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Reduced model for the description of radiation-matter interaction including atomic recoil
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We show that a model for the collective atomic recoil laser, previously introduced to include collisions with
an external buffer gas, can be reduced to a single dynamical equation for the probe amplitude. This is the result
of a clever adiabatic elimination of the atomic variables and of the assumption of a negligible effect of the
probe field onto the atomic motion. This reduced model provides a fairly accurate description of the phase
diagram of the original set of equations and allows for the investigation of more realistic regimes, where the
direct simulation of the full model would be otherwise unfeasible. As a result, we find that the onset of a
coherent field can be either described by a second- or first-order transition, the former scenario being observ-
able only below a given temperature. Moreover, the first-order transition is accompanied by an intrinsic optical
bistability region.
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[. INTRODUCTION of light-atom interactions. Work concerning the shape of
atomic emission spectra under different experimental condi-
The interaction between atoms and the electromagnetitions was published very early da0-12 and applications
(e.m) radiation is a domain of physics that has attractedto nonlinear effects arising in gas laser amplifiers were con-
attention for over a century. At the origin of the developmentsidered[13,14]. In Refs.[10—-17 it was also shown that, at
of quantum mechanics, the interpretation of atofaicd mo-  the lowest level of semiclassical description, the study of the
leculan spectra and the prediction of their features has beeresponse of a two-level atom to the incident radiation re-
the object of a large wealth of wore.g., cf. Refs[1-5]). quires the inclusion of saturation effects on the optical tran-
The problem has been analyzed, in most cases, semiclassition and the influence of detuning between field and atoms.
cally, but fully quantum mechanical treatments have beemmmediately, a concern arises about the strength of the inci-
also carried out. Within the semiclassical approach—thealent radiation, which modifies the atom’s level structure, in-
scope of the present work—several authors have developdtbducing the so-called Rabi sideban@s level splitting
ways of treating the interaction between a quantized twof15]: the absorption and emission spectrum of the atom have
level (or multilevel) atom, with a formalism analogous to the been strongly modified by the interaction. The development
vector description of spin stat¢6], and the classicdimac-  of narrow-linewidth and sufficiently powerful tunable lasers
roscopig e.m. field. This way of modeling the interaction is allowed for experimentally probing, a few years later, these
particularly appealing when the e.m. field is sufficiently somewhat surprising predictions. The experimdi6—19
strong to neglect its fluctuations, and whenever the atomiconfirmed the existence of sidebands—an object of debate, at
response to the external field is sought. The number of physthe time—but also showed that the complete picture was
cal effects that can be treated in this fashion is particularlyquite more complex.
large, and the complete literature cannot be cited Hare One of the questions that presented themselves concerned
good overview of a number of classic effects can be found irthe measurement of the modifications in the atomic spectral
Refs.[7,8]). Within this framework, the contribution of this properties when subject to an intense external field. For this
paper is to take into account aspects that so far have begurpose, it was natural to introduce a second field of variable
treated independently or in a perturbative approach: the efrequency and of very weak intensity, which may be scanned
fect of the radiation scattered by the atoms into the globahcross the frequency range over which the atom reacts, with-
e.m. field and its feedback on the atof®4, i.e., taking into  out perturbing in any significant way the atomic line shape: a
account the atomic motion due to atomic redbiécause of weakprobefield. Unfortunately, the mathematical treatment
the photon exchangend collisions(between atoms of the problem becomes immediately intractable in closed
The rest of this introduction is dedicated to a brief reviewform, and approximations have to be introdu¢2d.
of known effects that are going to play a role in the system The problem of two independent traveling wavgsimp
we choose to describe. Some of them will be arbitrarily ex-and weak probeinteracting with an atomic sample was first
cluded(e.g., Rayleigh or Raman scatterjrfgpm our discus- investigated in the 1960s with reference to a multilevel
sion, but they are indeed contained in the literature cited, aatomic structur¢11,21—23 and a detailed discussion can be
well as in the problem that we consider and in the way wefound already in Ref.24]. A subsequent, more general, treat-
treat it. ment of the interaction of an ensemble of atoms with qua-
The advent of the laser marked a revolution in the studysiresonant counterpropagating pump and probe fields, includ-
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ing their spatial dependence and the transition’s Doppleatoms. Such forces have played a crucial role in atomic cool-
broadening, has become a standard referg2ise There, the  ing with laserd51], but are generally present in all problems
interaction between pump field and atoms is calculated extcf., e.g., Ref[52]). Indeed, their action is responsible for the
actly, while the probe’s evolution is treated in a perturbativepredicted appearance of coherent lasing action through
form. Integration over the Doppler velocity distribution is atomic bunching(the collective atomic recoil laser, or
included. As a result, detailed spectral features, consisting dEARL, Ref.[53]) or through other collective effec{s4,55.
attenuation and amplification peaks for the probe field, werdhe existing experimental evidence for CARL has been the
found (also function of the atomic speedvore significantly, object of debat¢56,57], but a collective behaviofperhaps
in Ref.[25] it was proven that atomic motion can hardly be the one of Ref[54]) may be at the origin of some anomalous
neglected in the treatment of these problems. gain[58,59 which appears only for particularly strong pump
The first consequence of motion in thermal atomicvalues, and not under the conditions for which usual pump-
samples is to shift the individual atom’s resonance frequencprobe spectroscopy experiments are condudied., Ref.
by a certain amountDoppler shifj. A thermal sample will  [60]).
therefore behave with an integrated response, weighted over In any case, precision measurements show that recoil
the various velocity population classes, of atoms seeing botplays a role in pump-probe spectroscopy even when collec-
pump and probe shifted by different amoufrslative to the tive effects are not relevant. The originally measured spectra
atomic resonangeThe result of the Doppler integratidor ~ [16,17,19 present features that are typical of recoil and the
broadeningis not simply that of smoothing out the profiles, spectral details could not be explained until the latter was
but, rather, that of introducing velocity-selective effectstaken into account61,62. This is a clear indication that the
which give rise to spectral dipgor holeg [26—-30, hole transfer of momentum between e.m. field and atoms is not
burning [31], so-called “dead zones[32]—i.e., frequency entirely negligible even when therméiot) atomic samples
intervals for which the global atomic susceptibility for the are considered. It is therefore reasonable that recoil should
sample is nearly nonexistent—, and various other featureslso lead to new features such as collective behavior.
that have been discussed in numerous publicati@ng., One further consequence of atomic motion, and of mo-
without [33] or with [34] Doppler broadening The effects mentum transfer, is the change in velocity that the atoms
of relative directionality between pump and probe have alsandergo during the interaction. For weak coupling, it is rea-
been carefully investigated and have been shown to inducgonable to expect that the modifications in the velocity dis-
different spectral signature§35,3€. Additional features tributions remain small and that the thermal profile domi-
present in the interaction between atoms and two fields areates, but if the coupling is strong, substantially different
the excitation of harmonics in the combination of field’s fre- shapes for the momentum distribution may apppés—
quencies(e.g., with cross-polarized field87]) or washout 47,55. These effects are important not only for a basic un-
effects of the grating in the atomic variables imposed by thalerstanding of the medium’s internal dynamics, but have
periodic modulation coming from the interference betweerbeen used for preparing samples with particular velocity dis-
fields [31,38. The latter paper introduces a formalism thattributions (e.g., Refs[63,64)).
allows for the treatment of several different kinds of prob- Often, a buffer gas is added to the atomic vapor, either to
lems and nonlinearities, taking into account also the nonloehange the type of broadening in a hot vapés|, or for
cality of the interaction and washout effects of spatial strucpurely technical reasons—such as keeping the vapor away
tures due to atomic motion. from the optical windows—, or both. Either way, neglecting
Motion does not only influence the shape of the atomiccollisions is often impossible, and their role has to be taken
response through Doppler shift or washout of gratings, buinto account. For our purposes, we will ignore collisions with
also gives rise to more subtle phenomena. If one considetthie walls of the container, and concentrate, instead, on two-
the momentum transfer between atoms and field, due to thizody interactions exclusivelythree-body collisions play a
exchange of photons, then the atomic velocity becomes itsetble only at pressure values higher than those used in a typi-
a variable in the problem. One might be tempted to say thatal pump-probe spectroscopy experimefince the density
such effects become important only for cold atoms; in such &alues for the atomic species interacting with the e.m. field
case, resonances can be shifted or modified by the recadre normally quite low, the only collisions that are important
transfer(e.g., Refs[39,40). Particular features in the reso- are those between aactive atom (i.e., interacting with the
nances have been observed in pump-probe experiments usifigld) and one of the buffer gas. For most optical experi-
very cold atomg41], but the possibility of obtaining gain ments, buffer gas species that do not affect the population of
from a two-level system, due to the change in atomic mothe upper statée.g., alkali atoms in a noble gas atmosphere
mentum during the interaction and in the absence of anwre the preferred choice, since they only affect the line
population inversion, was predicted very early [@2], and  broadening and may allow one to perform an experiment
was later investigated in detaie.g., Refs[43,44). How-  with predominant homogenous, rather than inhomogeneous,
ever, the transfer of momentum between atoms and the e.rbroadening.
field is not restricted to cold atomic samples. Atomic beams The literature on the consequences of collisions on optical
have been shown to display resonanp#s,4€ that couple transitions is rather extensive and dates very far Hadd.,
the internal atomic degrees of freedom to the external moRefs. [2,66]). Numerous effects have been discovered,
tion: dopplerong47-50. Momentum transfer, i.e., a change among which are collision-assisted amplification processes
in atomic momentum, is equivalent to forces that act on th¢67], modified atomic velocity profiles resulting from the in-
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terplay between collisions and Doppler broadeniGg], also through collisions and also for the presence of external
changes in the optical lines in saturation spectrosd@@y, time scalegdetermined by the collision rate with the atoms
and thermalization processes leading to gain enhancemegf the thermal bath In spite of a microscopic approach to
[54,55. the description, through suitable approximations we arrive at
The problem that we analyze centers on the off-resonance state equation for the probe field’s amplitude, which pre-
interaction of astrong pump and d@weak probe beam with ~ dicts the appearance of a phase transition—a result that could

