to theoretical predictions. We have in par-
ticular observed the Gaussian modes predicted for plano-convex mirrors.
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I. INTRODUCTION

Mirror thermal noise is a limitation for the sensitivity i
many optical precision measurements such as
gravitational-wave interferometers@1–3#, and is an important
issue on the way to the standard quantum limit of displa
ment measurement@4–6#. Deformations of the mirror sur
face due to the thermal excitation of internal acoustic mo
strongly depend on the substrate geometry. The resu
noise has been theoretically studied either by a decomp
tion of the motion over the acoustic modes@7,8# or by a
direct application of the fluctuations-dissipation theore
@9,10#.

Some experiments are currently under way in
gravitational-wave community, both for the internal therm
noise@11#, and for the pendulum thermal noise@12,13#. They
are all of the ‘‘direct approach’’ kind: they aim at directl
measuring the off-resonance thermal noise seen by the
through the phase fluctuations of the field reflected by a c
ity with the mirror under study. Such tabletop experime
have to deal with two difficulties: they have to work with
sufficient sensitivity in the frequency band of interest, whi
explains why results are up to now only available for t
related photothermal noise@14,15#, where the effect can be
enhanced by modulating the laser intensity@16,17#. They
must also use an optical waist not too small as compare
the ones of kilometer-sized interferometers@2,3#. These two
limitations are troublesome since the transposition of
measured noise levels to more realistic experimental co
tions is far from trivial@1,18–20#.

We present here an experiment on the ‘‘normal mode
proach’’ side. Our setup@21–23# allows one to check for the
accurate optomechanical characteristics of every mecha
resonance of the mirror, including individual quality fact
and spatial profile. Such a detailed knowledge rules out
jections of the second kind. Applied to mirrors with a cyli
drical geometry, it should help in estimating the therm
noise level sensed by the light in interferometers, where
particular geometry is used. It also allows one to investig
the low-frequency optomechanical behavior of mirrors
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quantum optics purposes, by summing the accurate contr
tions of all acoustic modes. It is of great interest for mirro
with the plano-convex geometry, where confined acou
modes with a high quality factor may enhance the coupl
with light and could be a tool for the experimental demo
stration of quantum effects of radiation pressure@4–6,24#.

In Sec. II we give some theoretical background on th
mal noise in the case of internal acoustic modes of a mir
Section III is dedicated to the description of our experimen
setup. Two different geometries are then investigated: cy
drical mirrors~Sec. IV! and plano-convex mirrors~Sec. V!.

II. INTERNAL MODES OF A MIRROR

A light beam reflected on a moving mirror experiences
phase shift proportional to the mirror displacement. One
take advantage of this effect to detect displacements of
mirror with a very high sensitivity. These displacements m
be due to the propagation of acoustic waves in the subs
which induces a deformation of its surface, or to a glob
displacement of the mirror, due, for example, to the exc
tion of pendulum modes for a suspended mirror. Both int
nal @7,8,21–23# and external@25,26# modes have an equiva
lent effect on the phase shift of the light reflected by t
mirror. Since external degrees of freedom strongly depend
the clamping of the mirror, they are not considered in t
paper. They usually have low resonance frequencies and
easily be experimentally distinguished from internal mod

The propagation of the internal deformationu(r ,t) in the
mirror bulk is ruled by the elasticity equation@27#,

r
]2

]t2
u~r ,t !5mDu~r ,t !1~l1m!¹„¹•u~r ,t !…, ~1!

where r is the density of the material,l and m its Lamé
constants. One can search for solutions of the formu(r ,t)
5u(r )e2 iVt, where V is the evolution frequency of the
acoustic wave. Solutions of Eq.~1! satisfying boundary con-
ditions exist only for discrete frequenciesVn , and provide
an orthogonal basisun(r ) of normal modes of vibration.

Any displacementu(r ,t) can be decomposed as a su
over all modes,
©2003 The American Physical Society23-1
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u~r ,t !5 (
n

an~ t !un~r !. ~2!

