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Model study on the photoassociation of a pair of trapped atoms into an ultralong-range molecule
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Using the method of quantum-defect theory, we calculate the ultra-long-range molecular vibrational states
near the dissociation threshold of a diatomic molecular potential which asymptotically varies/R3. The
properties of these states are of considerable interest as they can be formed by photoas@es)jatiotwo
ground-state atoms. The Franck-Condon overlap integrals between the harmonically trapped atom-pair states
and the ultra-long-range molecular vibrational states are estimated and compared with their values for a pair of
untrapped free atoms in the low-energy scattering state. We find that the binding between a pair of ground-state
atoms by a harmonic trap has significant effect on the Franck-Condon integrals and thus can be used to
influence PA. Trap-induced binding between two ground-state atoms may facilitate coherent PA dynamics
between the two atoms and the photoassociated diatomic molecule.
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[. INTRODUCTION continuum regime. An alternative approd@®] for creating
a molecular BEC from atoms in a Mott insulating state inside
Photoassociation(PA) spectroscopy[1] has developed an optical lattice was also proposed recehf].

into an important tool for studying properties of cold atoms In a PA event, two ground-state atoms, by means of a
and diatomic molecules. The formation of excited diatomicsingle-photon excitation during the collision, combine to
molecular states through cold atom PA had been reported farm an excited diatomic molecule which can decay back to
long time ago[2]. Over the last decade, theoretical tech-two atoms or to a different ground molecular state. Near-
niques for calculating PA rate coefficients have been develzero-energy vibrational states close to the dissociation
oped by many group8]. Photoassociation spectroscopy en-threshold of an excited diatomic molecular level can be
ables a precise calibration of long range interatomic forces. lformed by PA of cold atoms. These states can extend to
leads to the formation of translationally cold molecules andseveral hundred nanometers. PA absorption line strength and
thus provides one possible route of creating a moleculalinewidth strongly depend on the overlap integral, known as
Bose-Einstein condensatBEC). Two-photon resonant Ra- Franck-Condor{fFC) integral, of these states with two atoms
man PA coupling can also be utilized for generating atom-n the ground state. For these ultralong-range states, the “re-
molecule coherencpgt,5] and massive entangled atof&. flection approximation” which is often used in molecular
In fact, many-body atom-molecule coherence was recentlgpectrum calculations, breaks down. The reflection approxi-
observed[7] through the tuning of a Feshbach resonancemation replaces the actual integral by an integral ove¥ a
(FR) [8] caused by an applied magnetic field if¥%b con-  function. This drastically simplifies the calculation by ruling
densate. Quasibound molecular states can be formed by Féut the necessity of calculating the wave function in the en-
in ultracold atom-atom collision. FR has striking analogytire range. Instead, it only requires to calculate the wave
with PA. In the first approximation, both are coupled two- function at a particular interatomic separatigime turning or
state systems and mathematically identical. It is the magneti€ondon point This indeed seems to be a valid approxima-
field which couples the two states in the former case, whildion for deeply bound molecular states with energy several
in the latter case it is the optical field. Both can be used tdens of GHz below the dissociation threshold. For bound
change the scattering length between two at¢@js Two-  states with energies of the order of MHz or even kHz below
color stimulated Raman adiabatic pass&§&IRAP) [10— the dissociation threshold, however, this approximation does
13] via coherent PA using an appropriately tailored pair ofnot seem to work. Calculation of the actual Franck-Condon
laser pulses has been proposed for creating a molecular coaverlap integral is, therefore, inevitable for such states. This
densate from an atomic BEC. Stimulated PA of condenseg@resents a significant challenge as the standard numerical
atoms leads to “superchemistry14,15 where quantum sta- techniques for calculating the wave functions of these states
tistics plays a crucial role in the production of molecules, andare not known to be reliable.
a superposition of macroscopic number of atoms and mol- In this paper, we discuss a scheme for estimating the
eculeq 16]. Although there has been no explicit experimentalqualitative dependence of the required FC integrals. By using
realization of a molecular BEC, coherent production of mol-the quantum-defect theof®@DT) to find the exact solutions
ecules in a single rotational-vibrational state has recentlpf molecular states in a long-range excited potential
been experimentally demonstratgti7]. The quantum dy- (—1/R®), we obtain near-zero-energy<MHz) vibrational
namics[18] of coupled atomic and molecular condensateswave functions that can extend from several hundred nanom-
reveals a lot of interesting physical effects, e.g., the recentlgters to micrometers. We employ these wave functions to
observed frequency shiftd9] contains the detailed informa- evaluate the FC overlap integral in two situatiofis:for two
tion about the density of states of cold atoms in the quasiatoms trapped in a harmonic potential; aijl for two free
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atoms. We analyze the effect of the trapping potential and thgular momentaof the initial (final) state with respect to a
atom scattering length on the FC integral. We also evaluattaboratory axis andV;, is its projection on that axis.
spontaneous emission linewidths of the excited moleculaj¥ (R)) is the relative vibrational nuclear wave function.
states. These basis states are similar to those used in [R&f. In