a thermal sample of two-level atoms placed in a thermal0t be obtained in the traditional spectroscopic approach.
bath—hence, with collisions. We consider a collinear, coun- Section Il is devoted to the introduction of the model and

terpropagating geometry for pump and probe and study thio a'disclussi_on. of the correspondin_g physical setup. An ap-
interaction including: atomic motion, momentum transfer,Proximation is introduced here, which reduces the problem

and collisions. The interaction, as in Ref§3—59 is evalu- toa simpler, but still very _meaningful form, where an_alytical_
ated at the position of the individual atom, which possesses &Pressions can be obtained for some of the physical vari-
determined velocity. This choice differs from the common@Ples. In Sec. lll, we develop a perturbative approach that
one, which considers the interaction to be nonldeaten in allows for the identification of an analytical expression for
the more general treatments, e.g., H&BJ). Collisions are the transition point. A more gen_eral modal expansion is pre-
introduced in a standard way used in molecular dynamic§ented in Sec. IV: from it we derive a dynamical equation for

(see, e.g., Ref[69]) and the time evolution of each indi- the probe field valid also in the nonperturbative regime; its
i ' >;olution requires a numerical support, though. A comparison

vidual atom is evaluated. The approach is similar to tha o ,
followed in many problems in statistical physics, and already?€tWeen the reduced model and the original full model is

introduced in optics in Ref70]. The results that we present performed in Sec. V, where several aspects of the numerical

are a mostly analytical extension of the general treatment giimulations are presented as well. Section V1 is devoted to a

pump-probe spectroscopy which include atomic motion, moZPrief summary of our main results and to an outline of the

mentum transfer, collisions, and the contribution of the scatMost relevant problems still deserving clarification.

tered field to the global field, thereby providing a feedback

mechanism which couples the behavior of e.m. field and at- Il. THE MODEL

oms. . . .
As such, this paper represents an additional step in tth A model describing the interaction between an ensemble

description of BUMD-Drobe SPectroSCony With counternrona’ two-level atoms and two counterpropagating e.m. fields,

Crp pump-pro P py witt propay cluding atomic position and velocity, and momentum trans-
gating beams, which finds its most extensive and carefu
treatment in Ref[25]. There, the absorption spectrum of a

weak beam, as a function of detuning, was studied, includin%

propaga.mon effects and D.oppler brc_)adenlflg vanablg imaginary part of the polarizatio8;, the population differ-
amounj; a very detailed interpretation of the physical . o
enceD;, the atomic positiord;, and momentunP;, nor-

mechanisms that lead to gain was offetadnlinear phasing malized to the wavelength and the photon’s momentum, re-

by an external field applied to the oscillators, whose eigen-S ectively, plus two equations for the complex amplitdde
states and eigenfunctions are renormalized by the sam Y, P q P P

. : . of the probe field 71]). In this model, under the approxima-
strong pump fieldl In that work[25], the atomic recoil was tion of a weak probe, the pump intensity is considered to be

not taken into account, since the description was limited to onstant and is thus treated as a parameter. More precisel
the semiclassical approximation. Hence, the shape of the ve- ; P : P Y
he equations argb3]

locity distribution was assumed to be fixed, thereby exclud-
ing both reshapingcoming from the interaction between in-
dividual atoms and fielddand overall shifts(due to global
radiation pressupje The absence of collisions, in that treat- . .
ment, prevented the authors from investigating the physics Pi=2Rd (A~ Ae')Sf ], (1b)
which results from the transfer of atoms from one velocity
class to another. Finally, plane waves were assumed for the
e.m. field, thereby excluding the possibility of studying ef-
fects related to the existence of an external time scale, such

er due to the photon-atom interaction, was introduced a few
ears agd53]. Its mathematical form consists of\bequa-
ons describing the single-atom degrees of freedi@al and

0;=P;, (1a)

. .

\allilltjr:secrossmg time for atoms which traverse the interaction Dj :4qu(Alei 7 +A2)S}*]—F(Dj ~Deg), (1d)
In this paper, we take up the task of fulfilling some of L N

