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Experimental demonstration of an entanglement swapping operation and improved control
in NMR quantum-information processing
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We demonstrate the implementation of an entanglement swapping operation on a four-qubit liquid-state
nuclear-magnetic-resonance~NMR! quantum-information processor. We use this experiment as a benchmark to
illustrate the progress made in the field of quantum control using strongly modulating pulses and a correction
scheme for removing distortions introduced by the nonlinearities in the transmitter and probe circuits. The
advances include compensating for incoherent errors caused by the spatial variation of the system Hamiltonian
in the NMR sample. The goal of these control sequences is to cause the collapse of the Kraus operator-sum
representation of the superoperator into one unitary operator so that the ensemble appears to evolve as one
coherent whole.
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I. INTRODUCTION

Nuclear magnetic resonance~NMR! provides a useful tes
bed to explore the physical implementations of quantu
information processing~QIP! @1#. Experimental implementa
tions in liquid state have aimed so far at developing cohe
control techniques@2#, testing quantum algorithms@3–10#,
performing quantum simulations@11#, and exploring open
quantum system dynamics„e.g., quantum error correctio
~QEC! @12–16# and methods to better characterizing dec
herence phenomena@17–19#….

We report in this paper on an entanglement swapping
eration@20# to illustrate the improvement in quantum contr
recently gained over spatially incoherent and systematic
rors. Counteracting incoherence effects is of fundamental
portance for ensemble quantum computing or expecta
value quantum computer~EVQC! @21# where the final an-
swer of the computation is given through expectation va
measurements and therefore involves a large number of
ies of the same quantum system. The power of EVQC wo
fail if the individual quantum systems did not undergo t
desired transformation over some control sequence. I
worth adding that the study presented here while for the s
tially incoherence problems seen in liquid-state NMR c
also be applied to temporal incoherence where repeated
surements are required to record an expectation value,
the correlation time of the incoherence is long with respec
an individual measurement but short compared to the t
expectation value measurement. We first provide a review
the techniques used for the coherent control of nuclear s
including the design of strongly modulating pulses that all
one to implement high fidelity single-qubit gates@2#, the
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modifications necessary to compensate for incoherent er
@22# and a feedback procedure that corrects for system
radio frequency pulse errors. We then report the experime
results of the entanglement swapping operation. The op
tion consists of initializing a four-qubit system to a produ
of pseudosinglet states and performing a measurement in
Bell basis on two qubits shared by the two pairs. This m
surement results in the collapse of an initially unentang
qubit subsystem into an incoherent sum of the four B
states.

II. DESIGN OF SELECTIVE RADIO
FREQUENCY PULSES

Weak radio frequency~rf! pulses are usually employed t
selectively address chemically shifted spins, where in a sm
flip angle approximation@23#, the profile of the excited mag
netization can be approximated as the Fourier transform
the pulse shape. High selectivity therefore requires lo
times so that the excitation bandwidth is narrow. For Q
this method suffers the following drawback that the lo
times required to selectively address spins permits signific
decoherence, and all spins continue to evolve under the
ternal Hamiltonian. For QIP, schemes are required that
rectly address the propagator rather than finding a gate
can only be applied correctly on a limited set of input sta
~as is the case commonly encountered in spectroscopy!.

A. Internal and external Hamiltonians

To fully explain the complexity of coherently controllin
a spatially distributed ensemble, we explicitly introduce t
known spatial dependence into the Hamiltonian. Althou
the spatial functions are straightforward to measure, our g
is to develop control schemes that are independent of
specific spectral variations provided they are within so
bounds. It is important to realize that the spatial inhomo
neity introduced into the Hamiltonian is time-independe
The sample is a liquid and the molecular diffusion can pla
role @24#, but the length scale of the changing Hamiltonian
much longer than the mean molecular displacement on
time scale of the measurement.
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BOULANT et al. PHYSICAL REVIEW A 68, 032305 ~2003!
The internal Hamiltonian of the liquid-state NMR syste
is

