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Parity-violating contributions to nuclear magnetic shielding
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A gauge-invariant formalism is developed to describe the effect of parity-violating weak-nuclear interactions
on nuclear magnetic chemical shift in molecules. Such effect is computed for two molecules withab initio
techniques and it is found to be orders of magnitude smaller than experimental resolution for the molecules
considered.
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I. INTRODUCTION

Electroweak theory predicts two enantiomers, i.e., t
molecules which are the nonsuperimposable mirror ima
of each other to have different energy and response pro
ties due to parity-violating~PV! weak-nuclear interaction
between the molecular electrons and nucleons@1–3#. Al-
though this has been known for some time, the differen
between a molecule and its specular image are so small
no clear experimental observation of PV for such syste
has been reported to date.

Formally, parity violation is due to a few terms in th
nonrelativistic reduction of the PV weak-nuclear Ham
tonian for the molecule. These terms contain dot produ
between a spin vector and a momentum vector, hence,
are pseudoscalars and reverse sign upon inversion of the
ordinates, i.e., they violate parity. The leading PV contrib
tion to the total energy arises from a term containing
electronic spin. This term alone was used extensively in
cent years to predict PV effects on vibrational spectra@4–7#.
In fact, most of the experimental effort towards molecu
PV detection was focused on the spectroscopic observa
of PV induced vibrational frequency shifts for a few chir
molecules@8–10#.

Although the remaining PV terms, which contain th
nuclear spin, can usually be neglected in energy comp
tions @11,12#, they influence directly nuclear magnetic res
nance~NMR! parameters@13,14#. It is thus interesting to
estimate the magnitude of such effect and to assess wh
experimental PV observation might be possible throu
NMR spectroscopy. In this regard, we note that grou
breaking work was published by Barra and Robert@13#.
Among other things, they derived the expression for
paramagnetic PV contribution to the nuclear shielding t
sors. Although this may not be the most efficient approa
for ab initio calculations, these contributions are sufficient
provide quantitative estimates of the PV effect on shield
tensors and hence on the observable chemical shift.

In this paper, we report expressions for both diamagn
and paramagnetic contributions to the nuclear shielding
sor. Even though both contributions depend on the ga
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choice, their sum is gauge independent for sufficiently la
basis sets. This formalism was implemented within t
framework ofab initio response theory and numerical es
mates are reported for two molecules.

Recently, we became aware of work reported previou
by Laubender and Berger@15# which is partly reproduced by
our present work on hydrogen sulfide. The results obtai
here are in good agreement with those of the authors@15#.

In the following section we present the formalism, in Se
III we show that the sum of diamagnetic and paramagn
terms is independent of the coordinates origin, in Sec. IV
provide technical details needed to reproduce our comp
tions, and in Sec. V we report and discuss the results.

II. FORMALISM

We focus our attention on the PV Hamiltonian term co
taining the nuclear spin~or magnetic moment! but not the
electronic spin. In fact, this term can be used directly
describe the coupling of nuclear spins with each other
with external magnetic fields, i.e., to predict the PV effect
NMR parameters, most notably the chemical shifts I and the
coupling constantsJIJ @13#. For the interaction betweenn
molecular electrons and a nucleusI at positionRI with in-
trinsic nuclear magnetic dipolemI , this term is@13#

HPV
mI ~RI !52

GFCs

2A2\mec

l I

g I
mI•(

i 51

n

@pi ,d~r i2RI !#1 ,

~1!

where GF is the Fermi constant (GF52.222 54
310214 a.u.), Cs5124 sin2uW is a constant containing th
Weinberg angleuW (Cs520.0724),g I is the magnetogyric
ratio, l I is a nuclear factor of the order of one@13#, and r i
andpi are the position and canonical momentum of elect
i, respectively. Since the electron probability current-dens
operator at positionr is defined as

ĵp~r!5
1

2me
(
i 51

n

@pi ,d~r i2r!#1 , ~2!

Hamiltonian~1! may be cast in the form

HPV
mI ~RI !52

GFCs

A2\c

l I

g I
mI• ĵp~RI !. ~3!

y,
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In the presence of an external magnetic fieldB, which for
the sake of simplicity is assumed spatially uniform and ti
independent, the corresponding vector potential in the C
lomb gauge isA5 1

2 B3r. According to Gell-Mann minimal-
coupling prescription, the canonical momentump is replaced
by the mechanical momentump so that

p→p5p1
e

c
A, ~4a!

ĵp→ ĵ5 ĵp1 ĵd , ~4b!

HPV
mI →H PV

mI 52
GFCs

A2\c

l I

g I
mI• ĵ~RI !, ~4c!

where the diamagnetic contribution to the probability curr
density is

ĵd~r!5
e

2mec
(
i 51

n

@Ai ,d~r i2r!#15
e

2mec
B3(

i 51

n

r id~r i2r!.

