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We describe a very simple physical model that allows the analysis of high-order harmonic generation in
gases when the pumping laser beam has an intensity profile that is not Gaussian but truncated Bessel. This is
the typical experimental condition when sub-10-fs pump-laser pulses, generated by the hollow fiber compres-
sion technique, are used. This model is based on the analysis of the phase-matching conditions for the
harmonic generation process revisited in view of the new spatial mode of the fundamental beam. In particular,
the role of the atomic dipole phase and the geometric phase terms are evidenced both for harmonics generated
in the plateau and in the cutoff spectral regions. The influence of dispersion introduced by free electrons
produced by laser ionization has also been discussed in some detail. Spatial patterns of far-field harmonics are
then obtained by means of a simplified algorithm which allows one to avoid the numerical integration of the
harmonic beam propagation equation. Experimental spatial distributions and divergence angles of high-order
harmonics generated in Ne with 7-fs titanium-sapphire pulses are compared with numerical simulations in
various experimental conditions. The agreement between measurements and calculated results is found to be
very satisfactory.
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I. INTRODUCTION

The process of high-order harmonic~HOH! generation by
rare-gas atoms in intense laser fields has become a rel
way to produce high-brightness, tabletop size, coherent
diation in the vacuum ultraviolet and soft-x-ray ranges~see
Ref. @1# for a recent review!. The unique properties of th
harmonic emission have opened the way to relevant and
applications in~i! atomic and molecular core-level@2–4#,
photoionization@5#, and plasma@6# spectroscopy,~ii ! x-ray
fluorescence analysis@7#, ~iii ! time-resolved solid-state phys
ics of surface states@8# and of UV photoemission spectros
copy @9#, ~iv! nanostructured and microstructured mater
characterization, such as porous silicon@10#, ~v! XUV inter-
ferometry for the diagnostics of dense plasmas@6,11,12#.

Most of the mentioned applications require a high num
of harmonic photons and, often, ultrashort harmonic puls
Such a demand has been recently satisfied thanks to
availability of laser sources delivering few-optical-cyc
pulses. The use of sub-10-fs titanium-sapphire laser bea
beyond opening the exciting way for the generation of sin
attosecond XUV radiation bursts@13,14#, has allowed one to
achieve very high harmonic brightness@15,16#, due to the
relatively high conversion efficiency of the harmonic gene
tion process with such short pulses, and to the rather l
harmonic divergence angle.

*FAX: 139081676346. Electronic address: altucci@na.infn.it
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One of the most successful methods for compressing
trashort laser pulses down to the few-optical-cycle regime
the so-called hollow fiber compression technique@17#. So
far, the only laser sources in the few-optical-cycle regim
used for HOH make use, indeed, of this technique@15,18#.
An important feature of the hollow fiber compression tec
nique is that it produces a laser beam with a non-Gaus
spatial mode. In fact, by proper mode matching@19#, the
Gaussian laser beam at the hollow fiber input is dominan
coupled into its fundamental hybrid mode. The profile of t
output beam amplitude, as a function of the radial coor
nate, is then a zeroth-order Bessel function of the first ki
J0 truncated at its first zero which falls in correspondence
the hollow fiber inner radius@16#. Moreover, the hollow fiber
preserves the polarization of the input radiation and the o
put beam is found to be, as expected, nearly diffraction l
ited @20#. It is, then, particularly interesting and timing ex
tending HOH analysis in the few-cycle regime to pum
beams with Bessel and truncated-Bessel~TB! spatial modes.

Most of the presently available models, developed
HOH in the few-cycle domain, make use of a Gaussian f
damental beam@21–24#. Other schemes consider differe
peculiar generation geometries, that can possibly maxim
the generation efficiency by optimizing the phase match
between the generated harmonic and the pump fields, suc
HOH generation in hollow fibers filled with the nonlinea
gaseous medium@25,26#, or in a static cell where the gen
eration takes place in a self-guided laser filament@27#.

In a very recent paper@16# the analysis of HOH in the
©2003 The American Physical Society06-1
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few-cycle regime was for the first time carried out in term
of TB-pumping beams. In particular, the measured far-fi
spatial profiles of HOHs generated in a neon jet were co
pared with the results of numerical simulations based on
nonadiabatic strong-field approximation~SFA! @22,24,28#.
Only when a TB-pumping beam was considered, the num
cal simulations were able to properly reproduce the sub-1
experimental findings. On the contrary, numerical predictio
based on a Gaussian pumping beam were significantl
odds with important experimental features, such as the
monic conversion efficiency and spatial profile produc
when the laser beam is focused just on the gas jet, and
dependence of the harmonic divergence angle on the pos
z of the gas jet relative to the laser focus.

A first, qualitative, physical explanation of these findin
was outlined in Ref.@16# and is based on the different be
havior of the on-axis pump-beam intensity for Gaussian
TB beams. This different behavior would affect the intrins
harmonic dipole phase, which is proportional to the la
intensity through the ponderomotive energy gained by
single active electron in the laser field@28,29#. Hence, the
best phase-matching conditions of harmonics for Gaus
and TB-pump beams would be substantially different a
this would determine the new interesting features obser
in Ref. @16#.

With the aim of interpreting the new experimental fe
tures observed in HOH generation with TB ultrashort pum
ing beams, we discuss here a very simple and vers
numerical model. It essentially relies on a graphic repres
tation of the harmonic mismatch vector@30# which is imme-
diately connected to the definition of the harmonic cohere
length, and leads to generalized phase-matching condit
for HOH. The basic idea is to evaluate the potential e
ciency of each point of the laser-gas interaction region
produce a single, elementary contribution to the final h
monic field, which is able to add up constructively to t
other contributions. One can, thus, obtain a two-dimensio
~2D! map of the phase-matching conditions, extended to
the generation region. The map takes into account the in
sic dipole phase and the geometric phase depending on
spatial mode of the pumping laser beam. The influence
dispersion introduced by neutral atoms and by free electr
produced by gas medium ionization has also been analy
in the Appendix. This influence turns out to be negligib
when dealing with extremely short laser pulses@31,32# and
relatively low gas pressures. We show that in this way o
can reconstruct the whole wave front of the harmonic fie
thus obtaining the direction of emission of each element
contribution to theqth-order harmonic field and the spati
profiles of the far-field harmonics and divergence angle.

Such a considerable amount of physical information
obtained by calculating the single atom response in e
point, namely, the atomic nonlinear dipole moment. T
procedure avoids the problem of solving the propagat
equations of the fundamental and harmonic fields thro
the nonlinear gas medium, which is numerically heavy a
time consuming. As discussed in the following, our approa
only rests on the assumption of a laser beam which is s
stantially unperturbed when passing through the gas jet. T
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assumption is pretty well fulfilled in the case of HOH ge
eration in low-density gases~tens of millibars! with sub-
10-fs optical pulses that minimize gas ionization@31,32#, as
in the case of Ref.@16#. Our model is particularly versatile
simple, and rapid if compared to long,ab initio HOH nu-
merical calculations, and has the great advantage of pro
ing a much more direct physical evidence of the role play
by different aspects involved in the HOH generation proce
Moreover, our approach can be easily generalized to
pumping beam geometry, as very recently demonstrated
HOH in xenon in conditions where self-guided propagati
of the pulse is observed@33#.