Hint5(
i

V i~rW !I z
i 12p(

iÞ j
Ji j IW

i
• IW j ,

whereV i is the chemical shift of thei th spin with the spatial
location rW that varies because of the dependence of the
ternalB0(rW) field, Ji j is the scalar coupling constant betwe
spinsi and j, andI i is the spin angular momentum of thei th
spin. The scalar coupling constant is spatially independ
since it is a through bond interaction that is not mediated
external fields. The external Hamiltonian is

Hext5v1~rW,t !F(
i

I x
i cos~Vt1f!1I y

i sin~Vt1f!G ,
wherev1 is the rf power,V is the transmitter angular fre
quency of the radio frequency pulse,t is the time, andf is
the initial phase. The dependence ofHint on rW reflects the
imperfect homogeneity of the largeB0 external magnetic
field while for Hext it reflects the rf inhomogeneity induce
by the small excitation/detection coil. We will explore th
effect in the reference frame of the rf field so that the spa
variation off is suppressed. Our goal is to obtain a tempo
modulation sequenceHtot(t) such that over a specific inter
val the desired unitary operatorUdesired is precisely imple-
mented. This is an inverse problem with no known gene
solution, but the forward problem is quite straightforwa
We demonstrate this first for the case without incoherenc

If v1 , v, andf are time-independent, then one can mo
into a rotating frame@25# where the new total effective
Hamiltonian~far now with the incoherence suppressed! is

He f f5H̃ int1H̃ext2V(
i

I z
i

5UzHintUz
†1UzHextUz

†2V(
i

I z
i

5(
i

~V i2V!I z
i 12p(

iÞ j
Ji j IW

i
• IW j

1v1F(
i

I x
i cos~f!1I y

i sin~f!G ,
where Uz5exp@i(iIz

iVt# is the frame transformation. As
result, the Hamiltonian in this new frame is time-independ
so that the Liouville Von-Neumann equation of motion c
be solved exactly

r̃~ t !5e2 iH e f ftr̃~0!eiH e f ft

5e2 iH e f ftr~0!eiH e f ft,

wherer denotes the density matrix of the system. To go fro
the first line to the second one, we note that the two fram
coincide at timet50. Obtainingr̃(t) then enables one to
obtain r(t) by going back to the original framer(t)
5Uz

†r̃(t)Uz . The net propagator of the evolution of the sp
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system, for a constant RF power in the rotating frame,
therefore be written asU5Uz

†(V,t)Ue f f(v1 ,f,V,t), where
Ue f f is the unitary transform corresponding to the evoluti
only in the rotating frame.

B. Numerical procedure

Since finding a control sequence of arbitrary shape
computationally intractable we attack the simpler problem
piecewise constant Hamitonians and show that there are
ful solutions of this form. As was shown in the precedin
section, the evolution of the spin system under a pulse
constant parameters can be solved analytically for a gi
location in the sample. Since the Hamiltonian is tim
independent in the rotating frame the equation of motion
be directly integrated without any need of discretization. W
note that the resources needed to compute that evolu
grow exponentially with the number of qubits but do n
increase with the duration of the pulse. In addition, it is ea
to see that a single-constant rf power pulse is not sufficien
obtain a selective rotation on a system whose numbe
spins is larger than 1 because of the internal Hamilton
and the collective nature of the external Hamiltonian. O
control sequence is a cascade of constant rf pulses,
depending on the four experimental parameters mentio
above, such that the overall operationUnet5)k51Uz

†(Vk ,
tk)Ue f f(v (1,k) ,Vk ,fk ,tk) closely approaches the desire
unitary operationUdes. As a result, this procedure consis
of searching for a set of experimental parameters that m
mizes 12uTr„UdesUnet

† (v (1,k) ,Vk ,tk ,fk)…/Nu, where N is
the size of the Hilbert space.