This paper is organized as follows. In the following sec-this representation of the basis states, we have neglected the
tion, we describe the model system and the basis for ounyperfine interaction for the sake of simplicity. The dipole
study. Then in Sec. lll, we discuss the relative motional staténteraction term(2) in this molecular basis, in the center-of-
of two ground-statéS+S) atoms trapped in a harmonic po- mass frame of the two atoms, then takes the form
tential. In Sec. IV, we describe the method of QDT for cal-
culating the vibrational states that can be formed by PAin the
excited electronic potential which asymptotically corre-
sponds to two(S+P) separated atoms. Photoassociation of
two atoms inside an isotropic harmonic trap, with an emphawhereD(R) is the molecular dipole matrix element between
sis on the usefulness of the trap-induced two-atom boung¢he molecular stated, , andQ, 4, K and e are the wave
states in one- and two-color coherent PA, is discussed in Segector and the polarization unit vector, respectively, of the

V. We present and discuss the results of our study in Sec. Vigger field, andl, is the unit vector of the dipole moment. For
We conclude in Sec. VII. two homonuclear alkali-metal atomB(R) has been calcu-
lated by Marinescu and Dalgari@3]. To leading order, it
Il. THE MODEL SYSTEM asymptotically varies as B? in the form of D(R)=D,

- - - . +D;/R3. For the 3,,-3P5, transition in Na, in atomic
Using the Born-Oppenheimer approximation, the Hamil- ' ~1°* - 1221312 '
tonian of our model with two atom# and B can be ex- Units Do=—3.5007 andD,=142.13[23]. Therefore, forR
pressed a#l =H o+ Ho+ Viraot Var, Where larger than 108, in unit of Bohr radiusa,, the R depen-
nuct el rap af»

dence oD (R) of Na, can safely be neglected abdR) can
£2 2 be approximated as a constdng. All ultralong-range ex-
- mVéM—ﬂerﬁ V(R). (1)  cited vibrational states of Nave report here have negligible
amplitude inR<100; instead, their major amplitude lies at a

M and p are the total and the reduced mass of the twoS€Paration much greater than a 1000 Bohr radii. .
atoms, respectively. The LaplaciaRg,, and V2, respec- To |IIust_rate our study _W|th concrete results, we §pec:|f|—
tively, correspond to the center of mass and the relativ&@lly consider the transitiof%,,— 0y of Na,. The initial
nuclear coordinate, of the two atom&(R) is the atom-atom and tf;e final internal states are assumed to be
interaction potential which is approximated as isotropic, i.e./1SNS,”2y,€,0,0) and [nsnp,0; ,€,,1,0), respectively.

as a function of the relative nuclear coordind®e=|R,  The potential of the ) and 1, states of Na has been ex-
—Rg| only. Hg is the electronic part of the total Hamiltonian Plicitly tabulated by Stwallejet al. [24]. These states have
and Vyap== - a 8Viap: With Vi, as the trapping potential their equilibrium positions at a separation larger thaa£0
for atoma. The atom-field interaction is given by the stan- Compared to the size of a ground diatomic molecule whose
dard dipole approximation equilibrium position ranges in general between 2 and 10

Bohr radius, these D and 1, molecular states are truly long
ranged. The PA spectrum for some vibrational states,060

V= — € mED(R)cogk, - R/2), 3

Hyue=

Var= _aZEA,B E-d,, 2) Na, have already been observed experimenth).
whereE represents the electric field of the applied laser field IIl. TWO-ATOM STATE IN A TRAP

andd, denotes the electronic dipole moment of atemin

the limit of a low-intensity laser, this atom-field interaction =~ We can choose the initial state of two ground-stege

can be considered as a perturbation. atoms in two different ways depending on whether the two
We choose molecular states as our basis functions. Iniatoms are trapped or are moving freely. The corresponding

tially, the two atomsA andB are in their grounds electronic  PA spectrum for these two cases can become markedly dif-

states. Thus their initial molecular state notation|ds;)  ferent. For two free ground-state atoms colliding under the

=|ns,ns,25+1/\g,u € ,Ji,M)|¥i(R)), whereA is the pro- interatomic interaction, their asymptotic relative motion scat-

jection of the total electronic orbital angular momentum ontering wave function is given by

the molecular axis and; is the relative energy of the two

atoms.|¥;(R)) is the initial relative nuclear wave function. K

The final molecular state can be represented |th) ¥ _=\/—sink(R—ag)],

=|ns,np,Q, 4.€,,3:,M)|¥,(R)), wherev denotes the vi- me

brational quantum number, the enery of the vibrational

statev lies at an energy,=D;—E, below the dissociation which is an energy-normalized scattering state.

thresholdD¢ . Here Q) 4 refers to Hund's case of the in-  =7%2k?/(2u) is the asymptotic collision energy. At low en-

teratomic potentialy; r, is the total angular momentufoon-  ergies, fofR—agd <k * this wave function can be approxi-

sisting of electronic orbital, spin, and molecular orbital an-mated as a straight line. Care should be taken to calculate the

4
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TABLE I. The energy eigenvaluel, of the lowest three har-
monic trap-bounds-wave vibrational atom-pair states and their
outer turning poinR; for two values of harmonic frequencies.

w=27X10 kHz w=27X100 kHz
n,(v) E, (MHz) R; (nm) E, (MHz) R; (nm)
0 0.095 515.44 0.96 164.25 o 50 300 250
1 0.221 786.35 2.23 249.89 % 107°
2 0.347 985.28 3.49 312.78 !

free-bound FC factor of ultralong-range molecular states,
since the range of the vibrational state can exdeeteven
at very low energies.