By using this model we have been able to analyze a
explain the new and somewhat surprising main features
recent experiments carried out with few-optical-cycle T
pumping beams. We have, in particular, obtained a rema
ably good quantitative agreement between numerical and
perimental values of the harmonic divergence angles an
their dependence on the propagation coordinatez.

This paper is structured into six sections. After a br
review of the main characteristics of ultrashort TB bea
~Sec. II!, and of the typical experimental results obtain
when producing HOH with TB beams in the few-optica
cycle regime~Sec. III!, we discuss in Sec. IV the theoretic
aspects of the model. In Sec. V our results are reported
compared to the experimental values. Finally, Sec. VI c
tains a brief discussion and the final conclusions.

II. TRUNCATED-BESSEL ULTRASHORT BEAMS

TB beams are the typical output pulses of an ultrash
laser source whose final compression stage is based on
hollow fiber compression technique. In this section we der
and briefly discuss the main features of a TB-sub-10-fs be
in its focal region, where the interaction with the gas mediu
takes place in a HOH generation experiments.

In the typical experimental setup used in Refs.@16,34#, 25
fs/1 mJ pulses, produced by a Ti:sapphire laser system
chirped-pulse amplification, are coupled into an argon-fil
capillary where they spectrally broaden. The output pul
are then compressed by chirped mirrors to a typical dura
of 5–7 fs. By proper mode matching, the incident radiati
can be dominantly coupled into the fundamental EH11 mode
of the hollow fiber, and the corresponding intensity profile
a function of the radial coordinater is given by I (r )
5I 0J0

2(2.405r /a) with r<a, where I 0 is the on-axis peak
intensity,a50.25 mm is the capillary radius, andJ0 is the
zeroth-order Bessel function of the first kind. Finally, th
compressed, sub-10-fs pulses are focused onto the gas j
a 250-mm-focal-length silver mirror.

We recall at this stage that Bessel-like beams, such
Bessel-Gauss beams, were already employed for gener
low-order harmonics~see, e.g., Ref.@35#, and papers therein
quoted!. However, it is worth stressing the difference in th
transverse profile of the pumping laser beam of those exp
ments with respect to the present case. TB and Bessel-G
beams, in fact, greatly differ from one another, for instan
in the far-field region the latter exhibits annular structur
whereas the former does not.
6-2
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PHASE-MATCHING ANALYSIS OF HIGH-ORDER . . . PHYSICAL REVIEW A 68, 033806 ~2003!
According to the diffraction theory in the paraxial a
proximation, the transverse profile of the electric field as
ciated to a TB beam,ETB(z,r ), at a distancez after a focus-
ing mirror, can be expressed as@36#

ETB~z,r !5E0

2 i

l0B~z!
expF ikS z1

r 2

2B~z! D G E0

a

J0S 2.405
r

aD
3J0S 2

krr

B~z! DexpF i
A~z!

2B~z!
r2Grdr, ~1!

where k52p/l0, and l0 is the central laser wavelength
Here, A(z)512z/ f and B(z)5d1z(12d/ f ) are the first
two elements of theABCD matrix @37# of the optical system
constituted by~1! the free space from the output of the ho
low fiber to the focusing mirror for a distanced
'2000 mm, ~2! the focusing mirror having focal lengthf
5250 mm,~3! a further propagation after the mirror throug
the free space for a distancez. It is interesting to note tha
the conditionB50, fulfilled in the focal plane of the mirror
corresponds toz5 z̄'286 mm, namely,'36 mm after the
geometric focus of the mirror. Atz5 z̄ the integrand in Eq.
~1! becomes indeterminate. Nevertheless, the numerical
gration of Eq.~1! can be carried out also in proximity ofz

5 z̄, as discussed in Ref.@38#.
Some of the main TB-beam characteristics around the

cusing plane have been plotted in Fig. 1, where the propa
tion coordinatez has been replaced byz5z2 z̄ for conve-
nience. In parts~a! and~b! of Fig. 1, the normalized intensity
uETBu2 and the phaseFTB of the TB beam are, respectivel
plotted as a function ofz in the interaction region forr 50,
i.e., on-axis. The same quantities for the same case of Ga
ian beam, focused by the same optical system and with
same pulse energy, are also reported~dotted lines!. The be-
havior of TB beams greatly differs from that of Gaussi

FIG. 1. On-axis features of the focused TB-beam: normali
beam intensity~a! and phase~b!. The numerical results have bee
obtained by integrating Eq.~1! in the geometric configuration use
in Ref. @16#. The dotted lines refer to the corresponding quantit
for a Gaussian beam focused by the same optical system and
the same pulse energy.
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beams: the beam intensity exhibits two peaks of nearly eq
height atz51 mm, with a region aroundz50 characterized
by quite high values of the beam intensity. In particular, t
z50 point is approached both from the left and the right s
with a strongly damped oscillatory behavior. On the oth
hand, the on-axis phase of the TB beam is somewhat sim
to that of a Gaussian beam, but for some small, damped,
chirped oscillations aroundz50.

Finally, in Fig. 2 we show a contour plot of the TB bea
normalized intensity relative to the interaction regio
(24 mm,z,4 mm) extending 25mm along the radial co-
ordinate. White and black areas correspond to high- and l
intensity values, respectively. Once again the intensity m
of a focused TB beam is very different from that of a Gau
ian beam. In particular, in the area aroundz50 the TB beam
exhibits rather high-intensity values even off-axis at largr
values~up to'10 mm). As a conclusion, we remark that fo
a focused TB beam a relatively large region around the fo
plane (z50) is characterized by a rather smooth and h
intensity. This aspect will be crucial in the following inte
pretation of the experimental results.

III. HOH WITH SUB-10-FS TB BEAM

In this section we briefly recall the most important resu
achieved in recent HOH experiments by using sub-10-fs
beams. The detailed description of the experimental app
tus and results can be found elsewhere@16,34#.

A linearly polarized sub-10-fs Ti:sapphire laser pul
~typical pulse durations range from 5 to 7 fs! has been fo-
cused into a neon jet by a 250-mm-focal-length silver mirr
The laser-gas interaction length and local gas pressure
been estimated to be.1 mm and.60 mbars, respectively
@39#. Harmonics, generated in the nonlinear interaction
tween the neon jet and the laser pulse, were dispersed
detected by means of a flat-field soft x-ray spectrometer
a high-resolution charge-coupled device~CCD! detector, the
latter being constituted by a single-stage, intensified mic
channel plate optically coupled to a low readout noise C
camera. In this way, the spectrum and far-field pattern of

d

s
ith

FIG. 2. Contour plot of normalized beam intensity extended
the interaction region. Brighter areas refer to higher-intens
values.
6-3
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ALTUCCI et al. PHYSICAL REVIEW A 68, 033806 ~2003!
harmonic beams have been simultaneously acquired.
The spatial properties of the harmonic radiation have b

investigated as a function of the harmonic order and of
position z of the gas jet relative to the laser focus. Most
the measurements have been performed at a laser peak
sity at focus of.931014 W cm22. Figure 3 shows the mea
sured radial profiles of the 59th harmonic, recorded in
focal plane of the spectrometer for four different values oz,
from z521 mm toz52 mm. The harmonic angular distr
bution is strongly influenced by the gas jet position, the be
divergence continuously increasing withz. This feature is
also confirmed by other harmonics in the plateau. An
ample is provided in Fig. 4 where the full width at hal
maximum ~FWHM! of the harmonic angular distribution i
plotted versusz for H31, H49, and H55.