those goals within a semiclassical approach, extended by the Ar=iAqAl+ — Se i 1e

recent introduction of a modeling technique, which allows ! AN ,2’1 ! ' (19

for a correct description of position and momentum of the

individual atom[53], and by the introduction of the interac- where time is rescaled tpw,, I'=7y/pw, is the scaled
tion with an external thermal bafls4,55. This way, we can atomic decay ratéfor the sake of simplicity, population in-
self-consistently account for atomic motion and modifica-version and polarization are assumed to decay with the same
tions to the velocity classes, for mixing among themrate,y), Ayp=(w>— we)/(pw,) andA,;=(w,— w)/(pw,)
(through the action of radiation pressure or dipole forces, buare the scaled detunings of the input field frequency relative
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to the atomic,wy, and probe fieldw4, frequencies, respec- The opposite limit, strongly collisional regime, is the one
tively, and D¢, is the equilibrium population difference often used when a predominant homogeneous line broaden-
(Deg=1 in all our simulations The parametep is defined ing is desired. In this case, collisions occur so often that the
as p:[(nKJZwO)/(zﬁeowrZ)]lf?) where ¢ is the dipole mo- exchange of momentum between e.m. field and atoms plays
ment, w, = 2%k?/m is the recoil frequency, andis the den- @ negligible role, since the changes in atomic velocity during
sity of atoms# is Planck’s constank is the wave vector of @ collision(e.g., with a buffer gas atonare orders of mag-
the e.m. fieldsince the pump and probe frequencies are Very]itude larger than those which occur during the interaction
close to each other, the modulus of the two wave vectors i¥ith a photon. This regime is fully and properly described by
assumed to be the samenis the atomic mass, ang is the @ homogeneous, collision-dominated, atomic susceptibility
dielectric constant of vacuum. The atomic momentum ha&nd stationary atom@with, at most, diffusion playing some
been rescaled to the photon’s momentuRy=p;/(phk)  role in describing their motion _ o
while the position is normalized tthalf) the optical wave- The situation which we ar.e.mterested in describing is an
length, 6,=2kz, . A typical set of parameters for a sodium intermediate one, where collisions are preseng., to keep
sample with densitn=10"° m3 is w,~27x 1P rads'!,  the atoms from reaching the cell windows where they may
p~15x10°, T=20X mx10f/(pw,)~0.15; these param- chemically react—the case of alkali atombut where the
eters are evaluated assuming a temperafur&50 K. For ~ dominant broadening is of Doppler origin. This amounts to
comparison with previous work54,55, where the param- havingin a cell a sufficiently dilute buffer g§58,59. Under

eters were chosen for ease of numerical integration, in thé1ese conditions, the mechanical effects of light on the atoms
rest of this work we will us@=10, =1, A= —15, and &€ strongest: the atoms are subject to a strong acceleration

Ay=1. through nonresonant scattering processes and, also, through

Subsequent to its introductidB3], it was noted that this radiation pressure. On the other hanq, collision_s randqmly
model is not sufficient to describe some experiments, in parchange the velocity of the atoms that interact with the field
ticular, those performed in hot vapdis8,59; hence, an ex- and canin a ;lngle event gqumb.rate thousands of momentum
tension was proposed in Réb4]. There, collisiongwith a exchanges. with the e.m. field, since the momentum that they
buffer gag were included to reproduce actual experimental®xchange is much larger than that of a photon. Hence, the
situationg 58,59. As a result, the atomic motion thermalizes OPtimal situation, as far as the investigation of tmechani-
due to the interaction with the reservoir. This extensiont@l effects of lightn a spectroscopic problem is concerned, is
brings the additional advantage of providing a relaxationthat where collisions occur seldom enough to let the momen-
mechanism for the atoms, which allows for the appearance ¢g¢M transfer accumulate, but often enough to allow for suf-
stable, long-term solutions, absent in the original m@ga]. f|C|_ent rmxmg—thus ensuring that an 'eq.umbrlum condition
In fact, in the original model unphysical effects, such as theeXiSts(without renewing the sampleThis is exactly the re-
permanent presence of an acceleration due to the punfime that we are interested |n_|nvest|gat|ng in this paper and
recoil—whose consequence is to push the atoms away froMyNich can be best handled with our technique. ,
resonance—are removed by introducing a relaxation mecha- 1he Specific way collisions are modeled is by generating a
nism for the momentum, in order to simulate the action of@hdom sequence of intercollision tim@adependently for
actual mechanisms occurring in a real syst@ny., atoms each atom dlstrlbuted accordlng to a P0|sson_la_1w whose
exiting the interaction volume after a certain time, while 2verage value will be denoted with. At each collision, the
“fresh” ones enter il. Nonetheless, this is not sufficient to Momentum of the collidingjth, atom is randomly reset ac-
give rise to true steady-state solutions, and strong tempor&erding to the Gaussian distribution
oscillations characterize the CARL model. 2

The aim of this paper is to obtain an analytical description Qui(P)= 1 exp{ _ i}
of the pump-probe interaction in the nonlinear medium when R o 20’
atomic position, motion, and recoil are taken into account.

As it is extremely difficult to find a closed solution to the full where o=mkgT/(p#k)? is the rescaled temperature of the
CARL model [53], and even more so when collisions are buffer gas kg is Boltzmann’s constajitmoreover, the phase
introduced[54,55, a certain number of reasonable approxi-of the atomic polarizatior§; is also reset to a value uni-
mations need to be made in order to obtain a more tractabl®rmly distributed in the whole randged,2] [72].

(reducedl model. We will checka posteriorj whether they Two approximations are at the heart of the analytical
are reasonable by comparing the numerical solutions of theeatment that we propose in this paper. The first one is re-
full model (FM) and to those of the reduced modBIM), for lated to the strength of the probe beam, while the second one
which we can write analytical solutions. is based on the frequency of collisions.

Collisions play an important role in many of the pump-  The interaction between one field of arbitrary strength and
probe spectroscopy experiments that can be conducted in @m ensemble of atoms can be treated exdctly e.g., Ref.
atomic vapor or in a gas. Only in the case of cold atomid73]). Instead, the addition of the probe field complicates the
samples, which are devoid of a buffer gas and where theicture to the point that only a power expansion, which con-
medium is sufficiently dilute to entirely neglect the interac- siders the probe intensity as being small, yields manageable
tions between atoms, is the collisionless approximation validresults[24,25. In the following, we adapt this idea and,
This is the case that is best described by the original CARIwhile we are able to handle analytically the dynamics of the
model [53] if the experiment is run for a limited duration. Bloch vectors for arbitrary values of the probe field ampli-
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D ; T y . @) ~1257 time units very fast oscillations appear, which indi-
0.2 cate the dipole’s transient evolution between the condition in
0.1r which it is found after the collision and its relaxation to
0 1230 : 1270 : 1260 T equilibrium with the driving field. The intermediate time
30 L RN B () scale is better seen in pangl), where the momentum dy-

namics clearly reveals the random resetting due to the colli-

0 ; . o
A sions. Here, one also recognizes the effect of radiation pres-
L 1 L 1 L . 1 N H 1 1
-230 500 1000 1500 2000t 2500 sure, which accelerates the atoms towards increasingly

A — T T T T negative velocity valueg&he pump field is oriented opposite

c o X
04[ to the reference axisFinally, the longest time scale can be
0.2 appreciated in pan€t), by looking at the probe intensity.
L 1 L 1 L 1 s 1< i 1
05 =55 1000 1350 2000 T 2500 The fact that collisions are infrequent over the time scale

I' ! characterizing the atomic response, implies that except
FIG. 1. Time dependence of the population inverdiofe) and  for a transient following the collision, th&ee evolution of

of the momentunP (b) of one of 512 atoms in a simulation per- the Bloch vector represents quite accurately the dynamics of

formed witho=33. In panel(c) the probe intensity\? is plotted.  the atomic variables. Since, in addition, the field evolves

over time scales that are quite long compared to the atomic

tude, we consider that the probe field’s contribution to thedynamics and to the typical thermalization time of the mo-
atomic recoil is sufficiently small to be negligiblat least in ~mentum which is proportional to., we find ourselves in the

a first approximation What we are neglecting is only the fortunate situation where we can consider the figéampo-
amount of momentum transmitted to the atoms in the form ofarily) constant. This allows us to handle the problem in a
recoil when a probe photon is scattered into the pump beangort of Born-Oppenheimer approximation, where we de-
This amounts to saying that we consider only the recoil sufscribe the atomic dynamics as being subject to a constant
fered by atoms Subjected to the pump field while we neg|ecﬁe|d between collisions, where the atomic velocity distribu-
the contributions coming from those probe photons that aréon is maintained close to equilibrium by the collisions
scattered into the pump fieldhereby transferring an oppo- themselves, and where we can integrate the atomic response
site amount of momentum onto the atoniBhe larger is the Over theshorttime scales. This procedure allows us to evalu-
imbalance in favor of the pump strength, the better our apate the field in closed form, and to feed the result back into
proximation; this will become clearer at a later stage in thethe atomic dynamics, thereby closing the loop analytically.
paper. Luckily, there is a further element in our model which ~ This three-time-scale approach allows us to describe the
extends the validity of the approximation: the occasional coldynamics of the probe field, which is instead considered to
lisions mix the atomic velocity distribution, thereby resettinge a parameter in the traditional spectroscopic approach
the atomic momentum to a new value and Strong|y reducin@24,25|, and to predict interesting features of the field such as
the artificial bias that we introduce in the atomic acceleratiorthe occurrence of a phase transition, and to analyze its na-
by neglecting the mechanical action of the probe field. ture.