For two atoms in an isotropic harmonic trap, their wave 0 500 1000 1500
function is separable into the center of mass and the relative R (nm)

motion[26]. Approximating the atom-atom interactiof(R) FIG. 1. Two ®Na atoms-wave bound-state wave functiofis

by a regularized contact potentiaird “as6°(R)/(2u) (With pits of nnT ¥?) in a harmonic trap witho,= 27X 100 kHz(a) and

asc as thes-wave scattering lengihthe bound state of two =27 10 kHz (b). The individual curves are specified by the
atoms in a harmonic trafof frequencyw,) was first derived  trap quantum numbe, .

analytically by Busctet al.[26]. Let us define a characteris-

tic length scale of an isotropic harmonic trap @ length scale of the interatomic potential. This length scale is
= Jfil(pw, and introduce a dimensionless quantiy  defined byBs=(21Cq/%%), whereCg is van der Waal's
=Rl/a,. Let qu:chnt represent the relative motional coefficient andu=m/2 is the reduced mass o_f the two at-
bound-state wave function in the harmonic trap, with ©mS. If bothBg<a, andas<a,, then the solutions of Ref.
(which we will define belowbeing an integer quantum num- [26] are physically valid. If these validity conditions are not

ber related to the three-dimensional isotropic harmonic trapsatisfied, then the use of an energy-dependent scattering
We can then express the bound state as length in the pseudopotential improves the solution as dem-

onstrated in Ref.[27]. For a trap frequencyw,=2=
@, =im 32Aexp —RU2T(— U(—»,3,R?), (5) *100kHz and for®*Na atoms, we findis=as/a,=0.042
! andBg/a;=0.13. Thus for our model system pursued in this
whereA is a normalization constant having the dimension ofStudy @s described in Sec. I, we can safely use the solutions

inverse of square root of volume and of Ref. [26] for very strong traps with frequency,<2=
X100 kHz.
1 3
YT ke S 4 (6) IV. BOUND STATES IN THE —C3/R® POTENTIAL

an effective quantum number for the relative motional eigen}. (;ntr(])rde.rbtot_comlpute th? PAE.spect:cutrE, one_tﬂrjt dn_e:.ads. to
state.U(.,.,.) is theconfluent hypergeometric function. The n € vibrational wave tunctions of the excited diatomic

energy spectrum for such trap-bound two-atom states h4bolecule. It turns out, however, that it is not always neces-

been analyzed in detail befof26]. The energy eigenvalue is sary to find vibrational states for the entre range—the
given by the roots of the equation knowledge of wave functions near the vicinity of an outer

turning point sometimes allows one to make a good estimate
(- of the FC factor. In such cases, the FC factor can be approxi-
(—x/2+3/4) 1 el ;
= , 7 mated as the product of the two vibrational amplitudes at the
[(=x/2+1/4) ﬁgs outer turning point. This approximation, known as reflection
approximation, relies on the fact that the molecule has its
wherex=e/(fiw). major probability of existence at the semiclassical outer turn-
We here define a dimensionless quantity=asc/a;. If  ing point. Barring the ground state, this is true for most of
£s<1, then the eigenenergies can be approximated as  the low-lying vibrational states of a molecule. But, for the
3 vibrational states near dissociation threshold, the probability
12 ne+1/2 _ can be distributed over a wide range. Therefore, for those
€n=| 3 2Nt \/%gscnt hog m=012.... states, the validity of this approximation becomes question-
(8)  able. This was examined in the past by many authors for the
Selected numerical results are presented in Table | andase of bound-free transitiof28] that defy the reflection
Fig. 1. Recently, the energy spectrum of two atoms in aapproximation.
harmonic trap has also been analyzed in detail in two papers In this study, we concentrate on near-threshold vibrational
[27] where it was shown that the validity of the solutions bound states in a potential that varies asymptotically as
found in Ref.[26] critically depends on a characteristic —1/R®, which corresponds to a3 excited molecular state
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between two atoms in the separated atom limit. Recentlyfunctionsf, andg, satisfying the Schidinger equation with
these states have become very important in view of theithis potential for energf <0 can be expressed as
wide accessibility in various PA processes. It is widely ap-
preciated that there exists a class of pure long-range excited ( fl(RHw)) _ ( Wi Wf+)( exp(«R) ) o)
molecules whose equilibrium position is at a large separation g/(R—x) Wy- Wy, /lexp(—«R)/’
[24]. The binding energies of these vibrational states can )
range from a few Hz to several hundred GHz. The lower thevhereW's are chosen to be real functions
binding energy is, the longer the spatial extension of the
Ci(v) C+(_V)77 }

states is. In calculating the FC factor for these states with Wf_:exp(tl o) \ /i __
respect to the state of two ground-state atoms moving either © D) k| G(—v)""  G(»)
freely or in a trap, use of the reflection approximation be-

comes questionable, particularly so for the vibrational states W _exp*ig) 2 C.(v) +C—(— v)
with sub-GHz energies. Therefore, it is necessary to calculate ""9% D() k| G(—v) &= G(v) 1=
the vibrational states in the entire range or at least in a (10

broader range near the outer turning point. )
In practice, it is difficult to accurately compute wave With 6=mv/2+ /4 and
functions for vibrational states just below the dissociation

threshold by the standard numerical integration procedure _ :

such as the Numerov method. Therefore, alternative proce- gi_m;_m bexp(imm/2), (11)
dures such as the semianalytic approach offered by the

method of QDT need to be explored. While QDT has been *

successfully employed over the years for computing n;=mzw (—1)"omexp(Fimm/2). (12