A second interesting feature of HOH generation with T
beams is that the divergence angle of harmonic radiatio
observed to increase upon increasing the harmonic orde
the plateau. On the contrary, a slight decrease of the
monic divergence by increasing the order is observed in
cutoff ~see Fig. 2 of Ref.@16#!.

The above characteristics are substantially different fr
what was observed by using ordinary Gaussian pump
beams. In fact, models based on a Gaussian pump beam
dict a rather poor spatial coherence for harmonics emitte
the focus and, in particular, a large divergence ang
whereas on-axis, collimated, and highly coherent harmo

FIG. 3. Radial intensity profiles of H59 for various positionsz
of the gas jet with respect to the laser focus, recorded in the f
plane of the spectrometer.

FIG. 4. Measured divergence~FWHM! of H31, H49, and H55
vs the positionz of the gas jet relative to the laser focus@34#.
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emission is expected from a generating gas located a
millimetersafter the laser focus, in the diverging pump bea
@29#. These features have been largely confirmed in a num
of experiments~see, for instance, Ref.@40# where the degree
of spatial coherence of harmonics generated by a 60-fs
:sapphire laser beam is experimentally characterized!. On the
contrary, the harmonics divergence angle measured in
@16# is generally increasing withz, getting its maximum
value just in the diverging beam, and keeping rather sm
values at the laser focus. As a consequence, also the
monic brightness is low in the diverging beam, whereas i
found to be typically very high at focus.

IV. THEORETICAL ANALYSIS: THE COHERENCE
MAP APPROACH

A. Ab initio calculations

The standard way to model HOH in the few-cycle doma
consists in~i! calculating the single-atom response by usi
the nonadiabatic SFA and~ii ! solving the coupled propaga
tion equations of the fundamental and the harmonic bea
where the single-atom response is inserted as a source
~see, for instance, Refs.@22,24#!. Briefly, by following the
approach described in Ref.@24#, the single-atom nonlinea
dipole moment~in atomic units! is given by

dnl~ t !52ReH i E
2`

t

dt8d* @pst~ t8,t !2A~ t8!#

3d@pst~ t8,t !2A~ t !#E~ t8!exp@2 iSst~ t8,t !#

3S p

e1 i ~ t2t8!/2
D 3/2J expF2E

2`

t

w~ t8!dt8G , ~2!

whereE(t) is the electric field of the laser pulse,A(t) is the
associated vector potential,e is a positive regularization con
stant,pst and Sst are the stationary expressions of mome
tum and quasiclassical action of the active electron, resp
tively, d is the dipole matrix element for bound-fre
transitions. We stress here that, dealing with few-cycle la
pulses, the nonlinear dipole momentdnl depends directly on
the laser pulse electric field and its associated vector po
tial and not only on the laser pulse intensityuE(t)u2. Medium
ionization and ground state depletion are accounted for
using the Ammosov-Delone-Krainov~ADK ! theory@41# and
result in the last exponential scaling factor of Eq.~2!, where
w(t) is the ADK tunnel ionization rate,

w~ t !5VpuCn* u2S 4Vp

v t
D 2n* 21

expS 2
4Vp

3v0
D , ~3!

where

Vp5
I p

\
, v t5

euE~ t !u

A2meI p

, n* 5ZS I ph

I p
D 1/2

,

uCn* u25
22n*

n* G~n* 11!G~n* !
,

al
6-4
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PHASE-MATCHING ANALYSIS OF HIGH-ORDER . . . PHYSICAL REVIEW A 68, 033806 ~2003!
whereZ is the net resulting charge of the ion (Z51 in our
case!, v0 is the laser carrier angular frequency,I p andI ph are
the ionization potential of the atomic species under use
of the hydrogen atom, respectively,e andme are the electron
charge and mass,\ is Planck’s constant, andG(x) is the
Euler gamma function. The ionization rate in Eq.~3! can also
be corrected at the highest laser peak intensities to acc
for atomic barrier suppression@42#.

The near-field, fundamental and harmonic fields, after
nonlinear medium, are then worked out by integrating
Fourier transforms of the respective propagation equation
the paraxial approximation, written in a frame moving at t
speed of light and therefore following the crest of the pro
gating fields ~see, e.g., Eqs.~9! and ~10! of Ref. @24#!.
The single-atom response becomes the source term fo
propagation equation of theqth harmonic field Eq ,
via the nonlinear polarization field,Pnl(r ,z,t)5@n0
2ne(r ,z,t)#dnl(r ,z,t), n0 being the neutral atomic densit
and

ne~r ,z,t !5n0~r ,z,t !H 12expF2E
2`

t

w~ t8;r ,z!dt8G J
~4!

being the free-electron density in the gas.
By relying on this or similar models it has been possib

to correctly simulate the results obtained in few-cycle, HO
experiments. In particular, the spatial characteristics of H
measured in Ref.@16# can be well reproduced@16,34# by
using a TB spatial pattern for the electric field. This way
reproducing and interpreting results of HOH experiments
fers the advantage of being complete and rigorous, as
based on anab initio treatment of the problem, which take
into account all the potential physical factors that may aff
the experimental observations. Nevertheless, it also imp
two remarkable disadvantages: it is complicated and requ
long computer time. Basically, complexity implies a ha
interpretation of the measurements and of the phys
mechanisms underlying the observed behaviors and a d
cult characterization of specific physical parameters and
their role in the dynamics of HOH. The second disadvanta
concerning the long computation time taken byab initio,
HOH, numerical simulations becomes even more seri
when dealing with fundamental beams with TB profiles.
fact, in this case, the amplitude and phase of the electric fi
exhibit fast oscillations around the nominal focus~see Fig.
1!. As a consequence, solving the propagation equation
fundamental and harmonic fields becomes a hard task,
cause very small spatial integration steps are required bo
the longitudinal and the radial direction. This also means t
the final numerical predictions can be affected by a la
overall uncertainty.