The second approximation rests on the frequency with According to the above arguments, the probability distri-
which collisions occur. Numerical integrations of the FM bution Q(P) of atomic momenta is assumed to be the sta-
[54,55 indicate the presence of three distinct time scales: dionary solution of a kind of Fokker-Planck equation without
fast one, over which the atomic variables Bloch vectoy  diffusion and with an added exponential relaxati@s in
evolve, an intermediate one, controlled by collisi¢estirely ~ Ref.[54]):
separate from the atomic one, in the regime that intere$ts us
and a slow one, which describes the time constant with @:_ Q_Q_EQ_i(FQ) 2)
which the probe field evolves. Such a difference of time ot te P ’
scales can be appreciated in Fig. 1 where we have plotted a , i L
sample of the dynamics of the population inversion and otvhere the force field(P) is the radiation pressure
the momentum of a selected atdisee panelga) and (b), 5 2p
respectively, and that of the probe field intensify? [panel F(P)=P=— DegpAz 3)

(c)]. From the evolution of the population inversidd, one D2+ (P/2+ Apo) 2+ 4p2A3°

can recognize the presence of the various fast rotations aris-

ing in dependence of the detuning. Oscillations appear a@btained by inserting in Eqlb) the stationary solution of
different frequenciegthree different values, in the figure the Bloch equation under the approximation of a negligibly
which are due to the apparefie., Doppler-shiftefidetuning ~ small probe field, i.e.,

between atomic resonance and field frequency. We see that

even choosing a short time between collisippesmpare the Re(S}=— DegpArl’ @
horizontal scale to the pan@) of the figurd, the number of ! 1"2+(pj/2+ Ap)2+4p?A2°

oscillations is large. In addition, pané&) shows how the

transient, necessary to the dipole to reach equilibrium with=or practical reasons, instead of solving the Fokker-Planck
the external field after the collision, is even much shorterequation, Eq(2), we prefer generating momenta according
than the time between collisions. Between 1254 andt to the Gaussian distributio@., and modifyingP as if each
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Q —r - r— T T T According to the discussion of the preceding section, we
0.03 assumeP; to be constant and thus consider it as a parameter
rather than a variable. Hence, the normalized atomic position
0 becomes a linear variable of time and we redefine it as
0;= 0?+ P;t. This approximation is the starting point for un-
derstanding and describing the numerically observed phase
transition. Within this framework, we have the following set
of 3N+ 2 equations:

0.02}

0.01
§=(~T'+ip))S —uD;[1+E&Psf+],

Dj=—T(D;~Dey)+4 uRe[1+EPit st}

FIG. 2. 6Q as a function of the pump field intensi@é for E= iRe{C},
different temperaturesr=33 (solid), =233 (dashegl and o A,
=433 (dot-dasheg

atom were exposed to a constant radiation preqsize we Y=Axnt AZEIm{C}, ®)
assume a constaRtin the rhs of Eq(3) for a fixed timet,].
From Fig. 2 one can verify that the resulting numerical errowhere

is always negligible in the various regimes we have consid- N

ered in this paper. There, we have indeed plotted the inte- _ i . 0
grated error C=14 le S exd —i(Pjt+ 6%+ y)]. (6)
_ = The detuningd 5o has been absorbed into the definition of the
Q f dPIQ(P)~Q(P)], new parameterp;=P;/2+ A, and we have introduced the

~ rescaled amplitudd&e and the phase/ of the probe field
whereQ(P) is the distribution resulting from the above de- A, (A;=A,E€'%). Another useful parameter, which coin-
scribed procedure, versus the pump intensity for three differcides with the control parameter of the phase transition, is
ent temperature values. The error is always negligible. the normalized Rabi frequency=pA, [53] (hence, in

From this analysis of the momentum distribution we con-physical units, the Rabi frequency 6, = p°A,w,).

clude that the approximation of a shifted Gaussian velocity | the thermodynamic limitll— ), the sum in the defi-
shape, due to radiation pressure, represents an acceptable gfion of C transforms into an integral over the distribution
proximation as long as small values@fre consideredi.e.,  of the instantaneous phasg%_ In the approximation of a
very low atomic densitigsand that the interaction with only - sma| recoil effect, the integral writes as a double integral
one field is considered. The addition of a probe, even in thger the distributionQ(P) of momenta and over théflat)
low-density case, significantly perturbs the velocity distribu-gistripution of initial angles® (there is no longer the need to
tion to a point that the dynamics .of the external atomic dey,ge the subscrigtas 6, andP are now free parameters that
grees of freedom must be taken into account. define a specific class of atoms—i.e., we are considering the

limit of the continuun):
Ill. PERTURBATIVE EXPANSION

+oo (27
The goal of this and of the following section is to elimi- C= if f Sexd —i(Pt+ 6°+ ¢)]Q(P)dPdd,.
nate the atomic variables under the approximation fat 2m) = Jo
evolves on a time scale longer than this latter variable and (7)
thus can be treated as a constant. Before entering into t

technical details, let us notice that the correctness of such Me field's amplitudéE is constant while its phasé increases
approach depends crucially on the assumptionth&tlong  |ineary in time. Indeed, it is easy to verify that this is a

enough to ensure th? convergence of the Bloch dynamlcI%rmally acceptable solution of the above set of equatidns.
towards the asymptotic solution. It is obvious that no matterfortiori, in the vicinity of the phase transition, we can, in a

how longt, is, there is always a fraction of atomsl'/t; for o4 anoroximation, neglect the dynamicsifcritical slow-
which this is not true. Our approach will hold for all those ing d(?vfl)rﬁ and assﬁmegthat y t

cases where the number of atoms whose internal variables
are in a transient state is small. This does not represent a very P(t)=At, (8
strong restriction, since interesting effects are observed even

when the collisions are sufficiently rare. In the numericalfor someA value to be determined self-consistenithout
simulations performed in Ref54], for instance, the fraction loss of generality, we have chosen the time origin in such a
of atoms for which our approximation breaks down is veryway that the field phase ig).0

small (=2%). After introducing a shifted time variable,

|~l\efumerical simulations suggest that in the stationary regime
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00 m
=t+ — - [m] i(2n-mor
T=t+ o 9 s[m]_nzo S(?n—m)el( n-maor
wherew= P+ A is the Doppler-shifted frequendjn the ro- m ,
tating reference frameof the field seen by the atoms of the dimy= >, diglel@n-mer, (16)
velocity class that we are considering, the atomic equations n=0
become