Rydberg-atom-like energy spectrum, its application to the

problem of PA has not yet been fully explored. For Rydberg'FoIlowing standard conventions, we tak®x2/(2u) = — E
atom-like systems, the relevant potential is the Coulomb POfhe bound-state energy. The oth’er parameterév) D(v),

tential that admits analytic solutions known as Coulomb - : ;
) . ) . G(v), andb,, are as defined in Appendix A of R¢B31]. The
functions which forms the basis for the application of QDT. condition for bound states is given by

For the excited state in the single-photon PA process as dis-
cussed here, the potential is of an attractivd/R?® type. x—K°=0, (13
Fortunately, a semianalytic QDJ29] of PA has recently

been developed which is based on the semiclassical WKBwhereK? is the short-rang& matrix determined by match-
type solutions of a- 1/R® potential. Exact quantum solutions ing the solutions of short- and long-range potentials at a
of this potential have also been found recen®®,31. For judiciously chosen separation andis given by

some diatomic molecules, the spacings of near-zero-energy

vibrational states can be as small as a few kHz or even a few X=—Ws_ /Wy . (14)

Hz, which leads to the interesting possibility that the free- o
bound PA linewidth of these states can exceed the spacin%{/'th the help of QDT, the short-rangé matrix is extrapo-

by several times even at a temperature as low as op&.1 _ted from the positive-energy scattering solutions. near the
Such a situation prevents the resolution of individual spectrafiSsociation threshold. The bound-state wave function at dis-
lines. One naive suggestion to overcome this problem is t§"€t€ nergE; can then be expressed as

place two atoms inside a single trap, and to photoassociate ¥, (R)=f,— KO (15)
them for different trap frequencies. Although PA in a trap ! ! 9

may lead to a diffused continuous absorption spectrum, a§ejected numerical results for the ultralong-range molecular
we will show below, the use of different trap frequenciesgtates are given in Table Il and Fig. 2.

results in shifts of the peak of the spectrum. The energies of

the different vibrational levels can be estimated from these

shifts.

We now briefly outline the use of QDT for computing A key factor of the PA spectrum strength is the FC inte-
near-threshold ultralong-range vibrational states. The exagjral. Ever since its introduction more than 70 years [&8),
scattering solution of a repulsiveRY was first obtained by the FC principle remains a paradigm in molecular spectros-
Gao[32], and the exact analytic solutions of an attractivecopy, particularly for the spectra of diatomic molecules. The
1/R® have been applied to a QDT formulation of diatomic essence for this principle relies on the wave mechanical
molecular excited vibrational energy calculations beforeproperty of molecules. The underlying idea is that when a
[30]. The scattering solutions of an attractiveRd/potential  molecule undergoes electronic transition from one state to
has also been used before for a multichannel QDT formulaanother, the transition occurs much faster than the time scale
tion of atom-atom interactions in the presence of a dc electriof the vibrational motion of its constituent atomic nuclei.
field [31]. Therefore, just before and after the transition, the relative

We next concentrate on the bound solutions of #R3 nuclear position remains almost the same. The wave me-
potential. The asymptotic form of linearly independent basechanics of the molecule comes into the picture when one

V. PHOTOASSOCIATION IN A HARMONIC TRAP
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TABLE Il. The energyE, of the last seven molecular vibra-
tional levels of the g state of Na for rotational quantum number My—n,= f \I’U\I’ntCOS{ ki -R)dR, (17
I=0 and their outer turning poinR; and the separatioR,, at
. . 2
which the probability ¥, (R)|* peaks. which is the FC factor between the two states. Since both

stategv) and|n,) are discretdbound and unit normalized,

v E, (khHz) R (hm) Rinas (NM) the FC factor in this case is dimensionless.

33 1460 162.3 139.3 Here we wish to stress that the dynamics of photoassocia-
34 550 224.8 190.2 tion of two trapped atoms is strikingly different from that of
35 170 332.3 275.4 two free atoms. Since two trapped atoms form discrete rela-
36 305 540.3 4315 tive motional states, there exists a well-defined Rabi fre-
37 5.7 1000 794.0 quency and the associated coherent dynamics. In contrast,
38 0.3017 2700 1900 for tyvo freely mpving atoms, t.he definition Qf free—bqund
39 0.0003 28200 14200 Rabi frequency is not so straightforward, since Rabi fre-

quency is usually defined between two discrete states. In-
stead, for low laser power, applying Fermi’s golden rule, one

calculates the transition probability between the two state@" define free-bound stimulated transition rate

In view of the FC principle, the strength of the transition is o

determlneq by an integral over the'overlap qf initial and final th_5=7|<vlvaf| e)|?, (18)
wave functions of the nuclear motion. The line strength and

the linewidth of molecular spectrum are proportional to this . = . ,

overlap integral. The ground vibrational state of a moleculéVNich is proportional to the square of the free-bound FC
has the maximum probability at its equilibrium position, [2€tOr

while the excited vibrational states have their maximum

probability near outer turning points. Accordingly, the rela- "“*f:f v, ¥ _cogk, -R)dR, (19)
tive location of the equilibrium positions is also important in

determining which vibrational transition would have a given . . . . . .
intensity g g having the dimension of Y, i.e.,|7,_.|? has dimension of