B. Coherence map analysis

We have thus followed a different route in order to inte
pret the results obtained in HOH experiments with T
beams. Our preliminary observation is that the fundame
field is substantially unperturbed while passing through
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nonlinear medium in the experimental conditions of R
@16#. Among the possible sources of laser beam distorti
we can definitely neglect dispersion from neutral atoms a
absorption at the laser wavelength (l05800 nm) in our ex-
perimental conditions, as briefly discussed in the Append
Provided the remaining laser-induced ionization of the g
eous medium is small enough, the laser field mode is
significantly modified during the propagation through the
teraction region. In order to check that this condition is fu
filled, we have calculated, by means of Eqs.~4! and~3!, the
free-electron density produced in the neon jet by a 7
Ti:sapphire, TB beam focused as in Ref.@16# and thus reach-
ing an on-axis peak intensity of 931014 W cm22. For this
test a 1-mm, uniform neon medium has been assumed w
local pressure of.60 mbars as in Ref.@16#. The result of
such calculation shows that the overall~i.e., at t→`) laser-
induced, free-electron densityne(r ,z) never exceeds.10%
of the neutral atoms. We have also checked that the com
nents of thene spatial gradient“ne are not too steep to
perturb the phase behavior of the considered TB beam du
the propagation. This point has been discussed, together
the problem of the influence of free-electron dispersion
HOH phase-matching conditions, in the Appendix. In p
ticular, we have demonstrated that, in our experimental c
ditions, these effects do not significantly modify the ha
monic phase-matching conditions and the far-field harmo
pattern.

We have also numerically estimated the influence of
propagation through the ionizing gas medium of the fun
mental laser beam by calculating its output amplitude a
phase (r ,z) distributions. The final perturbation introduce
by the gas medium, which is totally negligible for the fie
amplitude, is restricted to less than a few percent for the fi
phase value.

Moreover, we have assumed a power-law dependenc
the atomic nonlinear dipole moment on laser intensitydnl

}I 5(r,t), as widely found in literature~see, for example,
Ref. @43#!. In order to check the validity of such an assum
tion we have worked out the nonadiabatic SFA result for
nonlinear polarization field in neon at the 45th harmonic f
quency,Pnl(r ,z,v545v0)5P45(r ,z), representative of har
monics in the plateau, by using Eq.~2! and the laser field
spatial profile as calculated from Eq.~1!. The temporal en-
velope of the laser intensity has been assumed Gaus
lasting 7 fs at FWHM, and the laser peak intensity at foc
has been again taken as 931014 W cm22. We have found
that the result can be put in the formP45(r ,z)}I (r ,z)q8(r ,z)

where the exponentq8(r ,z) is confined between 4.5 and
when moving the source point (r ,z) all over the interaction
region. Therefore, our simplification is largely justifie
However, it is worth pointing out that the above assumptio
are quite general and do not severely restrict the field
application of our analysis, since they apply each time
laser field is practically unperturbed while passing throu
the nonlinear medium. Moreover, this is what occurs up
rather high peak intensity when dealing with few-cyc
pulses@44#.
6-5
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We have, then, analyzed the spatial behavior of the h
monics’ coherence lengthLcoh defined as@30#

Lcoh5
p

Dk
, ~5!

whereDk is given by

Dk5kq2ukpolu5
2pn~vq!

lq
2ukpolu, ~6!

n(vq) being the nonlinear medium refractive index at t
qth harmonic angular frequency, andlq5l0 /q being the
qth harmonic central wavelength.Dk represents the norm o
the space-dependent mismatch vectorDk(r ,z), which is par-
allel to the polarization wave vectorkpol . The wave vector
kpol at the point (r ,z) reads@45#

kpol5“Fq
2pn~v0!

l0
z1qFTB~r ,z!1Fdip~r ,z!G , ~7!

FTB being the phase of the focused TB beam a
Fdip(r ,z)5aI (r ,z) is the intensity-dependent atomic dipo
phase@29# with a'224.8310214 cm2/W for harmonics in
the plateau@30#. We point out that Eqs.~5! and~7!, in which
dispersion is neglected, have been generalized in the Ap
dix to account for possible other mismatch contributio
arising from dispersion from neutrals and from laser-induc
free electrons.

C. Numerical results

We remark that all the simulations reported in this sect
have been performed for a uniform neon medium havin
local pressure of'60 mbars in order to match the expe
mental conditions of Refs.@16,34#.

Figure 5 also shows the principal feature of the cohere
length pattern when using TB-pump beams. Contrary to w
is obtained when using a laser pump beam with a Gaus

FIG. 5. Contour plot, extended to the interaction region, of
coherence length mapLcoh for the 45th harmonic generated i
'60 mbars of neon by a 7-fs, Ti:sapphire TB beam. The intensit
focus is I (r 5z50)5731014 W cm22 and the beam diameter a
z50 is '15 mm ~see Fig. 1!.
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profile ~see Refs.@30,45#, for instance!, the area of the inter-
action region characterized by favorable phase-match
conditions~high values of the coherence length! is now lo-
cated aroundz50, and not in the diverging laser beam (z
.0 according to our sign convention!. There are also othe
few spatial domains where good phase matching can
achieved, but they are very small, and generally located w
off-axis, where the laser intensity is much lower.

The coherence map approach is thus able to provid
clear physical interpretation of why phase matching for HO
generated by TB beams is so different from the case
Gaussian pump beams: the zone of the nonlinear gas me
aroundz50 is now favorite for the construction of a mac
roscopic HOH signal, in total agreement with experimen
observations.

We have then tested the dependence of our results on
harmonic order. Figure 6 shows the coherence length ma
four harmonics. The first, i.e., H25, lies in the initial part
the plateau@case~a!#; H45 ~b! and H59~c! in the middle, and
H69 ~d! at the end of the plateau. All cases have been ca
lated for the highest laser intensity ('931014 W cm22).
Since H25 and H45 exhibit very similar coherence leng
patterns, it is worth noticing that we have enlarged the reg
aroundz50 in ~a!, in order to highlight the details of the
most important region of the pattern. Apart from a quite fl
central region of high average coherence length arounz
50, there is a ring-type structure constituted by a series
many thin rings of good phase-matching accumulating
wards the planez50. The central flat region, where the ma
roscopic harmonic signal grows up, originates from the
crease of the rapid oscillations of both TB electric-fie
amplitude and phase~see Fig. 1!. Such a decrease implies
more stable behavior of the phase termsFdip andFTB in Eq.
~7!, and we will see in the following section how this cond
tion also corresponds to minimizing the divergence angle
the emitted harmonics. The average coherence length is
reduced as compared to the values of Fig. 5, where the l
intensity was lower. For the common case of the 45th h
monic, average values ofLcoh , evaluated in the regions
where the harmonic field is effectively constructed, decre
from ;500 mm of Fig. 5 to;100 mm of Fig. 6, due to the
higher values reached byFdip @see Eqs.~7! and ~5!#. It is
worth pointing out that peak values ofLcoh are strongly di-
minished by the effect of the free-electron dispersion as d
onstrated in the Appendix. Nevertheless, this effect is loca
restricted to extremely small regions around the peaks
Lcoh , whereas the overall contour plot of the average coh
ence length, extended to the interaction region, is alm
unmodified even taking into account free-electron dispers
Thus, the influence of free-electron dispersion on the gen
characteristics of the average harmonic coherence leng
negligible, as analyzed in detail throughout the Append
Typical values ofLcoh referred to the regions aroundz50,
where the largest part of the generated harmonic field is c
structed, are in the range of some hundreds of microns,
spite the presence of a small percentage (<10%) of laser-
induced free electrons. This behavior is of general valid
for all the investigated harmonics, in our experimental co
ditions. The values ofLcoh values for the 25th and 45th