The search respects the limitations of our experimen
apparatus through a penalty function on the power, the tra
mitter frequency and the time~to reduce decoherence e
fects!. The search method is the Nelder-Mead algorithm p
vided by MATLAB . The algorithm searches for a set
experimental parameters for each square pulse until the
delity exceeds a threshold, the number of square pulses b
increased until the requirement is met. For the three~four!-
qubit system of alanine~crotonic acid! in a 300-MHz mag-
net, the algorithm returns of the order of 0.9995 (0.99
simulated fidelity pulses whose durations are around 200ms
(400 ms). The achievable fidelity strongly depends on t
external magnetic field and on the rf power available, wh
is described in more detail in Ref.@22#.

Figure 1 is an example of a strongly modulating pu
designed to perform a selectivep/2 rotation about thex axis
on the spins 1 and 2 of alanine~a three-qubit system!. The
discontinuities indicate the beginning of a new square pu

III. COMPENSATION FOR INCOHERENT ERRORS

Due to the spatial extent of the NMR sample, differe
spins at different locations in the sample see different rf po
ers and have slightly different chemical shifts. Denoting
U(rW) the unitary operation of the spin system at the locat
rW, the evolution of the density matrix of the entire samp
can be written as an incoherent sum of unitary operatio
yielding a potentially nonunitary operation r(t)
5-2
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EXPERIMENTAL DEMONSTRATION OF AN . . . PHYSICAL REVIEW A68, 032305 ~2003!
5*U(rW)r(0)U†(rW)drW, where we assume a constant density
spins in the sample. The incoherence arising from variati
of the chemical shifts and RF power, the evolution of t
system can equally be expressed byr(t)
5*p(v,V)U(v,V)r(0)U†(v,V)dvdV. This can be
viewed as an operator-sum representation of the superop
tor @26# where the trace preserving condition in this ca
simply is *p(v,V)dvdV51 so thatp(v i ,V i) is the frac-
tion of spins~or probability! that sees a given powerv i and
chemical shiftV i . For our experimental setup the variatio
in resonance frequency is small and simulations in Ref.@2#
showed that the fidelity of the pulses varied very little w
small variations of chemical shifts. To confirm a close u
tary behavior over the sample due to the chemical sh
spread, we simulated our pulses for different sets of chem
shifts ~range of65 Hz which is far larger than a typica
linewidth in liquid-state NMR!, computed the correspondin
superoperator, and extracted the Kraus operators. We

FIG. 1. Strongly modulating pulse for a three-qubit system@p/2
pulse on spins 1 and 2 of alanine~0.9992 fidelity!#. The ordinate
axis represents the power while the horizontal one correspond
the time.
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tained an operator sum with only two Kraus operators wh
the norm of the first one was 106 times larger than the norm
of the second one. This results from the high power of
pulses compared to such small frequency variations. For
remainder of the paper, we will therefore ignore this sm
effect and focus on the stronger source of incoherence, i.e
inhomogeneity. The probability distributionp(v i ,V i) can
therefore be replaced to a very good approximation
p(v i). This probability distributionp(v i), that reflects the rf
inhomogeneity profile, can be measured using well-kno
experiments@27#. Once this rf inhomogeneity profile is mea
sured, this information can be incorporated in the design
the selective pulses, by modifying the fidelity metric to i
clude the rf inhomogeneity:

F5(
i 51

uTr„Ap~v i !U~v i !Udes
†

…/Nu2.

In other words, the algorithm does not search for a su
ciently good local minimum but tries to find a plateau regi
where the fidelity is robust against small variations in pow
The costs of this procedure are the longer times it take
find a solution, a larger number of periods, and an increas
the duration of the pulses.

An alternate form to the operator-sum representation
the superoperator is the Liouville representation@28#, i.e.,

S5(
i 51

p~v i !Ū i ^ Ui ,

whereS is the superoperator in the Zeeman basis@28# andŪ
denotes the complex conjugate ofU. This form of the super-
operator can be applied to the density matrix once it has b
columnized by stacking its columns on top of each otheS
being a convex sum of unitary operators is generally a n
unitary operator so that its eigenvalues lie inside the u
circle. In Fig. 2, we plot in the complex plane the eigenv
ues of two calculated superoperators obtained with and w
out incorporating RF inhomogeneity in the design of t
pulses.

to
uite close to

FIG. 2. Eigenvalue spectrum of the superoperators corresponding to a compensated and noncompensated pulse~for a three-qubit system!.