The amplitudean(t) depends on the force applied on th
mirror. If F(r ,t) denotes the force by unit surface, the Ham
ton equations give an evolution ofan(t) equivalent to the
one of a forced harmonic oscillator@24#,

d2

dt2
an~ t !1Vn

2an~ t !5
1

Mn
^F~r ,t !,un~r !&, ~3!

whereMn is the effective mass of the mode, proportional
the volume of the mode inside the mirror, and where
brackets stand for the spatial overlap over the mirror surfa

^F~r ,t !,un~r !&5 E
S

d2r F ~r ,t !•un~r !. ~4!

The Fourier componentan@V# is deduced from Eq.~3!,

an@V#5xn@V#^F@r ,V#,un~r !&, ~5!

wherexn is the effective susceptibility of moden defined as

xn@V#5
1

Mn~Vn
22V2!

. ~6!

xn is similar to the susceptibility of a harmonic oscillat
without dissipation, of resonance frequencyVn and mass
Mn . As shown by Eqs.~2! and~5!, the motion of the mirror
is the superposition of the responses of harmonic oscilla
forced by the spatial overlap between the force applied
the mirror and the modes.

The coupling of the mirror with a thermal bath is d
scribed by Langevin forces and dampings which appea
additional imaginary parts in the mechanical susceptibilit
xn . These are then similar to the ones of damped harmo
oscillators,

xn@V#5
1

Mn~Vn
22V22 iFn@V#Vn

2!
, ~7!

whereFn@V# is the loss angle of the mode, related to t
damping rateGn by

Fn@V.Vn#5Gn /Vn . ~8!

The evolution of the amplitudean @Eq. ~5!# now becomes

an@V#5xn@V#~^F@r ,V#,un~r !&1FT,n@V#!. ~9!

The Langevin forcesFT,n are independent one from eac
other and their spectraST,n are related by the fluctuations
dissipation theorem to the dissipative part of the mechan
susceptibility@28#,

ST,n@V#52
2kBT

V
Im~1/xn@V#!, ~10!
03382
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wherekB is the Boltzmann constant andT the temperature of
the thermal bath. Since this noise spectrum is flat in f
quency close to the resonance,

ST,n@V.Vn#52MnGnkBT, ~11!

one gets from Eqs.~9! and~10! a displacement spectrum du
to moden which has a Lorentzian shape of widthGn . The
resulting Brownian motion of the mirror is the superpositi
of the responses of each acoustic mode to these Lang
forces and presents resonant peaks at each resonanc
quency.

III. EXPERIMENTAL SETUP

We first study the internal acoustic modes of a flatNew-
port SuperMirror coated on a cylindrical substrate made
fused silica. The mirror is 6.35 mm thick with a diameter
25.4 mm and is clamped on its edge at three 120°-shi
points. With a second concave mirror~curvature radius of 1
m! coated on a similar substrate, it provides a high-fine
symmetric Fabry-Perot cavity. The cavity is 0.23 mm lo
and has an optical finesse of 26 000.

The optical setup@21# is shown in Fig. 1. A 1 mW fre-
quency and intensity-stabilized light beam provided by
titane-sapphire laser working at 810 nm is sent into the c
ity. A mode cleaner also ensures a spatial filtering of the la
beam. A homodyne detection monitors the phase of the fi
reflected by the cavity.

For a resonant cavity, the detected signal reflects the
bal phase shift experienced by the intracavity field, wh
can be written as

c~ t !54p
û~ t !

l
, ~12!

wherel is the optical wavelength andû(t) is the longitudi-
nal mirror displacement averaged over the beam pro
@7,8,24#. The field of the fundamental mode in the cavity
characterized by a transverse Gaussian structurev0(r ) at the
mirror surface given by

v0~r !5
A2/p

w0
e2r2/w0

2
, ~13!