e

at
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FIG. 6. Two-dimensional phase-matching maps of H25~a!, H45 ~b!, H59 ~c!, and H69 ~d! obtained for a laser intensity of 9
31014 W cm22. The other parameters are the same as in Fig. 5. The coherence lengthLcoh is expressed in micrometers. EqualLcoh-value
scales are used for H25 and H45 and for H59 and H69, respectively.
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harmonic case are about the same. The 59th and 69th
monics@Figs. 6~c! and 6~d!, respectively# have, instead lower
average coherence lengths, ranging in the typical case w
50–200mm. The 69th harmonic has, anyway, values ofLcoh
higher than those of H59. The region of good phase ma
ing is also wider for H69 than for H59, although it must b
considered that, due to the higher laser intensity requi
H69 is emitted in a smaller area of the nonlinear medi
concentrated along the propagation axis.

In order to compare the behavior of the coherence len
map for harmonics in the plateau and in the cutoff region,
have studied the same harmonic, namely H69, at two dif
ent laser intensities, I 5531014 W cm22 and I 59
31014 W cm22. At the lower intensity H69 lies in the cutoff
and the corresponding coherence length map is reporte
Fig. 7~a!. This has to be compared with Fig. 6~d! where, for
I 5931014 W cm22, the same harmonic lies in the platea
Striking differences can be observed. When H69 lies in
cutoff, a considerably large region of very highLcoh values
~typically larger than to 0.5 mm! is obtained for positivez
values (z'1.4–1.8 mm). This is pretty similar to the be
phase-matching conditions observed when using Gaus
pump beams, while it is very different from that obtain
when the same harmonic lies in the plateau@Fig. 6~d!#.

Our analytical approach clearly indicates that the differ
features observed in Fig. 7~a! are caused by the behavior o
the harmonic field phase. This is shown in Fig. 7~b!, where
03380
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the on-axis, total harmonic field phase for H69~solid curves!
is plotted versusz, in the interval 1–2 mm, both in the cutof
F tot

(cuto f f) ~top curve! and in the plateau caseF tot
(plateau) ~bot-

tom curve!. In the same figure we have also reported t
atomic dipole phaseFdip5aI (r ,z), in both cases~dashed
lines!, and, finally, the geometric phase of the TB 69th h
monicF69,TB ~dotted curve!, which is obviously the same in
the plateau and cutoff regions. At the lower intensity, wh
H69 belongs to the cutoff and for the only dominant ele
tronic trajectory in this region@30# the coefficienta is given
by a (cuto f f)5213.7310214 cm2/W, andFdip is basically a
slowly increasing function ofz. On the contraryF69,TB

slowly decreases withz. Since both phase contributions hav
comparable magnitudes~between 50 rad and 70 rad!, the
resulting total harmonic phaseF tot

(cuto f f) of H69 shows a very
flat overall behavior in the range 1 mm<z<2 mm. Similar
features are also observed for other harmonic orders,
off-axis.

On the contrary, when H69 lies in the plateau@bottom
curves of Fig. 7~b!#, the atomic dipole phase is, in absolu
value, almost four times bigger than in the cutoff, the la
peak intensity being about twice the value of the former c
(I'1131014 W cm22 in the left high intensity lobe of the
TB beam! and the coefficient a5a (plateau)5224.8
310214 cm2/W for the dominant electronic trajectories i
the plateau@30#. Hence,Fdip

(plateau) strongly dominates the
6-7
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ALTUCCI et al. PHYSICAL REVIEW A 68, 033806 ~2003!
phase behavior and its variation cannot be compensate
that of FTB . The good phase-matching region is now r
stricted to the much smaller area 1.1 mm,z,1.3 mm.

The z dependence ofLcoh is shown in Fig. 8~solid line!
for H45, and a laser intensity of 931014 W cm22, on-axis
@z50, case~a!#, and for r 55 mm @case~b!#. The dashed
line is the local laser intensityI (r ,z). Several isolated spike
of high coherence length appear in both cases. The m
feature is that the high coherence spikes~divergences! tend
to accumulate aroundz50, where, although with lower am
plitudes, they form an extended region of good pha
matching conditions, thus allowing the growth of the mac
scopic harmonic field. Similar behavior is also obtained
other harmonics.

It is interesting noticing that while the correlation betwe
coherence length spikes and maxima and minima of the l
intensity is strict on-axis, it gets much poorer off-axis. This
because“FTB(r ,z) in Eq. ~7! has a negligiblez component
in both cases, but its radial component vanishes on-a

FIG. 7. ~a! Coherence length map for H69 in neon for a las
intensity of 531014 W cm22. At this laser intensity the 69th har
monic belongs to the cutoff of the harmonic spectrum.~b! On-axis
phases vsz for H69. The top curves refer to the geometric pha
F69,TB ~dotted curve!, to the atomic dipole phase for H69 in th
cutoff, Fdip5a (cuto f f)I ~top dashed curve!, and to the overall har-
monic field phaseF tot

(cuto f f) ~top thick solid curve!. The two bottom
curves represent the atomic phase for H69 when it lies in the
teau~same laser peak intensity as Fig. 6! Fdip5a (plateau)I ~bottom
dashed curve! and the total harmonic field phaseF tot

(plateau) ~bottom
thick solid curve!.
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whereFTB(r ,z5const) shows a hump, whereas it does n
at r 55 mm. Hence, forr 50 only the atomic dipole phas
determines the behavior ofLcoh , whereas off-axis the geo
metric phaseFTB gives also a contribution.

Let us now discuss how the coherence map approach
be used to obtain useful information on the spatial direct
of the emitted harmonic fields. First of all, we note that t
coherence length map of theqth harmonic, obtained through
Eq. ~5!, is based only on the amplitudes of the vector fie
kpol and dkdisp ~see the Appendix!. Thus, the map ofLcoh
does not contain any physical information about the direct
of the emitted contributions to theqth harmonic field.