For two atoms initially in a harmonic trap, we can define P€F unit energyl’s "< is the free-bound stimulated decay rate
a Rabi frequency and does not characterize any coherent PA. In order to de-
scribe free-bound coherent PA dynamics, a quasicontinuum
model [12] has been proposed. In this model, quasicon-
Q= ll(mIVaflv)I (16) tinuum is assumed to consist of many discrete equglly spaced_
h levels and thus enables to define a photoassociative Rabi
frequency. Then the continuum limit is taken by allowing the

between the trap-induced bound sthtg of the two atoms ~€nergy spacing between the levels to approach zero. With
and the excited molecular vibrational stdte due to the this model analysis, it was showd?] that the free-bound
interaction of the two-atom system with the PA laser field.Rabi frequency is proportional to the square root of the col-
The Rabi frequency, Eq16), is proportional to the rate of lision energy. Thus in the zero energy limit, the free-bound
coherent population transfer between the two-atom $tgfe Rabi frequency vanishes and so there is no coherent photo-

and the molecular state). Clearly, it is proportional to associative dynamics. Alternativelly, the .quasicontinuum
overlap integral model can be supplement¢diO] by introducing two-atom

scattering states normalized within a sphere of arbitrary vol-
ume V. After all the calculations are done, the continuum
limit can be taken by allowing the volumeéto go to infinity.
It is thus argued that for a nondegenerate gas, free-bound
Rabi frequency is much smaller than the corresponding
bound-bound Rabi frequency. To transfer atoms into mol-
ecules by STIRAP, one of the necessary and sufficient con-
ditions is the swapping of the bound-bound Rabi frequency
into free-bound Rabi frequency in a counterintuitive way,
i.e., for an initial duration of the STIRAP pulse, bound-
bound Rabi frequency should be much larger than the free-
10 10 10 10 bound one, and later it should be just the opposite. Therefore,
according to the arguments put forward in R¢f,12], the

FIG. 2. The last seveffrom 33 to 39 swave vibrational wave ~STIRAP condition in a nondegenerate gas would not be sat-
functions(in nm~*?) of the g state of Na. The numbers assigned isfied and so there is no STIRAP in a nondegenerate gas;
to the curves refer to the vibrational quantum numbers. The rangdlthough, there has been a debiggd] on the possibility of
of the last bound statey& 39) shown in the inset is so long that it STIRAP in a nondegenerate gas. However, it is also argued
exceeds 1lum by two orders of magnitude. [10] that, for Bose condensed atoms and in the thermody-
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namic limit, the collective free-bound Rabi frequency be-Waals interaction of the form C4/R®, are of the order of 1
comes proportional to the number density of atoms and so iim, as can be estimated from the binding energies of such
regains a finite(nonzerg value. Therefore, for condensed states for Lj and Na as calculated in Ref$35,36. In con-
atoms, STIRAP becomes possible because of the symmetrigast, the excited ultralong-range vibrational states, as calcu-
state bosonic stimulatiofl4]. In passing, we note that the |ated here by the QDT method in Sec. IV, have their turning
possible effect of a trap on nondegenerate free-bound-boungbints at a much larger distance of the order of 100 nm. We
STIRAP was earlier pointed out in Refl2]. further note from the plots of the wave functions of these
We emphasize that with trap-induced two-atom boundjiajong-range vibrational statéBig. 2) that, below 10 nm,
states, unlike in the case two free atoms, two-photon Ramange ampjitude of these wave functions is vanishingly small.
type _photoassomatlve coherent dyna_m!cs IS possm_)le. Th?herefore, the FC overlap integral of these excited ultralong-
conditions for STIRAP can also be satisfied for a su1‘f|C|entIyrange states with the bound states in the ground electronic

dilute nondegenerate atomic gas in a harmonic trap due g4 nito1d would be negligible in comparison to that with the

the existence of trap-induced two-atom bound states. HOWsy0-atom scattering states as well as trap-induced bound

ever, the mean-field energy shift and inelastic collisions sucly,, hair states. We henceforth calculate the spontaneous
as the three-body interaction may limit the efficiency of theemission width for a transition from a particular ultralong-

STIRAP. range vibrational level in the excited molecular potential
only to the trap-induced bound atom-pair states and to the
VI. RESULTS AND DISCUSSION two free-atom stateéscattering statg@swhile neglecting all
égher molecular bound-bound transitions. In this context, a
pertinent question that may arise is whether such tight traps
would have any influence on the molecular bound states in
degenerate atomic gas to produce cold molecules, we noWe ground _molecular electronic manifold. As we have al-
ready mentioned, the least-bound or the nearest-to-zero-

turn our attention to the effects of this pair binding on inco- lecular bound db der Waal
herent one-color photoassociative processes such as spon‘:t‘zg-ergy molecular bound states supported by van der Waal's

. _ 6 . . . .
neous and stimulated linewidths. The spontaneous linewidtROt€Ntial — Ce/R” have their outer turning point at a typical
for a transitionu—n, is given by separation of 1 nm. If we now estimate, for a typical value of

Ce=1500 a.u., the van der Waal potential energy Rat
=1 nm, and compare this with the relative harmonic trap
@3, |Do|? 7, _n |2+ yPOUNdbOUNd(20)  energy of two atoms at the same separation in an isotropic
3hc® ' harmonic trap with harmonic frequency 100 kHz, we find
) that this trapping potential energy is smaller than the van der
where oy =wa— (@, + o), wa is the frequency of the \yaa| potential by at least two orders of magnitude. So, for
bare atom transition; w,=E, is the energy of the bound harmonic trapping frequencw,<2mx100 kHz, the trap
molecular leveb, fiw, = E, is the energy of the trap-bound has negligible influence on the molecular bound states in the