By inserting the preceding Fourier expansions in E@$,
. _ and exploiting the definitions of and w, one immediately
S=—-aS—uD(1+E€*), recognizes that the only nonzero contributions to the integral
arise when the phase factor is strictly zero, which happens
D= ~T(D-Deg+4 uRE(1+EE")S], (10 only when Zh—m=1, since we are assuming that the ther-
mal noise induced by the buffer gas ensures a flat distribution

where we have also introduced the complex variabtel’ of the ¢° [74]. This implies that only the odd terms may

—ip. contribute:
These are the equations of a parametrically forced linear o
oscillator. In view of the smallness &, one can formally c=> E™Clr (17)
expandSandD as follows(cf., e.g., Ref[25] where the case oddm
A=0 is treategt
where
+
S(r)= 2 smE"™, Cmp = f _sH(PIQ(P)AP, (18

% since the integral over the initial phagg factors out. The
D(7)= 2 d[m]Em. (12) expressions for field amplitude and phast Egs.(5)] then
m=0 take the form

By inserting Eqs(11) into Egs.(10), one obtains .01
E= A—Z[Re[c[ll}E+ Re{cpg B3+ -],

Sjoj= —asjo) — #dpo} »

. 1
: =0y + —[Im{cp}+Im{cy }E*+- -], (19
d[o]:_F(d[o]_Deq)+2,LL(S[O]+SEc0]), (12) AZ
We have analytically determined both the first and the
third order term: the derivation afj;; is reported in Appen-
dix A, while the expression foc;3; has been obtained with

and the recursion relation for all other orders:

St = — aSm) — (A + dpm- 176", MAPLE ™. Since its derivation is analogous to that @f,
and given that the final expression is extremely long, we do
din=—Td 0+ 2u(Sim + S5 )+ 2u[ S g8 @7 not give its explicit form. The change in sign, from negative
(ml (ml ' HESmI T Sy H3m=1) to positive, of R¢cq;} signals the onset of the change from
+sE‘m_1]e'“”]. (13)  a zero to a finite value for the fiel through a Hopf bifur-

cation. The frequency of the bifurcating solution is deter-
For m>0, Egs.(12) admit the stationary solutiofcf. also ~ Mined from Imfcyy)}/A;, as shown by the phase equation;
Eq. (4)] this frequency corresponds to a value af=A,

+1Im{c1;}/A,. Finally, the sign of the real part of the cubic

term determines the character of the bifurcafisumpercritical

S0 = — %dw] , (14) or_subcritica]. We shall see in Sec. V that both scenarios can
arise.
D.4al? IV. MODAL EXPANSION
[01:_2q 2 (19 i i i
lal*+4u In the preceding section, we have seen how the atomic

degrees of freedom can be perturbatively eliminated when
which is the well-known expression for the Bloch model the field amplitude is small, but the results which we have
under the action of a single field. From E¢&3), one can see obtained hold only in a small neighborhood of the transition
that the expression for thath order contains terms rotating point. Here, we follow a different approach, which allows us
at the frequencyt w multiplied by the (n—1)th contribu- to describe the problem even far from the phase transition.
tions. Accordingly, one can write By assuming that the field amplitude is a slow variable
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(which is certainly true in the vicinity of any stationary so-
lution, whether stable or nptthe dynamics of the atomic
variables is described by the parametrically forced oscillator

PHYSICAL REVIEW A68, 033405 (2003

_BmDPn+1)

. (29
7(m)D(n)

Win)

equations, Eqs(10), described in Sec. Ill. Accordingly, we |n fact, substitution of Eq(29) into Eq. (26) yields, forn
expect the dynamics to converge towards a periodic solutiog: 9 the following recursion relation

with periodT= 27/, but such a solution can possess many

Fourier harmonic components. An effective method for de-
termining the asymptotic solution consists in expanding the

variables in Fourier modes with fundamental frequeagy

+ oo

S(t)= > Spye™,
n=—o

—+ oo

D(t)= X D(pe™, (20

where we denot@}*n)=D(,n), D(t) being a real variable.

By inserting Eqs(20) into Egs.(10), one obtains
Siny= —#f(m[Dm+EDn-1], (21

(F+ inw)D(n):FDeq5n0+ 2/.L[S(n)+sik_n)+ E(S(n+1)

+S?—n+l))]' (22)
where we have introduced
f ——1 2
M~ a+ine’ 23

Using the propert)D?,n)z D(n), it is readily clear that
Stm=—#ff_n[Dm+EDni ] (24
Inserting Eqs(21) and (24) into Eq.(22), we obtain
—(I'+inw)D )+ T'Degdno
=2u*{[fm+ i+ EX(Fnenyt Fi1_0n) 1Dy
+E[fm*f1-n]D@m-1)
+E[f(n+ 1)+ 10D+ 1)} (25)

which can be written in the more compact form

I'Deg
NPy Bin-1)Pin-1)+T Bm)Dn+1)— Z—MZ5no:0:

(26)
where
I'+inw . ) .
77(n):—21u2 i+ e TE ey flon))s
(27)
By =B+ eyt (28)

The infinite set of linear equations, E@®6), can be solved
by introducing the variable

%)

Win-1=— 1+W,' (30
where
2
oy =L (3D
" T(n)M(n—1)
Forn=0, observing thaB(_1)=ﬁ?o), one finds
I'b 1
Doy = (32

2270y 1+ Wigy+ Wiy,

Finally, the source term for the field equatidg,), can be
expressed as

Siy=—mf@)[Day+ED()]

__ 'Dedfa) moWio)t Bo)E 33
2unoBoy 1+ W0y + Wy, '

The explicit expression for the polarization requires only the
knowledge ofWq,, which in turn needs the numerical val-
ues for g, 71, a4, and By. The latter quantities are all
defined in terms of the momentum value and the other pa-
rameters, and are therefore knowr is obtained iterating
back from the higher-order components. Since the values for
W, tend rapidly to zero for increasing valuesrgfit suffices

to choose a value ofi=m sufficiently large and a small
value of W,, (e.g.,W,,=0) as an initial condition. The cal-
culations are very quick and one rapidly obtains convergence
towards a trajectory, independently of the choices made for
m and the value ofV,,.

By integrating the contributions arising from all different
velocities, each weighted according to the proper distribu-
tion, we obtain the equations for the probe field amplitude
and phase:

.1 _du
E= A—ZRe{C(E,z//,,u,O')}:— 4E’ (34)

) 1

=2+ E—A2|m{C(E,¢,M,U)}, (35
where U (E), implicitly defined by the last equality in Eq.
(34), plays the role of a potential controlling the field dynam-
ics.

V. NUMERICAL RESULTS

The overall response of the whole ensemble of atoms can
be obtained by summing the contributions of each velocity
class. In Fig. 3 we have reported the linear respaifeto
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FIG. 4. The gainG=AZ% A3 vs the pump intensityA. Full
FIG. 3. Value ofs{i]) for each class of velocity for different  circles correspond to the numerical data for the original model,
amplitudes of the pump field\,: 0.2 (solid), 0.6 (dashed, 1 squares correspond to the reduced model, while the solid curve is
(dotted-dashed 1.4 (dotted. the output of after the modal expansion described in the preceding
section.
an infinitesimal fieldE for different values ofu. The zero