~5!

By virtue of Eqs.~4b! and ~4c!, the minimal-coupling PV
Hamiltonian splits naturally into two terms:

H PV
mI 5HPV

mI 1HPV
mIB . ~6!

The diamagnetic term is expressed as

HPV
mIB52

GFCs

A2\c

l I

g I
mI• ĵd~RI !5m Iaŝab

d ~RI !Bb , ~7!

which defines the electronic operator

ŝab
d ~r!52

GFCse

2A2\mec
2

l I

g I
eabg(

i 51

n

r igd~r i2r!. ~8!

Allowing for usual tensor notation, the Einstein summati
convention for repeated Greek indices is in force, andeabg is
the Levi-Civita pseudotensor. Forr5RI , the position of
nucleusI,

ŝab
dI [ŝab

d ~RI !, ~9!

is the diamagnetic contribution to the PV shielding opera
at nucleusI.

Within Rayleigh-Schro¨dinger perturbation theory, th
paramagnetic term in Eq.~6!, HPV

mI , couples with Van Vleck
Hamiltonian HB describing the interaction of the orbita
magnetic dipole momentm of the electrons with the externa
field @16#. Van Vleck Hamiltonian is

HB52m•B, m52
e

2mec
L, ~10!

whereL is the electronic angular momentum. The seco
order PV interaction energy of the molecule in theua& elec-
tron state with the external field is thus
03340
e
u-

t

r

-

WPV
(2)~mI ,B!5^auHPV

mIB~RI !ua&2
1

\ (
j Þa

2

v ja

3Re~^auHPV
mI ~RI !u j &^ j uHBua&!. ~11!

PV contributions to nuclear shielding constants are obtai
as the derivative of this energy with respect to the exter
field B and the nuclear magnetic momentmI .

The diamagnetic contributions to PV shielding are the
pectation values of operator~9!:

sab
dI 5^auŝab

dI ua&. ~12!

Since this tensor is antisymmetric in the indicesa andb, it
does not contribute to the trace of the total shielding ten
The off-diagonal diamagnetic PV contributions could only
observed in anisotropic phases.

The paramagnetic contribution to the shielding can be
pressed in the form

sab
pI 5

GFCse

2A2\mec
2

l I

g I
$ ĵ pa~RI !,Lb%21 , ~13!

where we introduced the propagator

$ ĵ pa~r!,Lb%215
1

\ (
j Þa

2

v ja
Re~^au ĵ pa~r!u j &^ j uLbua&!.

~14!

These equations were implemented in theSYSMO code
@17,18# at the coupled Hartree Fock~CHF! level using an
iterative density matrix approach@19#. Details on the CHF
perturbation theory can be found in the diagrammatic ana
sis by Caves and Karplus@20#.

III. ORIGIN DEPENDENCE OF PV NUCLEAR
MAGNETIC SHIELDING

Upon a translation of the coordinate originr8→r95r8
1d, the angular momentum operator transforms as

Lb~r9!5Lb~r8!2ebgddgPd . ~15!

Accordingly, the paramagnetic and diamagnetic contrib
tions to PV nuclear magnetic shielding transform as

sab
pI ~r9!5sab

pI ~r8!2
GFCse

2A2\mec
2

l I

g I
ebgddg$ ĵ pa~RI !,Pd%21 ,

~16!

sab
dI ~r9!5sab

dI ~r8!1
GFCse

2A2\mec
2

l I

g I
eabgdg

3K aU(
i 51

n

d~r i2RI !UaL . ~17!

In the case of optimal electronic wave functions, one can
the off-diagonal hypervirial relation
2-2
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^ j uPdua&5 i me v ja^ j uRdua& ~18!

to transform Eq.~16! and show that the sum of the righ
hand side in Eqs.~16! and ~17! is independent of the trans
lation vectord, i.e., the corrections to the paramagnetic a
diamagnetic contributions due to a shift in the coordin
system cancel each other. In other words, the total nuc
magnetic shielding

sab
I 5sab

pI 1sab
dI ~19!

is origin independent.
The constraint for translational invariance obtained fro

Eqs.~16! and ~17! is

$ ĵ pa~RI !,Pd%215dadK aU(
i 51

n

d~r i2RI !UaL . ~20!

The degree to which relationship~20! is satisfied in compu-
tations relying on the algebraic approximation provides
intrinsic measure of accuracy for the computed PV sh
~19!.