This information is instead contained in the direction
the wave vector of the nonlinear polarization field, name
kpol , that determines in each point of the interaction reg
the direction of the contribution to theqth harmonic field
emitted in that point. A typical (r ,z) map of the directions of
kpol is shown in Fig. 9 for the 45th harmonic at a las
intensity of 931014 W cm22. In the same figure we also
report the contour plot of the nonlinear dipole intensi
evaluated as}I 5(r ,z), which provides the spatial weigh
coefficient for each elemental harmonic contributio
Two lobes of high nonlinear dipole intensity, located
z'61.3 mm, are clearly visible on both sides of the foc
(z50). In these two regions the nonlinear dipole intensity
up to five to seven times higher than aroundz50. We have
plotted an additional column of vectors just in correspo
dence of the high-intensity lobe centered atz'21.3 mm in
order to evidence how a large spatial gradient of the non

r

a-

FIG. 8. Coherence length vsz ~solid line! for the 45th harmonic
in neon, on-axis~a! and atr 55 mm ~b!. The dashed lines in both
plots represent the laser peak intensity, expressed in units
1014 W cm22.
6-8
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PHASE-MATCHING ANALYSIS OF HIGH-ORDER . . . PHYSICAL REVIEW A 68, 033806 ~2003!
ear dipole moment affects the emission direction of the h
monic wavelets. Clearly, harmonic wavelets emitted fro
this lobe exhibit a strongly increasing divergence with
creasingr value. This highlights the negative role played
strong spatial gradients of the nonlinear dipole moment fr
the point of view of keeping the generated harmonic bea
well collimated along thez axis. Furthermore, in the region
around z'61.3 mm, phase matching is rather poor,
shown in the coherence length maps of Fig. 6. Obviou
this does not support a constructive superposition of the
monic wavelets there generated.

Finally, we remark that the elementary contributions
the harmonic fields emitted in the two lobes atz'61.3
mm are characterized by rather large emission an
(.10 mrad), thus giving rise to highly divergent harmon
beams. On the contrary, the elementary contributions to
45th harmonic emitted in a rather large region aroundz
50, where phase-matching conditions are good@see Fig.
6~b!#, show much smaller divergence angles ('2 –3 mrad#.
This implies that 45th harmonic radiation generated in
focal region is more collimated and spatially coherent th
that emitted by other areas of the interaction zone. For
sake of completeness, we have verified that other harmo
in the plateau show similar behavior.

V. HARMONIC DIVERGENCE ANGLES

In this section we discuss a simple method, based on
graphical approach of the coherence length map, which
lows one to estimate the divergence angleu of the harmonic
beams produced in the nonlinear interaction of TB, fe
optical-cycle laser pulses and gas atoms.

In the usual approach used to obtain the final harmo
field pattern produced in the gas medium, each single
ementary contribution to theqth harmonic field,dEq(r ,z), is
propagated and added to the built-up harmonic field. T
obviously requires solving the harmonic field propagat

FIG. 9. Contour plot of the nonlinear dipole intensity,}I 5(r ,z),
in the interaction region. White/black tones denote high/low non
ear dipole intensity values, displayed by using a log scale.
arrows indicate the direction of the elemental contribution
the 45th harmonic field,dE45, for a laser intensity of 9
31014 W cm22. The harmonic divergence angleu is reported on a
linear scale, but magnified by a factor of 20, in order to evidence
variations throughout the interaction region. Actualu values range
between 0 and 40 mrad.
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equation to achieve a rigorous solution~see, e.g., Ref.@24#!.
We have instead developed a simple algorithm to add

all the elementary harmonic waveletsdEq(r ,z). Beyond its
simplicity, our method has the noticeable advantage of e
dencing the physical role of the quantities involved in t
process of HOH generation, and has allowed us to estim
the dependence of harmonic beam intensityI q on the far-
field divergence angleu. Although approximated, our ap
proach has produced numerical predictions which turn ou
be in very good qualitative and quantitative agreement w
the features observed in the actual experiments.

Since the laser pump beam is linearly polarized, the h
monic fieldEq will be linearly polarized in a direction par
allel to the fundamental electric field. Our method is th
based on the following two assumptions:~1! only wavelets
dEq emitted under the same divergence angleu will inter-
fere; ~2! wavelets emitted under the same divergence an
dEq(u) interfere as they were plane waves.

The first statement is very well fulfilled in the far field
where harmonics are detected in the actual experiments
fact, single harmonic field contributions emitted at differe
angles will spatially disperse in the far field.

Also the second statement represents a very good app
mation in the far field, where the radius of curvature of ea
selected elementary contribution becomes extremely la
and the plane-wave approximation holds true.

Within the above approximation, by denoting wit
dEqi

(u) the wavelet of theqth harmonic field emitted at the

point (r i ,zi), in the directionu, the harmonic intensityI q(u)
is given by

I q~u!5U(
i

@dEqi
~u!#U2

5I q
(dip)~u!12I q

(PM)~u!, ~8!

where

I q
(dip)~u!5(

i
u@dEqi

~u!#u2,

I q
(PM)~u!5 (

i , j Þ i
@dEqi

~u!#@dEqj
~u!#cos~f i2f j !, ~9!

and the sum indexi runs over all the points (r i ,zi) of the
gaseous medium. In Eq.~8! the far-field harmonic intensity
I q(u) has been explicitly split into the sum of two contribu
tions. The first contributionI q

(dip)(u) only depends on the
nonlinear dipole contribution, thus reflecting the single-ato
response, whereas the second one,I q

(PM)(u), depends on the
relative phasef i2f j of each couple of emitted harmoni
wavelets and contains all the phase-matching effects.

The phasef i of dEqi
(u) in Eq. ~9! is given by

f i~r i ,zi ,u!5f i
(0)~r i ,zi !1Df i~zi ,u!, ~10!

with f i
(0) andDf i given, respectively, by@see Eq.~7!#
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ALTUCCI et al. PHYSICAL REVIEW A 68, 033806 ~2003!
f i
(0)~r i ,zi !5qFTB~r i ,zi !1Fdip~r i ,zi !,

Df i~zi ,u!5kq

z̄2zi

cosu
, ~11!

wheref i
(0) is the initial phase of the harmonic wavelet em

ted at the point (r i ,zi), andDf i accounts for the propaga
tion from the emission point (r i ,zi) to the far-field (z5 z̄).
OnceI q(u) has been worked out, it is possible to define
overall harmonic beam divergence angleūq as the weighted
average ofu with the harmonic intensity as weight coeffi
cient:

ūq5

E
0

umax
uI q~u!du

E
0

umax
I q~u!du

, ~12!

where umax510 mrad is the maximum angular tangent
acceptance of the experimental apparatus@46#.

Finally, ūq has been compared to the measured FWH
value of the far-field angular, harmonic intensity pattern. I
worth pointing out that typicallyūq has been calculated b
using 400 points along thez direction and 50 points along th
radial direction. This implies longitudinal and radial step
dz anddr , of 2.5 mm and 0.25mm, respectively. We stres
that the evaluation ofūq turns out to be rather stable and
not significantly modified when makingdz and dr smaller
by a factor of 4.

As a general characteristic,u never exceeds'40 mrad,
but is typically much smaller in regions where the harmo
field considerably grows up. The most extended of these
gions is aroundz50 where, depending on the laser pe
intensity and on the harmonic order,u ranges from few up to
about 10 mrad. These features are illustrated in Fig. 10 wh
we report the local values ofu for H69 at a laser intensity o
931014 W cm22. It is clear that the harmonic wavelets a

FIG. 10. Contour plot showing the 2D distribution of the e
emental contribution divergence angleu in the interaction region
for the 69th harmonic in neon. The laser intensity is
31014 W cm22. The three most extended regions of lowest div
gence are marked by closed lines.
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emitted with a very low divergence angle in three large ar
~marked in the figure! aroundz50 and symmetrically lo-
cated at the left and right sides of the origin, betweenz'
21 mm andz'20.5 mm andz'0.5 mm andz'1 mm,
respectively. The 0.5 mm<z<1 mm area does not effi
ciently contribute to the harmonic field generation beca
the nonlinear atomic dipole reaches rather low values th
~see Fig. 9!. The remaining two marked areas exhibit fe
tures that completely agree with that reported in Ref.@16#: in
this paper, in fact, the lowest harmonic divergence was ty
cally observed atz521 mm and the highest harmoni
brightness in the range21 mm,z,0. Other zones of the
map also show a very small divergence angle, but ph
matching greatly favors the region in proximity ofz50. The
two lobes of highest laser intensity atz'61.3 are charac-
terized, mainly off-axis, by rather large values ofu.