Having discussed in the preceding section the advantag
we may possibly derive from trap-induced atom-pair binding
in performing two-color photoassociative STIRAP in a non-

v—Ng

Ysp

level ny, and ground electronic molecular potential. This is why in writing
the expressions fowi;’”t and yg, € in Egs. (20) and (22),
ypound-boung, 3> o3, |(ID(R)[ug))? (21)  respectively, we have retained the sanfe""*"*"in both
vg expressions.
In Sec. lll, we have described two-atom bound states

is the rate of spontaneous emission for transition from thQI,n (R) formed inside a harmonic trap. Unlike the free-
t

vibrational statev in the excited molecular potential to the
. . bound case, the FC factor for two trapped atoms can be
bound levels in the ground molecular potentiab,,, :

. o g controlled by tuning the trap parameters. The lower the trap
=wp(0,t o, ), With vy as the vibrational quantum num- frequency is, the longer the extension of the trap-induced
ber of the bound statkz;g> in the electronic ground molecu- two-atom bound state. Thus, by lowering the trapping fre-
lar potential. For a bound-free transition guency, the FC factor for the higher molecular vibrational

states can be increased. Therefore, the trap-induced bound
state can facilitate probing of ultralong-range molecular
3 2 2 bound-bound
f @, Dol 7,— [ *de+ v, (22 states. Figure 1 exhibits the lowest thifg, for two values

of trapping frequencyw,=2mx100 or 27X 10 kHz. Since
where w,.=wa— (w,+ €/#). The integration on the right- £s<1, they deviate very little from the harmonic-oscillator
hand side of the above equation is over the distribution oftates. The bound-state energies and the outer turning point
collision energye. of these states are given in Table I.

The contribution to the total spontaneous linewidth due to The wave functionst',(R) of the last seven vibrational
transitions from the ultralong-range bound states in the exstates fromv =33 tov =39 calculated by the QDT method as
cited molecular potential to bound states in the ground moeutlined in Sec. IV are plotted in Fig. 2. Their vibrational
lecular potential is negligible. Because the turning points ofenergiesk,, outer turning pointsR;, and the internuclear
even the least-bound stalengest rangein a typical ground ~ distancesR,, at which| ¥, |? attains maximum are given in
molecular potential that asymptotically becomes a van defable II. To evaluat&,, , we employ Eq(15) with a constant

V—€__

Vsp

3hct

033408-6



MODEL STUDY ON THE PHOTOASSOCIATION OF A.. .. PHYSICAL REVIEW &8, 033408 (2003

TABLE lIl. Square of Franck-Condon integriaiy,mt|2 between 0.29
molecular bound and trap-bound statey . 0.8
w=2mXx10 kHz w,=2mXx100 kHz 0.27

v n=0 n=1 n=2 n=0 n=1 n=2 :5“

0.26
33 0.075 0.074 0.059 0.221 0.122 0.009

34 0.102 0.080 0.039 0.024 0.066 0.019 0.25
35 0.116 0.004 0.033 0.000 0.214 0.021 0.24
36 0.009 0.022 0.000 0.000 0.013 0.093 -1000  -800  -600 = -400  -200

a (nm)

) ] ) FIG. 4. The same as in Fig. 3 but for a negative scattering
K°=0.623. The vibrational energies of these states have alsength.

been calculated previously by a similar metH&®]. From

Table Il, it is clear that the molecule in these states W°“|dsomewhat larger. However, we took this approximation for

spend most of its time at an internuclear distance larger thag,,- model calculation and comparison because the overall
100 nm. In terms of typical molecular scale, this length scal attern of variation of the FC factor as a function af
is enormous. Now, a question naturally arises: is it possibl hould remain the same. ¢

to probe these states by PA? To seek an answer to this ques- When two atoms are not trapped, the FC factor becomes

tion, we carry out an explicit calculati_on of the FC fact(_)rs in strikingly different. Since the FC factor in the two cases have
two different cases(1) both atoms being trapped in & single jitarent dimensionality, it is not easy to have a direct com-

harmonic potential and2) the two atoms are in a free- aiison petween the two. However, we can make a compari-
scattering state. son by comparing their spontaneous linewidth which is pro-

. InT?bIe ”II' weéabulate t\l;\/ehvalu%sr?f the sql;]arke‘ of thelF ortional to the respective FC factor. For the sake of this
actor for selected states. Why and how much these valu€g,mnarison with the bound-bound- n, transition, we have

differ from one pair Of. states to aT‘Other can l_ae naiyely UN3ssumed that the the velocity of the free atoms follow a
?heéssfﬁgggrglfntﬁzergsopsétclz(t)icz S\Iat\r/]glfru?]%tt?c:ntgmmg POINtS anGyaxwellian distribution at a temperatuiie= Ent/ kg in cal-
For example, from Tables | and II, we no.te that the state§UIating the corresponding free-bound transitions, wﬂ@re
W, _o [for w;=2mx100 kHz] and¥, _ 4, have their outer 'S the Boltzmann constant. The results are tabulated in Table
nI: v=

. . ble di Theref h IV. The free-bound FC factor of Eq19) depends critically
turning points at a comparable distance. Therefore, these g, e ocations of the antinodes of the sinusoidal scattering
states should have maximum overlap.