FIG. 1. Experimental setup. A cylindrical mirror is used as t
end mirror of a high-finesse cavity. A frequency and intensi
stabilized laser beam is sent into the cavity, and the phase of
reflected beam is measured by a homodyne detection. A spec
analyzer monitors the power of phase fluctuations of the reflec
beam.
3-2
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where w0 is the optical waist. The averaged displacem
û(t) corresponds to the spatial overlap between the long
dinal mirror displacementu(r ,t) and the intensity profile
v0

2(r ) of the light beam,

û~ t !5^u~r ,t !,v0
2~r !&. ~14!

When no external force is applied on the mirror, the m
surement gives the noise spectrumSû@V# of the displace-
ment due to the thermal noise. From Eqs.~2! and~7! to ~10!
one gets

Sû@V#5 (
n

2FnVn
2kBT

VMn
eff

1

~Vn
22V2!21Fn

2Vn
4

, ~15!

where the effective massMn
eff is defined by

Mn
eff5

Mn

u^un~r !,v0
2~r !&u2

. ~16!

For acoustic modes with a characteristic size much lar
than the optical waistw0, the spatial overlap in Eq.~16! can
be approximated to the longitudinal displacementun(r50)
at the center of the mirror.

Equation ~15! shows that the thermal noise spectru
probed by the optomechanical sensor is equivalent to the
of a set of independent harmonic oscillators in thermal eq
librium at temperatureT, with effective massesMn

eff related
to the coupling between the acoustic modes and the l
beam. In particular, for a light beam perfectly centered on
mirror, a mode with a null displacement at the center has
infinite effective mass and does not contribute to the sig

Optomechanical parameters such as the resonance
quenciesVn , the widthsGn , and the effective massesMn

eff

can be deduced from the observation of the thermal n
spectrum. It gives no information on the spatial structure
the acoustic modes since the noise spectrum is only sens
to the displacements at the center of the mirror. The spa
profile can be probed by the response of the mirror to
external force. The experimental setup is then modified
shown in Fig. 2. An intense auxiliary laser beam~400 mW!
is reflected from the back on the mirror. Its intensity
modulated at the resonance frequencyVn of a given mode
by an acousto-optic modulator. The beam spot can be
flected in the horizontal and vertical planes by a le
mounted on two motorized micrometric translations. T
provides a confined radiation pressure force sweepable
the mirror surface. A demodulation system synchroniz
with the intensity modulation extracts the amplitude a
phase of the mechanical response of the mirror@23#.

According to Eq.~9! the mechanical response is propo
tional to the overlap of the force with the spatial distributi
un(r ) of the mode. The auxiliary laser beam is focused
the mirror surface with a waist of 100mm. The radiation
pressure forceF(r ) is thus localized over dimensions sma
compared to the characteristic size of the modes, and
overlap can be approximated to
03382
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^F@r ,Vn#,un~r !&5F@Vn#un~r0!, ~17!

whereun(r0) is the longitudinal displacement at the positio
r0 of the beam spot on the mirror surface, andF@Vn# is the
amplitude of the radiation pressure force. The displacem
measured with the homodyne detection is thus proportio
to the spatial structureun(r0) at point r0.

The motion of the lens is computed in order to move t
beam spot along 50 horizontal lines, uniformly distribut
along the vertical direction over the mirror surface. For ea
line, the beam spot is continuously swept from one edge
the mirror to the other one and the amplitude of the displa
ment modulation is acquired with a digital oscilloscope. T
speed of the spot over the surface is set to 5 mm/s. Given
time constant of the mechanical response, this speed is
enough to ensure a spatial resolution better than half a
limeter, way below the expected spatial wavelength of
acoustic modes.

IV. CYLINDRICAL MIRROR

We present in this section the characterization of acou
modes observed for cylindrical mirrors, and we compare
experimental results to a theoretical model developed for
particular geometry@29# and used in the framework o
gravitational-wave detection@7,8#.