The dots correspond to the noncompensated scenario while the crosses correspond to the compensated pulse. The crosses lie q
the unit circle while the dots are spread inside.
5-3
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BOULANT et al. PHYSICAL REVIEW A 68, 032305 ~2003!
The eigenvalues of the noncompensated pulse are in
the unit circle while the ones of the compensated one
close to the unit circle. As a rough indication, the minimu
modulus of the eigenvalues for the noncompensated puls
0.865, while the smallest one for the robust pulse is 0.998
addition, we extracted the Kraus operators from the two
peroperators. In both cases, we obtained three Kraus op
tors. For the noncompensated pulse, the norm of the se
and third Kraus operators were equal to 4% and 0.06%
the first one, respectively, while the numbers were 0.1
and 0.01% for the compensated one. Within this degree
precision~around 0.1%), the entire superoperator can be
proximated by one unitary operator. By including in the d
sign of the pulses the rf inhomogeneity information, t
Kraus operator-sum representation has therefore colla
into one operator very close to being unitary. The impro
ment is clear and shows a significant approach toward
truly unitary behavior.

IV. CORRECTING FOR rf DISTORTIONS

Although simulations of the pulses demonstrate that
gates are relatively robust against small deviations in so
of the control parameters, a substantial loss of fidelity occ
when the rf amplitudes deviate from the prescribed valu
The experiment to be discussed in the following section w
performed on a 400-MHz Bruker Avance spectrometer.
this spectrometer, a digital waveform generator creates
desired shape at low power. The signal is then amplified
routed to the probe that is a tuned resonant circuit at
carbon resonance frequency (;100 MHz). The system
transfer function is frequency dependent and to some ex
power dependent~due to small nonlinearities in the powe
amplifier!. Since we are interested in the rf modulation th
the spins see, the easiest approach is to directly measure
in the NMR probe and then correct the waveform in an
erative step. We have measured that the maximum devia
from the ideal power is about 125 Hz out of 3 KHz~Fig. 3!,
while the mean phase deviations are comparatively sm
about 0.7 deg.

Based on the simulation in Ref.@2#, we can expect tha

FIG. 3. Distorted and corrected rf amplitude. The solid line re
resents the desired shape, while the dashed and dot-dashed
correspond to the initial measured waveform and the final one~after
two iterations of the feedback code!, respectively. The high-
frequency transients present at the transitions between periods
little effect on the overall performance of the gates.
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the phase errors cause negligible loss in fidelity. Howev
the amplitude errors cause the rf nutation rate in each pe
to vary by up to 4% for typical crotonic acid~four-qubit-
system made of four labeled13C nuclei! pulses, resulting in
a significant drop in fidelity. Simulations of crotonic gate
with the rf power set to 4% smaller than the ideal power ha
fidelities about 0.01 smaller than the fidelities of the ide
transformations.

To correct the amplitude and phase errors, we use a
erative feedback procedure to determine the low power
waveforms that, when sent through the transmitter ch
will create a rf shape close to the intended shape. Th
measurement uses the hydrogen coil as a spy pickup ant
to observe the final carbon rf wave transmitted to the sam
The hydrogen resonant circuit is tuned to 400 MHz, and a
result it attenuates the 100-MHz carbon signals by abou
dB. Since the proton circuit does not have any resona
near the carbon frequency, its response is nearly flat ov
1-MHz band around the carbon resonance frequency. Th
fore we can use the proton channel as a nonresonant in
tive pickup coil for the carbon field at the sample.

V. EXPERIMENTAL BENCHMARK: THE
ENTANGLEMENT SWAPPING EXPERIMENT

We report in this section the implementation of an e
tanglement swapping experiment to illustrate the gain in c
trol achieved, given the compensations for the errors p
sented above. In addition, this experiment shows
manipulation of entanglement through measurements. It
demonstrated in Ref.@20# that entanglement can be tele
ported from one pair of photons to another when the q
druple contains two singlet states among disjoint pairs,
effect that has been argued to show that quantum correlat
are as nonlocal as the quantum states themselves@29#.