field (E=0) state is unstable and thus can grow to a finiteanalytical resultgsolid line) and the numerical ones obtained
value only if the average value sﬁ]) is positive. The aver- from the FM(solid circles or the RM (open squarés
age has to be performed over the distribution of velocities Figure 4 clearly shows that the analytical calculations
that is basically a slightly shifted Gaussian. based on the Fourier expansit®ec. I\V) provide an excel-
The largest response corresponds to the negative peaknt agreement with the numerical results coming from the
located on the negative side of the momentum distributiorRM (compare solid line with open squaye3he quality of
(we recall that the pump field is oriented against the referthis agreement, coupled to the fact that convergence is
ence axis These peaks correspond to absorption of theachieved in a few iterations, renders the approach an ex-
probe field, since the quantity plotted is the value of thetremely powerful and successful one for describing the onset
growth rate of the field itseffcf. first equation in Eqs(19)].  of the phase transition and to follow the functional depen-
We see how, for increasing pump pow@%, the absorp- dence of the probe field amplitude on the pump amplitude
tion grows in value and moves to decreasing values of moeven in the regime where it is not small.
mentum, as is to be expected. The inset shows the character- On the other hand, in the figure we notice a discrepancy
istic presence of the Rayleigh scattering feat(pkaced at between the numerical results obtained from the FM and the
momentum values near zgrdollowed, to the right, by the RM. The shift in the bifurcation point, which amounts to
positive (amplificatior) peak originating from the usual three about 20% of its absolute value, shows that the action of the
photon gain. At fixed temperatur@e., fixed width of the probe onto the atomic momentum distribution is not entirely
velocity spreayl upon increasing the Rabi frequengy, itis  negligible (cf. Sec. VI for further commentsThe feedback
possible to encounter the situation where the absorption peakat the (extremely weak probe introduces in the atomic
(left) is located in the tails of the momentum distribution, sample appears to be sufficient to anticipate the transition,
while the gain feature is placed in a region well populated byprobably by increasing the coherence among the atomic po-
the moving atoms. The weighted integration over (firgte) larization phases. This same contribution is also responsible
Doppler distribution gives a measure of the global responséor an earlier saturation.
for the probe. In the situation just described, the effect of the An important question to address is the dependence of
absorption peaks is negligible, while the three photon gairthis scenario on temperature. In the simulations performed in
dominates in the frequency interval corresponding to the deRef.[54], the values= 33 (corresponding to a few mkvas
tuning values induced by the atomic motion. Hence, an overeonsidered since larger values would have required too small
all gain ensuesi.e., an instability of thee=0 solution. This  an integration time step to be affordable. Since our partially
situation has already been carefully described in R25), analytical approach can be efficiently used at higher tempera-
and the detailed physical interpretation offered there holdsures, we have investigated the bifurcation diagram for larger
for our current results, even though we are including recoilvalues ofo. The results are reported in Fig. 5, where one
(due to the pump fie)d and therefore also the shift aflar-  remarks that the onset of a backward field, above a certain
tial) deformation of the momentum distribution itself. temperature, grows out of a first-order phase transition, i.e.,
The integration over the velocity profile provides analyti- it is accompanied by a hysteretic region. A pictorial repre-
cal predictions for the steady-state value of the probe fielgentation, providing a better understanding of the dynamics
which results from the interaction with the pumped medium.of the probe field amplitudg&, is given by the effective po-
To test their validity, these predictions should be compared ttential U(E). In Fig. 6, we indeed see that, upon increasing
the numerical integration of the set of equations that describthe pump intensity, the system passes from a regime where
the model. In Fig. 4 we perform this check by showing thethe E=0 field state is stablécf. the solid curvg to an in-
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FIG. 7. Response for each class of velod®tyor different am-
FIG. 5. The bifurcation diagram for different temperature val- plitudes of the probeE (0, 0.06, and 0.32 correspond to dashed,
ues: from left to right the curves refer, respectivelypte 33, 200,  solid, and dotted-dashed lines, respectiyeind the same pump
and 500. amplitudeA,=2.8.

termediate one characterized by two miniaashed ling  zero-field solution, the lower ondor o.=140) is the mini-
and, eventually to a single nonzero minimydotted ling. mum amplitude guaranteeing the existence of a nonzero field
The bistable behavior is the result of a complicatedsolution. It is interesting to notice that beyond the plateau,
mechanism, within the atomic sample, which gives rise towhich exists at relatively low temperatures, the critical inten-
probe gain. In Fig. 7, we show an example of this complexsity required to generate a coherent field grows linearly with
behavior without attempting a detailed interpretation of thethe temperature.
observations. In this figure, one remarks that several peaks
a_nd d_ips develop upon in_creasing p_robe field strefgthhe VI. CONCLUSIONS AND PERSPECTIVES
dip displayed by the solid curvéwvhich corresponds t&
=0.06) aroundP=—33 is responsible for stabilizing the In this paper we have studied a model for the resonant
overall behavior(for A,=2.8) that would be otherwise un- interaction between electromagnetic waves and a gas of at-
stable foro=1000 (dashed ling However, upon further in- oms in the presence of recoil, showing that to a large extent
creasingE to 0.32 (dotted-dashed curyewe see that the all the atomic degrees of freedotmternal variables, posi-
huge well on the left disappears so that, in spite of manytion, and momentumcan be eliminated. As a result, the
newly born negative dips, the response destabilizes again. model reduces to one complex differential equation for the
is clear that a general theory would require a description oprobe in strong analogy with the equation describing the on-
many different details. set of laser action when atomic polarization and population
A compact way of summarizing the dependence on thénversion can be adiabatically eliminated. The present prob-
temperature can be obtained by plotting the lower and uppdem, however, is more complicated. The adiabatic elimina-
bounds of the hysteretic region where the zero-field and fition of the internal atomic degrees of freedom, as in the more
nite amplitude solutions coexist. The upper curve reported iglassic laser problem, is made possible by the relatively
Fig. 8 always corresponds to the stability threshold of thestrong stability of the Bloch equation. Nonetheless, our

3 d T T T d T T T d 25
T T 2
A2
20

15

10

N 1 N 1 L 1 L 1 L
FIG. 6. The effective potential for three different valuesof 0 200 400 600 800 2 1000
(40, 43, 47, corresponding to solid, dashed, and dotted curves, re-
spectively and for 0=1000. In the inset, an enlargement of the  FIG. 8. The lower and upper bounds of the hysteretic region as
region arounde=0 is reported to clearly indicate the bistable re- a function of the temperature. The transition becomes first order
gion. above the critical temperature,~ 140.

033405-10



REDUCED MODEL FOR THE DESCRIPTION B. .. PHYSICAL REVIEW A 68, 033405 (2003

elimination technique is more complex than the standardare typically reached, and to the typical absence of a suffi-
straightforward one, which even fails to predict the existenceciently cold buffer gas. However, the short interaction times
of a transition point for this problem. Indeed, once one realused for the measurementdue to the limited amount of
izes that the problem amounts to finding the asymptotic sotime for which a trap can be switched off, or to the atomic
lution of a parametrically modulated linear system, it is alsotransit time, for a collimated atomic beaqwwould remove the
clear that an extension of the method already adopted in Refeed for this ingredient. In fact, in our calculations collisions
[25] is the most effective tool for solving it. The major dif- play the r_ole of a reservoir which ensures the eX|s§ence of an
ficulty arises from the periodic modulation induced by the@Symptotic equilibrium, when the atoms are subject to the
probe field which, in turn, obliges us to find a sufficiently interaction for a long time. Repeated, averaged measure-
accurate solution for a wide range of time scalése to the ~ments performed for short times over dn‘fergnt_ realizations
different detunings induced by the thermal mojion Wogld probably produce _results th_at are similar to those

Less justified is the elimination of position and momen-Which we predict here. This last point needs, however, spe-
tum variables. Indeed, although our approach reproduces tifdfic numerical tests, which we plan to perform in near fu-
transition point with a reasonable accuracy (20%), thdure
smallness of the deviation is due to the smallness of the
probe field amplitude rather than to the accuracy of the de- ACKNOWLEDGMENTS
scription of momentum dynamics. We expect that in regimes
where probe and pump fields are comparable, a more de- We wish to thank L. M. Narducci, M. Perrin, and L. Fur-
tailed model is needed. This is all the more crucial, once wdaro for very useful discussions. One of (G.L.L.) is grate-
recall that even the starting model was derived under théul to W. Lange and J. R. Rios Leite for a very fruitful dis-
approximation of a negligibly small probe field. In the mean-cussion and to W. Lange for a careful reading of the
time, a model has been introduced which does not suffer thétroduction.
same limitation, the so-called cavity modé&l5]. It will be
certainly interesting to extend to that context the approach
described in this paper.