Figure 3 shows the phase-noise spectrum of the refle
beam acquired between 10 and 500 kHz with a resolu
bandwidth of 300 Hz. This spectrum reflects the cav
length fluctuations due to the Brownian motion of both m
rors at room temperature. We have performed a calibratio
the measured displacements by using a frequency mod
tion of the laser beam. According to Eq.~12!, such a modu-
lation changes the length reference given by the wavelen
l of the laser. A modulationDn of the optical frequencyn is
thus equivalent to a displacementDu related toDn by

Dn

n
5

Du

L
, ~18!

FIG. 2. A 400 mW laser beam, intensity modulated by
acousto-optic modulator~AOM!, is sent from the back on the mir
ror. A moving lens deflects the beam in the horizontal and vert
planes to scan the whole surface of the mirror. A reference sig
synchronizes the AOM and the detection in order to extract
amplitude of the mirror response to the radiation pressure force
3-3
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whereL is the cavity length. We have applied a frequen
modulation of 7 kHz with a carrier frequency swept over t
whole frequency range of interest~from 10 kHz up to a few
megahertz!. Monitoring the phase modulation of the re
flected beam, Eq.~18! allows one to calibrate in m/AHz the
measured displacement of the mirror. As shown in Fig. 3,
thermal displacements are of the order of 10217 m/AHz, way
above the quantum-limited sensitivity, of the order
10219 m/AHz @21#.

The phase-noise spectrum exhibits sharp peaks at
resonance frequency of internal acoustic modes. Their s
tral repartition depends on the geometry of the mirror a
cannot be analytically computed in the general case. F
cylinder, however, a specific method has been proposed
Hutchinson@29#, and we use the softwareCYPRESdeveloped
by Bondu and Vinet to determine the optomechanical ch
acteristics of theVIRGO mirrors @7#. Acoustic modes are clas
sified according to a circumferential ordern ~corresponding
to the angular geometry!, a parity j ~equal to 0 for modes
having both faces vibrating in phase, and to 1 for tho
where faces vibrate with opposite phases!, and an order num-
ber m ~related to the radial structure!.

The computation withCYPRESfor a 6.35-mm-thick cylin-
der with a diameter of 25.4 mm provides a set of frequenc
allowing us to label every peak observed in the experime
thermal spectrum of Fig. 3. Table I presents the compari
between the theoretical resonance frequencies~second col-
umn! and the experimental ones~third column!. Discrepan-
cies between experimental and theoretical values are
than 2%, of the same order of magnitude as the uncerta
on the mirror dimensions. The observation of modes wit
nonzero circumferential ordern, which have no displacemen
at the center, shows that the laser beam is not perfectly
tered on the mirror. This is due to a slight misparallelis
between the mirrors of the cavity.

Close to a particular resonance frequency, the mirror m
tion is mainly ruled by the resonant mode. Figure 4 prese
the phase-noise spectrum around 332 kHz with a freque
span reduced to 500 Hz and a resolution bandwidth of 3
This small resolution bandwidth allows one to resolve
resonance structure, unlike in Fig. 3 where the wider ba
width broadens and lowers the resonances. The coupling
ror has a concave side, but its curvature radius is much la
than every other dimension so that it can be considered

FIG. 3. Displacement noiseSû@V# from 10 to 500 kHz. Each
peak corresponds to the thermal noise resonance associated w
acoustic mode of one mirror of the cavity.
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cylinder. Both mirrors have thus similar acoustic modes a
the spectrum has a twin-peaks structure. The discrepa
between the resonance frequencies of the mirrors is less
1% for every resonance observed in Fig. 3.

According to Eq.~15!, the thermal noise spectrum has
Lorentzian shape centered at the resonance frequency w
width equal to the relaxation rateGn and an area proportiona
to kBT/Mn

effVn
2 . The dashed line in Fig. 4 is a Lorentzian

of the first peak. It gives a mechanical quality factorQn
5Vn /Gn equal to 6600 for this mode. The quality facto

an

FIG. 4. Thermal noise spectrum around a resonance freque
~modenjm50 1 3). The twin-peaks structure corresponds to
resonances of the two mirrors of the cavity. The dashed line
Lorentzian fit of the first peak.