In Fias. 3 and 4 display th . f the bound state of the two atoms relative to the outer turning point of
N FIgs. > and 2, we display the Va”a“‘.’r.‘s of the OUNGhe molecular bound state. If the first antinode is located near
bound FC factor as a function of the positive and negativ

. . ; Ghe turning point, then the free-bound FC factor would be
scattering length, respectively. Although as discussed earllegrreater than if it is located far away from the turning point.

that for a large positives, energy-dependent pseudopoten- From Table IV, we note that the tabulated bound-bound
tial should be used in the calculation of trap-induced atoms-

. . spontaneous linewidths are much smaller than their respec-
atom bound states, we simply took the energy-mdepende@fs

; _ ) = e free-bound values. This suggests that if we PA two
pseudopotential for all the calculations. This approxmatlontrapped atoms, and if the resulting ultralong-range excited

underestimates the actual eigenenergies and hence undereﬁjiblecule remains trapped under the same or a different trap-
mates the actual range of those states. Therefore, for large

positive ag., the actual value of the FC factor should be o - y
TABLE IV. Spontaneous |In6WIdth$'Sp t for transitions from

excited molecular bound statesto trap-bound states; are com-

03 pared with corresponding linewidtt,” € for molecular bound-free
_0.31 transition. The frequency of the harmonic trap is;=2m
X 100 kHz.
-0.32
:’_0_33 yg;”‘/(zw) and g, “/(2m) (kHz), keT=riop,
n=0 n=1 n=2

-0.34 v U— Nyt V—€ v—Ng V—€ v—Ny V—€
_0.35 33 4278 28985 2883 40422 2359 47139

° O Lam 34 464 26591 5532 37216 1282 43467

8

35 0.002 23248 276 30781 4150 34831

FIG. 3. Dimensionless Franck-Condon integegl, between 36 0.011 6449 40.0 9434 245 11007
molecular bound = 35 and the trap-boung,=0 (ground states as 37 0.001 3429 6.3 4106 29.6 4249
a function of positive scattering leng#. in nanometers for a trap 38 0.000 599 0.5 623.7 2.4 735.2
frequency ofw;=27X10 kHz. The inset shows the variation of 39 0.000 10.2 0.002 7.8 0.009 7.4

trap-bound ground-state energy (27v,) as a function ofag..
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ping potential, then the spectral line associated with the forlaps between these states and the trap-induced two-atom
mation of the molecule may be resolved. bound states, the trap frequencies should be much larger than
The trap frequencies we have considered for our numeril00 Hz, i.e., we should use very tight traps. As long as the
cal illustration correspond to very tight traps. In this section,condition (1a3.<1) remains fulfilled, the mean-field effects
so far we have restricted our treatment to an elementary PAnd three-body recombinations do not lead to substantial
process of only two atoms inside an isotropic harmonic trapdegradation of the efficiency of the STIRAP, as the gas re-
Now, the question obviously arises how the tight traps wouldmains sufficiently dilute and the interactions would be
affect the PA of an ensemble of atoms in a trap, in particulamainly of a two-body type, and only a small fraction of
of an atomic BEC for its potential use in forming a molecular atoms will be pair correlated with trap-induced binding, they
BEC by collective photoassociative STIRAP. In this regard,will experience enhanced FC coupling in a STIRAP. Pres-
it becomes necessary to consider various effects due tently, the nature of collision interaction between photoasso-
mean-field interactions and inelastic three-body recombinasiated excited or STIRAP-produced ground molecules and
tion processefl1,17). Let us first discuss the possible effect individual atoms is not precisely known. Therefore, we will
of a tight trap on the efficiency of STIRAP. The presence ofomit a detailed study of how three-body recombination will
a trap introduces an additional length scale in the systenaffect the efficiency of the STIRAP. Intuitively it can be
namely, the size of the harmonic-oscillator ground state  understood that with a high number density, the increased
For a typical magnetic trap in use today with Rb or Na at-three-body recombination will lead to increased inelastic
oms, trap frequencw is of the order of 2rx 100 Hz. The losses, which counteract any enhancement effect by tight
frequencies we have considered here are 10-100 kHz, ustrap. However, it can also be intuitively argued that for a
ally associated with strong far-off-resonant optical dipolevery low density of atoms and molecules, such three-body
traps. A condensate in such traps would typically have difecombination losses may perhaps be overcome in achieving
mensions smaller than an order of magnitude of that in & considerably efficient STIRAP.
magnetic trap. One can then argue that, for a typical number In view of the foregoing discussion, it now appears that
of atomsN~1CP, the number density of atoms in such athe best way out to avoid mean-field shifts and three-body
tight trap would also be higher by two to three orders oféeffects is to photoassociate atoms in a Mott insulating state
magnitude. Therefore, the strength of the mean-field interac®f atoms in an optical latticE21]. In such a structured state
tions between atoms and also between atoms and STIRARS atoms, a pair of atoms can be arranged to occupy a single
produced molecules will be greatly enhanced. This increasesite of an optical lattice.
mean-field interaction will lead to large frequency shifts and Before concluding this section, we would like to discuss
broadening in two-photon STIRAP PA spectrum, it also leadginother important application of the ultralong-range excited
to a dramatically increased loss of atoms or molecules due teibrational states in coherent laser spectroscopy of yet a dif-
density dependent three-body collisions. Therefore, as aferent type of potentially ultralong-range molecules, namely,
ready suggested in Ref37], our study applies to cases of molecules that can be formed in a controlled crossing of a
modest atom number densities associated with condensate€shbach resonand&]. These exotic molecules are pro-
of smaller numbers of atoms, of the order of 1000 or fewerduced in magnetic-field-induced Feshbach resonance by the
The enhancement of the Franck-Condon integral due t®onadiabatic coupling between two close molecular potential
trap-induced binding between two ground-state atoms decurves, one of which acts as an energetically closed channel
pends on the location of the outer turning point in the excitedvhile the other as an open asymptotic collision channel. Co-
(S + P) molecular potential relative to the value @f. Our ~ herent transfer of atoms into a molecular vibrational state
calculations reveal that the amplitude of the ground state olose to the open-channel threshold occurs through the tun-
the two-atom(S-9 bound state attains a maximum at abouting of a magnetic field. Recently, these vibrational states
a,/2. Therefore, the Franck-Condon integral will be maximalhave been numerically calculatg88] and shown to have an
for transitions to states in the excited potential whose outextent ranging from many tens to many hundreds of nanom-
turning points lie close tat/Z_ For atypica| magnetic trap of eters. A|thOUgh, these molecules are translationally cold,
100 Hz,a, is about 1um, while the outer turning point of they are not generally cold in their vibrational states. Obvi-
the excited vibrational state used in Rdfkl,17] is at about  Ously, any two-photon resonant coherent Raman spectros-
3 nm. The finding of Drummonét al.[11] that a weak trap copy of these molecules would involve higher-lying excited
reduces the efficiency of STIRAP, we believe therefore, isvibrational states as we have calculated by the QDT method.
due to this huge mismatch betweapand the outer turning Thus, in addition to our finding of the trap enhancement in
point. They have used the excited vibrational state whos&oherent PA, our study of the QDT approach in finding
free-bound transition frequency is 23 thbelow the disso- ultralong-range wave functions is important for applying the
ciation threshold. This state is far off the dissociation threshSTIRAP to the newly attained capability of a controlled
old in comparison to the ultralong-range states we have decrossing of a Feshbach resonance, and the attempt to produce
scribed in the paper. To achieve a significant enhancemerffanslationally as well as vibrationally cold molecules.
the free-bound transition should involve the highest-lying ex-
cited vibrational states, so that their outer turning points lie
close toa;/2. Normally, the excited ultralong-range vibra-
tional states have their outer turning points at about tens to We have developed a scheme for estimating the FC factor
several hundred nanometers. In order to have large FC oveinvolved in a single-photon PA of two atoms into an