As an example of the angular dependence of the ca
lated harmonic intensity pattern, in Fig. 11 we plotI 59(u) for
z521 mm ~dashed line! together with the correspondin
measured profile~solid line!. The calculated curve, beyon
the central narrow peak, shows an additional lower and wi
ring. Such a feature agrees with the theoretical analysis
formed in Ref.@16# by numerically integrating the harmoni
propagation equation, but is absent in the measured pro
We note that it would be, however, very hard to experime
tally observe the additional ring by means of the setup u
in Ref. @16#. The profile measured in that experiment, indee
is just a projection of the whole, cylindrically symmetri
harmonic beam onto the spatial axis of the detector.

Finally, in Figs. 12 and 13 we compare the harmonic
vergence angle calculated by our model with the correspo
ing measured values~affected by a 15% statistical unce
tainty!. The figures refer to a laser intensity of
31014 W cm22. In Fig. 12 the measured and calculated
vergence angle is plotted versusz for a middle-plateau har-
monic @H45 in Fig. 12~a!#, and for a close-to-the-cutoff har
monic @H59 in Fig. 12~b!#. The general quantitative
agreement between calculated and measured diverg
angles is satisfying. The prediction of our model just sligh
underestimates the harmonic divergence values. The gen
trend of the measured divergence angles, increasing withz in

-

FIG. 11. Calculated~dashed line! and measured~solid line! far-
field intensity patterns of the 59th harmonic generated atz5
21 mm as a function of the angular coordinateu ~laser intensity of
931014 W cm22).
6-10
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PHASE-MATCHING ANALYSIS OF HIGH-ORDER . . . PHYSICAL REVIEW A 68, 033806 ~2003!
both ~a! and ~b!, is well reproduced. In the case of H45 th
calculated point atz521 mm overestimates the measur
value, although within the error bar. In Fig. 13 calculated a
measured divergence angles are reported as a function o
harmonic order atz50. Calculated and measured valu
agree very well within the experimental errors and the
havior of the measured values, increasing with the harmo
order, is reproduced by the simulated values. Such beha
can be interpreted in the following way: for plateau harmo
ics the dominant contribution to the harmonic pha
F tot

(plateau)(r ,z), comes from the dipole phase which is th
same for all the harmonic orders within our approximatio
Therefore, the harmonic beam divergence is nearly cons
with the harmonic order. For cutoff harmonics, instead,
seen above@Fig. 7~b!#, the dipole phase is almost twic

FIG. 12. Calculated~squares! and measured~circles! harmonic
divergence angles vsz for H45 ~a! and for H59 ~b!. The laser
intensity is 931014 W cm22.

FIG. 13. Calculated~squares! and measured~circles! harmonic
divergence angles vs the harmonic order forz50. The laser inten-
sity is 931014 W cm22.
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smaller and the geometric phaseqFTB(r ,z) is increasingly
relevant. SinceqFTB(r ,z) has a considerable radial gradie
component just in the best phase-matching region21 mm
,z,0, where the macroscopic harmonic field grows up,
harmonic divergence becomes correspondingly larger w
increasing harmonic order.

VI. DISCUSSION AND CONCLUSIONS

The presently increasing use of ultrashort sub-10
pulses, produced with the hollow fiber compression te
nique, to generate high-order harmonics in gases has u
us to investigate the influence of the truncated-Bessel na
of the fundamental pumping beam on the nonlinear gen
tion process. Our analysis has also been strongly stimul
by the need of interpreting the somewhat surprising diff
ences observed when using a TB-pump beam with respe
the case of Gaussian pump beams.

We have, thus, developed a very simple and versatile
merical model which is essentially based on the well-kno
problem of the phase-matching conditions for HOH gene
tion in the interaction region, revisited in view of the diffe
ent spatial mode of the TB-pumping beam intensity. O
model, which mainly rests on the assumption of a pum
laser beam which is substantially unperturbed when pas
through the gas jet, evaluates the potential efficiency of e
point of the laser-gas interaction region to produce an
ementary contribution to the emitted harmonic field which
capable to add up constructively to the contributions ori
nated by other points. This leads to a two-dimensional coh
ence length map, extended to all the nonlinear genera
region. The coherence length map takes into account all
contributions to the harmonic field phase, namely, the intr
sic dipole phase and the geometric phase, both strongly
pendent on the spatial mode of the pumping beam.

By starting with these coherence length maps, we ha
then, discussed how one can very simply reconstruct
whole far-field wave front of the harmonic fields, thus o
taining the final spatial profiles and divergence angles of h
monics.

Our approach, although approximated, has a numbe
considerable advantages. First of all, it produces a sound
direct physical evidence of the role played by the differe
spatial intensity and phase distributions of Gaussian and
pump beams in HOH generation. Second, it is very sim
and rapid, since all the considerable physical informat
that it provides is obtained by simply calculating the spa
distribution of the TB-pump beam and the single-atom
sponse, namely, the amplitude and phase of the nonlin
dipole moment. One, thus, avoids the problem of solving
fundamental and harmonic field propagation equations
of exact calculation of the nonlinear dipole moment, whi
are both numerically heavy and time consuming. Finally
can be easily generalized to other pump-laser geometrie

By using the coherence length map approach we h
thus interpreted the main features observed in recent exp
ments carried out with few-optical-cycle TB-pumpin
beams, highlighting the relevant differences with the Gau
ian pump beam case. We have, in particular, obtained a
6-11
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ALTUCCI et al. PHYSICAL REVIEW A 68, 033806 ~2003!
markably good qualitative and quantitative agreement
tween the numerical values predicted by our model and
experimental values of the harmonic far-field spatial profi
and divergence angles, and their dependence on the
monic orderq and propagation coordinatez.

An aspect of considerable interest, which is worth stre
ing, is that our model fully explains the characteristic
TB-pumping beams of leading to relatively low harmon
divergence angles when the laser light is focused near the
jet (21 mm<z<0), contrary to the case of pumpin
Gaussian beams. Aroundz50 is located the largest area o
the interaction region where the laser intensity is high. T
leads to a conversion efficiency correspondingly high, and
the very high harmonic brightness observed in recent exp
ments.