TABLE I. Resonance frequencies of the acoustic modes fo
cylindrical mirror. Second column: theoretical results obtained w
CYPRES. Third column: experimental results.

Mode CYPRES Expt.
njm ~kHz! ~kHz!

0 0 1 143 146
0 0 2 377 379
0 0 3 405
0 0 4 460 457
0 0 5 468 465
0 0 6 483 483

0 1 1 73 75
0 1 2 210 213
0 1 3 330 332
0 1 4 406 408
0 1 5 491 494

1 0 5 435 432

1 1 1 135 138
1 1 2 268 270
1 1 3 317 316
1 1 4 334
1 1 5 400 402
1 1 6 436 437
1 1 7 475 478

2 1 3 314 315
2 1 6 459 460
3-4
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strongly depends on the spatial expansion of the acou
mode and on the clamping of the mirror. With our thre
points clamping, we have obtained quality factors from 14
up to 28 000 for the various modes presented in Table I.

The effective massMn
eff can be deduced from the area

the Lorentzian fit. For modes of Table I, one gets masse
least 10 times larger than the theoretical ones. This seem
be due to the stress induced by the three-points clamp
while the mirror is assumed to be free in the theoretical d
vation. Note also the absence of some modes in Tabl
These modes have a very high theoretical mass~550 g for
mode 0 0 3), whereas the typical mass for other modes
fraction of gram. Their thermal resonances have thus
been seen in the noise spectrum.

We have studied the spatial distribution of each mo
observed in the thermal noise spectrum of Fig. 3 by using
sweepable auxiliary laser beam described in the prece
section~Fig. 2!. For each mode, the modulation frequency
set to the acoustic resonance frequency, and the beam s
scanned over the mirror surface. The amplitude of ph
modulation of the reflected beam is stored in a computer
plotted in polar coordinates as a function of the beam-s
position. The left part of Fig. 5 shows the result for thr
modes (njm50 1 3, 1 1 2, and 2 1 3). The solid circl
represents the mirror edge. The vertical scale on these p
corresponds to the observed displacements which are o
order of 10215m. The right part of Fig. 5 shows the theore
ical profiles computed withCYPRES. We have obtained a ver
good agreement between the experimental and theore
spatial distributions, for every mode presented in Table
This is, to our knowledge, the first full experimental demo
stration of Hutchinson’s theory.

FIG. 5. Spatial profiles of modesnjm50 1 3 ~top!, 1 1 2
~middle!, and 2 1 3~bottom!. Left: polar plots of experimenta
response to the external force. Solid circles represent the m
edge. Right: theoretical profiles obtained withCYPRES.
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V. PLANO-CONVEX MIRROR

In this section we study the acoustic modes of a mir
with a plano-convex geometry. For this particular shape
the framework of a paraxial approximation, the wave prop
gation equation~1! has solutions with a Gaussian spat
structure@24,30,31#. These modes are confined at the cen
of the mirror and may have quality factors independent
the mirror clamping.

The end mirror of the cavity is replaced by a mirr
coated on the flat side of a plano-convex resonator wit
diameter of 34 mm, a curvature radiusR of 150 mm for the
convex side, and a thicknessh0 at the center of 2.65 mm
Hutchinson’s theory is no longer valid for this geometry. W
have thus used a finite elements model, based on the Pro
chanica software, to determine the resonance frequencies
spatial structures of the acoustic modes. The spatial pro
and resonance frequency of the acoustic modes vary con
ously when the curvature radiusR of the convex side varies
from infinity ~cylindrical mirror! to a finite value~plano-
convex mirror!. It is then possible to label the acoust
modes of a plano-convex mirror with the same parame
n, j, andm. As long as the curvature radius is much larg
than the diameter, the discrepancy of frequencies betwe
cylindrical and a plano-convex mirror is less than a few p
cents.