A. The experiment

This demonstration was carried out on a liquid-state NM
quantum-information processor, using the four13C labeled
nuclei in a sample of crotonic acid~see Fig. 4! as the qubits
and a Bruker Avance 400-MHz spectrometer for the con
and acquisition. The experiment consisted of initializing t

-
nes

ave

FIG. 4. Molecule of crotonic acid. The chemical shifts aren1

56878.9 Hz, n251882.6 Hz, n354410.1 Hz, and n45
28604.9 Hz, while theJ coupling constants areJ12572.4 Hz,
J1351.4 Hz, J1457.2 Hz, J23569.6 Hz, J2451.6 Hz, and J34

541.5 Hz.
5-4
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EXPERIMENTAL DEMONSTRATION OF AN . . . PHYSICAL REVIEW A68, 032305 ~2003!
system to a full four-spin pseudopure state made of two p
of singlet states and then performing on two of these qubi
Bell measurement, each one belonging to a different pair~an
NMR version of Ref.@20#! ~see Fig. 5!. The protons were
decoupled only during acquisition to avoid nuclear ov
hauser enhancement@25#. During the gate sequence, th
proton-carbon couplings were refocused usingp pulses on
the carbon channel.

Since liquid-state NMR deals with a highly mixed e
semble of spin systems, we stress that the use of pseudo
states allows a macroscopic description of the same un
dynamics to which the microscopic systems are subjec
@30,31#. The experiment described here does not depend
the entanglement within the individual molecules.

The traceless part of the density matrix was prepared
state isomorphic to

uC&12345
1
2 ~ u01&122u10&12) ^ ~ u01&342u10&34),

which can be rewritten as

uC&12345
1
2 ~ uC1&14uC1&231uC2&14uC2&231uF1&14uF1&23

1uF2&14uF2&23),

whereC6 and F6 correspond to the four Bell states. Pe
forming a measurement on qubits 2 and 3 in the Bell ba
projects qubits 1 and 4 onto one of the four Bell states w
probabilities equal to 1/4. The entanglement thereby is tra
ferred between two pairs of spins. This experiment inclu
the first four-qubit initialization to a full spatial pseudopu
state. Because all the elements of the density matrix are
directly observable, state tomography@32# was performed
with a total of 18 separate measurements. The readout pu
are the order of 400ms and do not introduce significant de
coherence. To measure the accuracy with which the exp
ment was performed and to compare it with Ref.@33#, we
calculated the correlation~or sometimes called projection!

C5
Tr~rexptr theory!

ATr~rexptrexpt!Tr~r theoryr theory!
.

If rexpt andr theory are viewed as vectors, then this metric
the directional cosine between the experimental and des
density matrices. The sequence used to initialize the s
system to the pseudopure state was derived from Ref.@35#.
We stress that, once the NMR spectrometer had been
brated and the strongly modulating pulses programmed
further adjustments of any kind were required~or made! dur-
ing the course of the measurements that made up this s
The correlation of the initialized density matrix is 0.929~the

FIG. 5. Logical network for the entanglement swapping expe
ment.
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real part of the density matrix is plotted in Fig. 6!, while the
correlation of the final density matrix, i.e., after the Be
measurement, is 0.90~see Fig. 7!.

The experiment consisted of 65 pulses with a total du
tion of 121 ms. This may be compared to the experimen
Ref. @33#, which used 44 pulses, lasted 75 ms, and yielde
final correlation of 0.79. This experiment with a correlatio
of 0.90, confirms the increased level of control. In additio

-

FIG. 6. Real part of the initial density matrix~product of singlet
states!. The rows and columns represent the standard computati
basis in binary order, witĥ0000u starting from the leftmost column
and ^1111u being the rightmost column.