From a purely dynamical point of view, in this paper we  The stationary equations for the first-ordér E) terms
can only claim to have reduced the number of variables fronare of the form
the initial 5N+2 to 2N+2. A complete reduction to two
equationgfor the amplitude and phase of the figldlill only
be possible after an accurate analysis of the momentum dy- sﬁ]):
namics. This point is currently under investigation.

A further, more general, comment concerns the structure
of the model itself, which is partly mesoscopic and partly -y B
microscopic. In fact, the presence of the loss tdfnindi- Sy T~ a_iwd(l) )
cates that spontaneous emission is treated as if the population
inversionD; and the atomic polarizatioy; referred to an
ensemble of atoms. This is in contrast to the way collisions (I +iw)di)=2ulsi)+ (s )*1+2usf) . (A1)
are introduced, which requires that the lalpalefers to a
single atom. One way out to a more consistent treatme i P 1 BT i N i
would be the introduction of a fully microscopic model,rlﬁ;itegf{ﬁglg%ébz Z%tjtlitédn(é)a;d(” )", one can write the
where spontaneous emission is simulated by a stochastic pro-
cess occurring at random timéss proposed in Ref70] in
the absence of recgilPreliminary studies indicate that one I'tio 2(I'tiw) 1_
such model reproduces basically the same macroscopic be- 2u? + (a+iw)(@* +iw) di)= 7 atio’
havior, but the elimination of the microscopic variables can- (A2)
not be carried out in the same way, since their evolution
woul no longer dissipative. . . . .

OX ?ats);e re?ngrkgl(a:or(?csesrrﬁ)s{?l tthee observability of the presen Jpon inserting expressm(rl?) for the zeroth-order contribu-
predictions. In Appendix B we offer an order of magnitude ions, one eventually obtains
estimate of the transition temperature that marks the onset of
the first-order phase transition. We see that for realistic val-

APPENDIX A

. M
atio

(d%])“Ld(O)),

*
So Y

2au?

1
ues of the parametef$aser power and beam sjzthe tran- dEl]): - Deq(|a|2+—42)
sition temperature for a sodium atom is situated around the K
millikelvin. Current technology allows one to realize these (2T +iw)(a* +iw)

conditions quite readily. Our calculations are based on the (A3)
presence of collisions, which thermalize the sample, and this
is not very realistic for an actual experiment. Indeed, most
setups which reach such temperatures(almos) devoid of  Equation(A3) and the first of Eqs(Al) yield the integrand

atomic collisions—due to the low atomic density values thatto be replaced in Eq(6) in order to obtainc ),

X(F+iw)[(a+iw)(a* tiw)+4u?]
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T Deq|a|2 sume that the Doppler width must be narroyver.tmgn at

c(l)zf o a2 2 most be as large ashe rootsP, _. Indeed, if this is the
—=atlofal®+4y, case, the tails of the momentum distribution are going to
2 , . strongly reduce the importance of the absorption peaks in the
_ 2pt(2ltio)(@* tiow) (weighted integral which measures the atoms’ response to

a*(T+iw)[(atio)(@* +io)+4u?] the probe. This condition translates into
XQ(P)dP. (A4) 22
+\o= §(A20_ A)
APPENDIX B
An estimate for the growth rate of the upper bound of the + \/g(Ago_A2)+%(F2+4M2+A30—A2)-

bistable region, as a function of temperature, can be obtained

using the perturbative expression &t}, Eq.(A1). From it, _ S

one can find the strong absorption peaks that determine tHat 1arge o values, b20th detunings and the dissipation can be
transition from global gain to los@fter integration over the Neglected, so thgu®~o as observed in Fig. 8. In such a
Doppler profile. A straightforward analysis of the expres- '€gime, upon introducing the definitions pf and o, one
sion, Eq.(A1), reveals that the absorption peaks are locatedinds the following lower bound for the critical temperature
at the values of momentum satisfying the second-order ponTc’

nomial:
o
Re{(a+iw)(a* +iw)+4u? kac“‘ﬁw_, (B2
r
3
:Re[ - ZP2+(A20—A)P+F2+4M2+ A%—A%,  wherek, is the Boltzmann factoi, the Rabi frequency of
the pump field, andv, is the recoil frequency.

whose roots are In the case of sodium atoms interacting through Ehe

line, w,~6.23x10° rad s 1, while a reasonable estimate of
the available laser powdcronsidering a “top hat” distribu-
tion [76]) is Pjzs~1 mW for a beam of radiusv=4 mm,
which corresponds to a Rabi frequer@y~10’ rads *. By
recalling that kg~1.38<10 2JK ! and #~1.055

X 1073 J s, the critical temperature turns out to be

2
P+,—:§(A20_A)

4 4
* \/§(A§O—A2)+ 3 (T2 +4u?+A5—A%).
(B1) T.~1 mK,
To obtain an order of magnitude for the critical tempera-
ture of the upper bound of the bistable region, one can asa value experimentally accessible.

[1] I.I. Rabi, Phys. Rev51, 652 (1937). (1961 [Sov. Phys. JETR4, 328 (1962].

[2] J.H. van Vleck and V.F. Weisskopf, Rev. Mod. Ph§§, 227 [11] S.G. Rautian and I.L. Sobel'man, Zhk$p. Teor. Fiz44, 934
(1945. (1963 [Sov. Phys. JETR7, 635(1963].

[3] R. Karplus and J. Schwinger, Phys. R&8, 1020(1948. [12] S.G. Rautian, Proc. Phys. Inst. Acad. Sci. US&R1 (1968.

[4] S.H. Autler and C.H. Townes, Phys. RaW0, 703 (1955. [13] A. Dienes, Phys. Re\l74, 400 (1968.

[5] M.C. Newstein, Phys. Re\L67, 89 (1968. [14] A. Dienes, Phys. Re\l74, 414 (1968.

[6] R.K. Wangsness and F. Bloch, Phys. R&®, 728 (1953. [15] B.R. Mollow, Phys. Rev5, 1522(1972.

[7] L. Allen and J.H. EberlyOptical Resonance and Two-Level [16] F. Schuda, C.R. Stroud, Jr., and M. Hercher, J. Phys. B: At.
Atoms(Dover, New York, 198Y. Mol. Phys.7, L198 (1974.

[8] D. Suter,The Physics of Laser-Atom Interactiof@ambridge  [17] F.Y. Wu, R.E. Grove, and S. Ezekiel, Phys. Rev. L8§.1426
University Press, Cambridge, 1997 (1975.

[9] Throughout this paper we call feedback tteaction of the  [18] R.E. Grove, F.Y. Wu, and S. Ezekiel, Phys. Revl1B 227
field structure, coming from the superposition of the counter- (1977.
propagating pump and probe, on the atomic variables: positiofil9] F.Y. Wu, S. Ezekiel, M. Ducloy, and B.R. Mollow, Phys. Rev.
and momentum. Thiseaction closes the loop which sees the Lett. 38, 1077(1977).

atoms modify the field configuratiotrelative amplitude and [20] B.R. Mollow, Phys. Rev5, 2217(1972. ]

phasé and the field act back onto the atoms modifying their [21] G.E. Notkin, S.G. Rautian, and A.A. Feoktistov, Zhksp.

positions and speeds. ] Teor. Fiz.52, 1673(1967 [Sov. Phys. JETR5, 1112(1967)].
[10] S.G. Rautian and I.L Sobel'man, Zhk&p. Teor. Fiz41, 456 [22] M.S. Feld and A. Javan, Phys. Re&’7, 540 (1969.