First column in Fig. 6 shows the experimental profiles
three acoustic modes observed at 1158, 1194, and 1118
The second column presents the theoretical profiles c
puted withCYPRESfor a cylindrical mirror of same dimen
sions. Theoretical resonance frequencies are, respecti
1159, 1195, and 1100 kHz. Experimental frequencies

or

FIG. 6. Spatial profiles of modes representative of a nearly
lindrical geometry, obtained with a plano-convex mirror. The thr
modesnjm5 0 0 9 ~top!, 0 0 11 ~middle!, and 1 0 17~bottom!
have a resonance frequency around 1.1 MHz. Left: experime
results. Right: theoretical counterparts computed withCYPRESfor a
cylindrical mirror of same dimensions.
3-5
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spatial structures are both in very good agreement with
oretical results. These modes present a spatial expan
over the whole surface of the mirror, either via a slow
varying radial profile~mode 0 0 11), or via multiple oscil
lations ~modes0 0 9 and 1 0 17). Quality factors for thes
modes are of the order of only a few tens of thousands.

In parallel with these modes representative of a nea
cylindrical geometry, we have observed confined acou
modes which are not predicted by Hutchinson’s theory~see
Fig. 7!. These modes are specific to the plano-convex ge
etry and can be deduced from a paraxial approximation v
when the curvature radius of the convex side is large co
pared to the mirror thickness. The propagation equation~1!
has solutions similar to the Gaussian optical modes o
Fabry-Perot cavity@32#. Within this approximation, shea
modes have no longitudinal displacement, and the light be
is only sensitive to compression modes. These modes
labeled by three indexesn, p, and l, and their longitudinal
displacements at a point (r ,u,z) inside the substrate ar
given by @24,30,31#,

unpl~r ,u,z!5e2r 2/wn
2S r

wn
D l

Lp
l S 2r 2

wn
2 D

3 cos~ lu! cosS np

h~r !
zD , ~19!

whereLp
l is the Laguerre polynomial,h(r ) the thickness at

radial positionr ~equal toh0 for r 50), andwn the acoustic
waist defined by

wn
25

2h0

np
ARh0. ~20!

The resonance frequenciesVnpl are given by

Vnpl
2 5S pcl

h0
D 2Fn21

2

p
Ah0

R
n~2p1 l 11!G , ~21!

wherecl is the longitudinal sound velocity. Gaussian mod
correspond to a series of overtones associated with
longitudinal indexn. For each overtone, numbersp and l
define the transverse order.

FIG. 7. Experimental spatial profiles of Gaussian modesnpl
5 1 0 0 at 1.1 MHz~left!, and 2 0 0 at 2.1 MHz~right!, obtained
with a plano-convex mirror.
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The parameters of our plano-convex mirror lead to a fu
damental frequency of 1171 kHz. The experimental therm
noise spectrum shows two huge resonances at 1116 and
kHz. Figure 7 presents the experimental spatial profile
these two modes, which fit well with the fundamental mod
of the first two overtones~modesnpl51 0 0 and 2 0 0).
Half-amplitude widthes of the radial profiles give an acous
waist w153.5 mm for the first mode, andw252.4 mm for
the second, somewhat smaller than the expected values~5.8
and 4.1 mm, respectively!. The ratio w1 /w2 is, however,
very close toA2, in agreement with Eq.~20!.

The corresponding peaks in the thermal noise spect
have a width of a few hertz, at the resolution limit of o
spectrum analyzer. We have thus measured the mecha
quality factorsQn of both modes by monitoring the respon
time 1/Gn of the mirror to an external impulsive force res
nant with the mode@22#. We have obtained quality factors o
respectively, 350 000 and 650 000 for these modes. T
appear to be much larger than the ones obtained for non
fined acoustic modes. The effective masses of both mo
are respectively, 40 and 50 mg, below the expected va
~153 and 77 mg! @24#, and more than 10 times below th
experimental effective masses obtained for non-Gaus
modes~360 mg for modenjm50 0 9, and 1550 mg for
mode 0 0 11).