We recall that the change in coordinate systemr8→r9
5r81d amounts to a gauge transformation of the vector
tential A→A85A1“ f with generating function f (r)
52 1

2 B3d•r. In the special case when the origin of th
gauge is on nucleusI, the corresponding diamagnetic P
contribution~17! vanishes. Therefore, PV contributions c
be evaluated for this choice of origin by considering only t
paramagnetic contribution. In practice, since one should
peat the calculation moving the origin on each nucle
whose shielding is required, this choice is inconvenient
ab initio computations on large molecules. It would gen
ally be preferable to perform only one iterative calculati
with a given origin, e.g., the molecular center of mass, an
evaluate both diamagnetic and paramagnetic contributio

IV. COMPUTATIONAL DETAILS

Two molecules were investigated, namely,m-1,2 dithiin
at equilibrium geometry and hydrogen disulfide with vario
dihedral angles. Schematic geometries for these molec
are reported in Fig. 1 with atomic numbering and Cartes
axes orientation. The geometry form

rs-1,2 dithiin was optimized at the DFT level@21# with
6-31G* basis set. The geometry for hydrogen disulfide w
optimized at the density functional theory~DFT! level @21#
with 6-31G** basis set for each preset value of the dihed
angle.

FIG. 1. Molecules studied with orientation and position numb
ing for 1,2 dithiin.
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For the computation of PV contributions to nuclear ma
netic shielding, uncontracted Gaussian basis sets were u
These had the form (12s 9p 3d 1 f /8s 3p 1d) @22# for hydro-
gen disulfide and (12s 9p 6d/11s 7p 4d/7 1p) @23# for 1,2
dithiin. Due to the small size of the molecules investigat
only the paramagnetic term was computed with the ga
origin set on each atom unique by symmetry.

V. RESULTS AND DISCUSSION
The computed PV contributions to the nuclear shield

tensors for H2S2 and m-1,2 dithiin are reported in Tables
and II.

According to current estimates for optimal nuclear ma
netic resonance~NMR! resolution@24#, the values we repor
are several orders of magnitude below detection limit. F
instance, the predicted PV effect on sulfur’s chemical shif
approximately 531028 ppm for 1,2 dithiin. As this effect
has opposite signs for two enantiomers, the observable
ference is predicted at twice this amount, i.e.,
31027 ppm. This value corresponds to a difference in re
nance frequenciesDn for 33S, which can be expressed a
follows. If the intensity of the applied magnetic fieldB is
expressed in units of Tesla, one ppm corresponds to appr
mately B33 Hz, henceDn'B3331027 Hz. In order to
reach the maximal theoretical resolution of 631023 Hz @24#
a magnetic field of the order of 23104 Tesla would be re-

-

TABLE I. Computed parity-violating contributions to nuclea
magnetic shielding tensors in H2S2 for various dihedral anglesf.
Units are in parentheses next to atomic labels.

H (10211 ppm)
f xx yy zz 1/3(xx1yy1zz)

30° 1.37 21.28 23.02 20.98
60° 3.10 21.65 25.21 21.25
90° 4.80 0.03 25.52 20.23
120° 5.14 1.95 24.21 0.96
150° 3.37 2.14 21.99 1.17

S (1028 ppm)
f xx yy zz 1/3(xx1yy1zz)

30° 235.54 22.31 20.35 25.83
60° 251.23 21.78 36.28 25.57
90° 248.21 21.71 48.14 20.59
120° 235.71 23.61 51.42 4.03
150° 218.88 23.84 34.82 4.03

TABLE II. Computed parity-violating contributions to nuclea
magnetic shielding tensors inm-1,2 dithiin. All values are in
10210 ppm.

Component S C~3! C~4! H~3! H~4!

xx 22201.8 82.2 248.2 20.226 20.188
yy 25558.9 2128.7 438.7 0.415 20.067
zz 6365.8 49.5 227.4 20.028 0.067
Average 2465.0 1.0 121.0 0.054 20.063
2-3
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quired, which is approximately three orders of magnitu
larger than presently used in high-resolution NMR spectro
eters.

As pointed out by Schwerdtfeger@25#, based on the re
sults from Ref.@15# one can expect the frequency shift
scale with the atomic numberZ as approximatelyZ2.7.
Hence, systems containing atoms as heavy as poloniumZ
584), with predicted frequency shifts two orders of mag
tude larger than those reported in this article, would still
below experimental resolution.

VI. CONCLUSIONS

A gauge-invariant formulation of parity-violation~PV!
contributions to nuclear magnetic shielding tensor a
chemical shift arising from weak-nuclear interactions w
developed. Within this framework, sum rules were deriv
for potential assessment of computational accuracy. The
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.

p-
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n-
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contributions to chemical shifts for two molecules were th
estimated withab initio techniques.

It is found that for the molecules considered PV effe
are several orders of magnitude below current experime
accuracy. Although this does not rule out nuclear magn
resonance~NMR! spectroscopy as a tool for potential P
detection in molecules containing heavy atoms, our res
suggest that such detection will prove impossible for ato
as light as sulfur and even in the presence of heavy atom
may require substantially different molecular systems.
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