033405-12



REDUCED MODEL FOR THE DESCRIPTION B. ..

[23] Th. Hansch and P. Toschek, Z. Phy236, 213(1970.

[24] E.V. Baklanov and V.P. Chebotaev, Zhkdp. Teor. Fiz.60,
552 (1979 [Sov. Phys. JETRB3, 300(1971)].

[25] S. Haroche and F. Hartmann, Phys. R&v1280(1972.

[26] Th. Hansch and P. Toschek, IEEE J. Quantum Elect-4,
467 (1968.

PHYSICAL REVIEW A 68, 033405 (2003

[54] M. Perrin, G.L. Lippi, and A. Politi, Phys. Rev. Le®6, 4520

(2001.

[55] M. Perrin, G.L. Lippi, and A. Politi, J. Mod. Opt49, 419

(2002.

[56] W.J. Brown, J.R. Gardner, D.J. Gauthier, and R. Vilaseca,

Phys. Rev. A55, R1601(1997).

[27] Th. Hansch, R. Keil, A. Schabert, Ch. Schmelzer, and P.[57] W.J. Brown, J.R. Gardner, D.J. Gauthier, and R. Vilaseca,

Toschek, Z. Phys226, 293 (1969.

[28] G.I. Toptygina and EE. Fradkin, Zh. Esp. Teor. Fiz82, 429
(1982 [Sov. Phys. JETB5, 246 (1982)].

[29] R.W. Boyd and S. Mukamel, Phys. Rev.28, 1973(1984.

[30] M. Sargent Ill, J. Opt. Soc. Am. B, 987 (1988.

[31] D.A. Holm, M. Sargent Ill, and L.M. Hoffer, Phys. Rev. 32,
963 (1985.

Phys. Rev. A56, 3255(1997).

[58] G.L. Lippi, G.P. Barozzi, S. Barbay, and J.R. Tredicce, Phys.

Rev. Lett.76, 2452(1996.

[59] P.R. Hemmer, N.P. Bigelow, D.P. Katz, M.S. Shabhriar, L. De

Salvo, and R. Bonifacio, Phys. Rev. L€t7z, 1468(1996.

[60] S. Barbay, G. Fabre, and G.L. Lippi, Opt. Commas5, 119

(1999.

[32] G. Khitrova, P. Berman, and M. Sargent lIl, J. Opt. Soc. Am. B[61] M.G. Prentiss and S. Ezekiel, Phys. Rev. L&8, 46 (1986.

5, 160(1988. [62] M.G. Prentiss and S. Ezekiel, Phys. Rev33, 922 (1987.
[33] R.W. Boyd, and M. Sargent Ill, J. Opt. Soc. Am. B 99 [63] W.W. Quivers, Jr., Phys. Rev. 34, 3822(1986.
(1988. [64] S. Singh and G.S. Agarwal, Phys. Rev42 3070(1990.

[34] M.T. Gruneisen, K.R. MacDonald, and R.W. Boyd, J. Opt. [65] W. Happer, Rev. Mod. Phy44, 169 (1972.
Soc. Am. B5, 123(1988. [66] B.R. Mollow, Phys. Rev2, 76 (1970.
[35] B.A. Capron, A.S. Marathay, and M. Sargent IIl, Opt. Létt, [67] D. Grandclenent, G. Grynberg, and M. Pinard, Phys. Rev.
70 (1986. Lett. 59, 40 (1987.
[36] B.A. Capron and M. Sargent Ill, Phys. Rev34, 3034(1986. [68] P.R. Berman, P.F. Liao, and J.E. Bjorkholm, Phys. Re20A
[37] G. Grynberg, M. Vallet, and M. Pinard, Phys. Rev. L&, 2389(1979.

701 (1990. [69] R.A. MacDonald and D.H. Tsai, Phys. Ref.1 (1978.
[38] M. Pinard, R.W. Boyd, and G. Grynberg, Phys. Rev4% [70] R.G. Brown and M. Ciftan, Phys. Rev. 40, 3080(1989.
1326(19949. [71] We remark that the approximation adopted in RB8|, where

[39] J. Guo, P.R. Berman, B. Dubetsky, and G. Grynberg, Phys.  the averages of the products containing the atomic momentum
Rev. A46, 1426(1992. and its polarization are done separately—as is commonly done
[40] P.R. Berman, B. Dubetsky, and J. Guo, Phys. Rew¥1A3947 also for the field-polarization terms—, is certainly not a cause
(1995. of concern for the regime of parameters which we explore in
[41] J.-Y. Courtois, G. Grynberg, B. Lounis, and P. Verkerk, Phys. this paper. Indeed, we are interested in investigating the situa-
Rev. Lett.72, 3017(1994. tion where collisions occur fairly infrequently and where the
[42] D. Marcuse, Proc. IEEH, 849(1963. time scales over which momentum and polarization are very
[43] H.K. Holt, Phys. Rev. A6, 1136(1977). different (cf. later in this section, in particular, Fig).1Thus,
[44] L.A. Rivlin, Kvant. Electron.(Moscow 9, 513(1992 [Sov. J. we can consider the momentum constant over the typical re-
Quantum Electron22, 471(1992.] sponse time of the atomic polarization and factor the averages.
[45] N.P. Bigelow and M.G. Prentiss, Phys. Rev. Léif, 555 [72] We have tested the effect of collisions between bodies of dif-
(1990. ferent massesi.e., collisions where imperfect transfer of en-
[46] J.J. Tollett, J. Chen, J.G. Story, N.W.M. Ritchie, C.C. Bradley, ergy and momentum takes plac®reliminary numerical runs
and R.G. Hulet, Phys. Rev. Let5, 559(1990. show that, aside from quantitative modifications, the physics of
[47] E. Kyrola and S. Stenholm, Opt. Commu22, 123 (1977). the observed phenomeifdne phase transitigrremains unal-
[48] A.P. Kazantsev, Sov. Phys. Uspl, 58 (1978. tered.

[49] V.S. Letokhov and V.G. Minogin, Phys. Rep3, 1 (1981J).

[73] B.R. Mollow, Phys. Rev188 1969(1969.

[50] A.P. Kazantsev, V.S. Smirnov, G.I. Surdutovich, D.O. [74] This statement is basically equivalent to assuming that no den-

Chudesnikov, and V.P. Yakovley, J. Opt. Soc. Am2B1731
(1985.

[51] J. Dalibard and C. Cohen-Tannoudji, J. Opt. Soc. Am2,B

1707 (1985.
[52] V.G. Minogin and O.T. Serimaa, Opt. CommuB0, 373
(1979.

sity grating is to be expected. While this holds true in the
parameter region investigated in this paper, we do not rule out
the possibility that such a grating may arise for sufficiently
large pump intensities or at sufficiently low temperatures.

[75] M. Perrin, Z. Ye, and L.M. Narducci, Phys. Rev68, 043809

(2002.

[53] R. Bonifacio, L. De Salvo, L.M. Narducci, and E.J. D’Angelo, [76] A.E. Siegman|.asers(University Science Books, Mills Valley,

Phys. Rev. A50, 1716(1994.

033405-13

CA, 1986.