As a concluding remark, it is worth pointing out tha
according to our analysis, the considerable differences
tween the two cases of HOH generation with Gauss
and TB-pumping beams can essentially be ascribed to
different phase-matching mechanisms and not to the diffe
pulse lengths characterizing present Gauss
('100–30 fs) and compressed TB beams~sub-10-fs!.
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APPENDIX: DISPERSIVE EFFECTS

In the presence of dispersion, the polarization wave ve
can be separated into two contributionskpol5kpol

0 1dkdisp ,
wherekpol

0 is the dispersion-free wave vector@see Eqs.~6!
and ~7!#, and dkdisp can be expressed by the sum of tw
terms:

dkdisp5dkdisp,11dkdisp,2

5q
2p

l0
$@n~v0!21# k̂1z“n~v0!%, ~A1!

k̂ being the unit vector parallel to the propagationz axis.
Thus, dkdisp,1 is purely longitudinal, i.e., along thez axis,
and represents the mismatch vector of a plane wave
travels through a dispersive medium. On the other ha
dkdisp,2 arises from the spatial inhomogeneity of the mediu
refractive index and contains both longitudinal and tra
verse components.

As a first remark, in the experimental conditions d
cussed in this paper, namely, a Ne medium length of
than 1 mm and a maximum local pressure of about 30–
mbars, it turns out that the dispersion from neutrals can
neglected. This is not the case when the process of harm
generation takes place at very high local pressure~of the
order of several hundred of millibars! and/or in long, capil-
lary waveguides~medium lengths of the order of several te
of millimeters!, e.g., the works reported in Refs.@14# and
@47#. The remaining contribution to the refractive index
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then due to laser-induced free electrons, andn(v)'1
2e2ne(r)/2e0mev

2 with e0 being the vacuum dielectric con
stant. In such a condition, the relative weight betwe
dkdisp,1 anddkdisp,2 is readily found to be

~dkdisp,2!z

~dkdisp,1!z
5

z

ne

]ne

]z
,

~dkdisp,2!r

~dkdisp,1!z
5

z

ne

]ne

]r
. ~A2!

In our typical experimental conditions (dkdisp,2)z can be
neglected in comparison with (dkdisp,1)z as shown in Fig. 14
where (dkdisp,2)z /(dkdisp,1)z is reported on-axis, where th
nonlinear dipole intensity is generally higher. It is seen th
the z component ofdkdisp,2 never exceeds 20% ofudkdisp,1u
in the regions of physical interest, namely, where high val
of the nonlinear dipole intensity are concentrated. Furth
more, in a quite extended area aroundz50 this ratio falls
well below 2%.

As for (dkdisp,2) r , it vanishes on-axis for symmetry rea
sons, but it increases quite rapidly off-axis, becoming lar
than (dkdisp,1)z . Thus, as an example, we have performed
complete numerical simulation for calculating the coheren
map of H45, by including all the mismatch vectors and w
have compared this map with that reported in Fig. 6~b! which
is obtained when all dispersive effects are neglected. T

FIG. 14. On-axis ratios (dkdisp,2)z /(dkdisp,1)z ~solid line! calcu-
lated in neon for a laser peak intensity of 931014 W cm22.

FIG. 15. Coherence length for H45 with~thick gray line! and
without ~dotted line! free-electron dispersion, calculated in neon f
a laser peak intensity of 931014 W cm22.
6-12
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comparison is reported in Fig. 15 where the broken line a
the thick gray line represent the coherence length atr 55
mm, without and with free-electron dispersion accounted
respectively. The only difference between the two curve
that the peak values of the coherence length, obtained w
the denominator of Eq.~5! approaches zero, are considerab
decreased by free-electron dispersion. Although this decr
can reach a factor of 5–10, it must be noted that its effec
limited to extremely small areas around the peaks. Th
areas are so small that the overall region where free-elec
dispersion significantly affects the average coherence le
value covers a totally negligible part of the overall harmo
generation region.

On the contrary, the average value of the coherence le
within the zones where the generated harmonic field is w
phase matched and effectively constructed is substant
unchanged. This feature is valid for all the investigated h
monics and for all experimental conditions of concern in t
paper~e.g., a laser intensity up to 1015 W cm22 and a gas
pressure in the range 30–60 mbars!.

We have also checked the influence of free-electron
persion on the divergence angleu of the harmonic field el-
emental contributions. We have, for example, found th
both for H45~in the middle of the plateau! and H69~in the
cutoff region!, the variation ofu due to the inclusion in the
calculation of free-electron dispersion is typically confined
less than 0.1%.

In order to quantitatively illustrate the reasons of the n
ligible effect of free-electron dispersion, as an example
report in Table I the values of the components of the vec
kpol

0 and dkdisp for H45, typical of the regions (3mm,r
,6 mm), (21.25 mm,z,20.75 mm and 0.75 mm,z
,1.25 mm), namely, evaluated where the free-electron d
sity is high and its gradients reach their maximum.
er
z-

.
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From the values reported in Table I it is clear that t
main mismatch factor is]F tot /]r , i.e., the radial componen
of kpol

0 , which is due to the radial gradients ofFdip and
FTB . Thus, this factor, which has been fully accounted for
our analysis@see Eq.~7!#, is the only one determining both
the finite value of the coherence length and the diverge
angle of the elemental contributions to the macroscopic h
monic field. As a consequence, it is also the principal phy
cal mechanism affecting the actual far-field divergence of
harmonic beams. We can, therefore, conclude that in our
periment the far-field emission angle of the harmonic fie
elemental contributions is not affected by free-electron d
persion, and that our assumption of neglecting such an e
is reasonably justified.

TABLE I. Values of the components of the vectorskpol
0 and

dkdisp evaluated at the pointz51 mm, r 55 mm. These values are
typical of the regions (3mm,r ,6 mm), (21.25 mm,z,
20.75 mm and 0.75 mm,z,1.25 mm), where the free-electro
density gradients reach their maximum.

Vector component Value (mm21)

~kq!z545
2pn~v0!

l0
353.4

]F tot

]z
2.9331023

]Ftot

]r
28.12

(dkdisp,1)z 1.4831023

(dkdisp,2)z 21.331023

(dkdisp,2) r 2.7631021
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Norin, M. Bellini, T. Hänsch, A. L’Huillier, and C.-G. Wahl-
ström, Opt. Lett.25, 135 ~2000!.

@13# M. Drescher, M. Hentschel, R. Kienberger, G. Tempea,
Spielmann, G. Reider, P. Corkum, and F. Krausz, Science291,
1923 ~2001!.

@14# M. Hentschel, R. Kienberger, C. Spielmann, G. Reider,
Milosevic, T. Brabec, P. Corkum, U. Heinzmann, M. Dresch
and F. Krausz, Nature~London! 414, 509 ~2001!.

@15# P. Villoresi et al., Phys. Rev. Lett.83, 2494~2000!.
@16# M. Nisoli et al., Phys. Rev. Lett.88, 033902~2002!.
@17# M. Nisoli, S.D. Silvestri, and O. Svelto, Appl. Phys. Lett.68,

2793 ~1996!.
@18# C. Spielmann, N. Burnett, S. Sartania, R. Koppitsch,
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