These results can be compared to previous results
tained by x-ray topography with plano-convex resonat
@30,31#. In these experiments, the resonator is excited
piezoelectric effect with electrodes deposited on both sid
In our experiment we excite the acoustic modes by a ra
tion pressure applied on only one side. We thus detect mo
of odd overtone as well as those of even overtone, whe
only odd overtones are observed by x-ray topography.

As already observed in Ref.@31#, the experimental pro-
files fit better and better with the theoretical ones as the o
tone numbern increases and the modes are more confin
@see Eq.~20!#. The fundamental mode observed in Ref.@31#
presents a very noisy profile, whereas modes of third
fifth overtones fit well with a Gaussian profile. Figure 8 pr
sents the spatial distributions we obtained for the Gaus
modes of the fourth overtone. The plano-convex mirror n
has a diameter of 12 mm, a curvature radius of 180 mm,
a thickness of 1.55 mm. The transverse fundamental m
(npl54 0 0) has a resonance frequency of 7727 kHz,
excellent agreement with the theoretical value~7747 kHz!.
The transverse indexesp and l of a mode can be deduce
from the number of zeroes of the radial function and fro
the cylindrical symmetry of the spatial distribution. Th
classification shows that the transverse modes have the
pected degeneracy. For example, modes 4 2 0, 4 1 2,
4 0 4 have equal frequencies, with an agreement better
0.5%. The frequency gap between nondegenerate mod
equal to 55 kHz, in good agreement with the theoreti
value ~57 kHz!.

Knowing the circumferential orderl of a mode, the radial
function can be extracted from the experimental distribut
and compared to the theoretical radial dependency given
Eq. ~19!. Insetsa, b, andc in Fig. 8 show the radial profile
of different modes. Each experimental point is the angu
3-6
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FIG. 8. Experimental spatial profiles of the fourth overtone Gaussian modes (n54) of a plano-convex mirror. Modes with the same val
of 2p1 l present the expected frequency degeneracy. Insetsa, b, andc show the radial profiles of modesnpl5 4 0 0, 4 0 1, and 4 1 3,
respectively, as a function of the radial distancer to the center.
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le
average of the experimental distribution at a distancer from
the center, divided by the angular dependence cos (lu). A
Gaussian fit of the 4 0 0mode profile, shown by the solid
curve in inseta, gives an acoustic waist of 2.4 mm, slight
larger than the 2.0 mm expected. The other profiles in Fig
are compared with the theoretical radial function~solid lines!
using the same experimental value of the waist, without
adjustable parameter.

Finally note that our resonator is made of an isotro
material and has the cylindrical symmetry. We thus find t
Gaussian modes are well described by the Laguerre pol
mials basis, in contrast with the acoustic modes of a vib
ing anisotropic plano-convex quartz crystal which pres
the Hermite polynomials structure@30#.

VI. CONCLUSION

We have performed a high-sensitivity measurement of
optomechanical properties of a mirror. Resonance peak
the thermal noise spectrum of the mirror displacement al
us to determine the frequencies and quality factors of
acoustic modes of the substrate. We have presented a
technique of spatial analysis of the acoustic modes, using
mirror response to a radiation pressure force. Applied t
cylindrical mirror, this method gives the resonance frequ
cies and spatial profiles of the acoustic modes, in very g
agreement with the theoretical model.
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The study of a plano-convex mirror with a large curvatu
radius reveals a similar behavior, with the same acou
mode structure as a cylindrical mirror. We have also detec
confined modes with a Gaussian structure, high mechan
quality factors, and small effective masses. The experime
observation of both kinds of acoustic modes gives a m
detailed characterization of the behavior of mirrors with
plano-convex geometry.

These results are of great interest for a better underst
ing of the mechanical properties of a mirror substrate, eit
in the framework of gravitational-wave detection where t
internal thermal noise of the mirror is a critical issue, or f
the demonstration of quantum effects in the optomechan
coupling between light and mirrors.
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