VII. CONCLUSIONS
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ultralong-range molecular state. In this approach, we haveoherent PA in a nondegenerate gas, we have shown that a
made two simplifications: first, the initial state of the atomstight trap does offer an advantageous situation in comparison
are based only on the asymptotic form at a large interatomito atoms in free-scattering state. However, as discussed in the
separation, which in the low-energy limit, only depends onpreceding section, the mean-field shifts and three-body re-
the swave scattering length and second, for the excited moeombination effects may ultimately limit the efficiency for
lecular state(corresponding to a 8P asymptotg we have employing the STIRAP process to form a molecular BEC,
used the exact solutions of the asymptotic long-range moand it appears that the best way to exploit the trap-induced
lecular potential—1/R®, taking advantage of the QDT for- enhancement of coherent coupling for producing a molecular
mulation. We have calculated the wave functions of the moBEC by STIRAP with no adverse effects from three body
lecular states that are very close to dissociation threshold. Weecombination and mean-field shifts is to photoassociate at-
have calculated the FC overlap integrals between these moms in the Mott insulating state with more than one atom per
lecular states and the initial states of the two ground-statevell of an optical lattice as first investigated in REZ0]. To
atoms. We have shown that when two atoms are trapped intais end, we would also need an accurate method for calcu-
single harmonic potential well, the trap frequency can sigdating the ultralong-range excited molecular vibrational
nificantly affect the integral and hence the PA rate. We sugstates. Very recently, far-off-resonance trap for atoms inside a
gest that the ultralong-range excited molecule can be formedavity in the strong-coupling regime has been experimentally
by PA of two ground-state atoms inside a trap and simultademonstrated39]. This trap is insensitive to the internal
neously switching on another trap that can confine photoasatomic states and has strong or tight trapping capability. Only
sociated molecules. In this way, the damping of the excited few number of atoms can be captured in such a trap for a
molecule can be minimized. We have also demonstrated theonsiderable duration. Trap-induced enhancement may be
dependence of the FC integral on both the sign and the magxperimentally studied in photoassociation inside such a
nitude of the atomic scattering length. To form a ground-stateight trap without any side effects of mean-field interaction
molecule by stimulated Raman PA, the excited vibrationaland three-body recombination. Apart from the usual PA spec-
state should have sufficient amplitude in the short-range retroscopy, our study can also find applications in the future
gion such that it can possess a significant overlap with thstudies of coherent laser spectroscopy of the recently discov-
ground molecular vibrational state. For the model systenered ultralong-range Feshbach moleculés

studied in this paper, this seems practically impossible. How-

ever, since trap potent|al_s have a significant effec.t on the ACKNOWLEDGMENT

overlap integral as well, it can perhaps also be adjusted to
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