FIG. 7. Bell states. For the sake of convenience, the labels of
spins have been switched so that the pattern characteristic o
Bell states is more clear. Now the ketu0000& should be interpreted
as u0&2^ u0&3^ u0&1^ u0&4. One can see that the measurement
sults in an equal mixture of the four Bell states. For clarity, w
zoomed on the submatrices along the diagonal to show the
states more clearly (uc6&5(1/A2)(u00&6u11&), uf6&5(1/
A2)(u01&6u10&)).
5-5
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BOULANT et al. PHYSICAL REVIEW A 68, 032305 ~2003!
simulations of the full spin system~including the protons!
without decoherent effects using the new design of the pu
yielded a correlation of 0.935 for the initial pseudopure st
and 0.87 using the previous design, providing further e
dence of improved control. The sample has a dephasing
T2 of the order of 600 ms, and we assume that most of
differences between the measurements and simulation
from decoherence. Because different elements in the den
matrix decay with different rates, decoherence not only
tenuates the magnitude of the density matrix Tr(r2) but it
also rotates it so that the correlation between the two den
matrices is reduced.

B. Measurement in the Bell basis

In this study, measurement in the Bell basis is repla
with dephasing, which is more conveniently carried out
the Zeeman basis~see Ref.@34# for a detailed description!.
The mapping from the Bell to the Zeeman basis can be
formed by applying a controlledNOT gate on qubits 2 and 3
followed by an Hadamard on only qubit 2. After the depha
ing in the Zeeman basis, the inverse mapping should be
plied to return the system to the original basis. However
the network shown in Fig. 5 this inverse mapping was
included for the sake of clarity, i.e., to exhibit the structure
the four Bell states shown in Fig. 7. The measurement in
computational basis destroys phase coherences betwee
two spins of interest. Experimentally this was accomplish
using the nonunitary dynamics of magnetic-field gradie
integrated over the spatially distributed sample@35#. Because
a gradient evolution superimposes a linear phase ramp on
chemical shift function of position, the resulting spatial a
erage over the ensemble destroys any phase coherenc
tween the spins. In the simulation to be described,
amount of entanglement transferred to qubits 1 and 4 cle
depends on the selective decoherence of qubits 2 and 3.
input state in this simulation is the measured experime
density matrixrsinglet given in Fig. 6, on which the simu
lated unitary operatorUBell map which maps the Bell basis to
the Zeeman one is applied. The state then goes throu
measurement process, represented by the following K
operator-sum representation:

rout5 (
k51

5

Akr inAk
† ,

where A15A(12a2)I , A25a(u00&^00u)23, A3
5a(u01&^01u)23, A45a(u10&^10u)23, and A55a(u11&
3^11u)23 and where by (uc&^cu)23 we mean the projectors in
the subspace of qubits 2 and 3~note that the trace preservin
condition is satisfied(k51

5 Ak
†Ak5I ). The value ofa is then

varied to study the entanglement transfer as a function of
strength of the measurement,a51 corresponding to a stron
measurement anda50 to no measurement. In Fig. 8, w
plot as a function ofa the correlation betweenrout , ob-
tained by doing the simulation described above, andr th ~the
maximally entangled theoretical density matrix!.

This plot shows the amount of entanglement transfer
as a function of the strength of the measurement. The co
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lation between our measured output density matrix and
theoretical one was 0.90. Figure 8 thereby reveals that
reached a precision of better than 5% (a.0.95) for the
implemented selective decoherence.

VI. CONCLUSION

We reported in this paper the improvements gained
quantum coherent control when information about the ty
of time-independent errors is used to design strongly mo
lating pulses. We reviewed the key ingredients of the des
calibration, and correction of these pulses. Furthermore,
showed that incorporating these features in the design of
pulses allowed to obtain an evolution very close to be
unitary for single-qubit gates. We also reported on the imp
mentation of an entanglement swapping experiment to c
pare its results with the ones in Ref.@33#. We believe this
comparison is appropriate as they were both performed
the same four qubit system with only the experiment d
scribed here incorporating compensation against incohe
and systematic waveform errors. We reconstructed the d
sity matrices at the key steps and extracted the correlati
These numbers, along with the length of the experiment
the number of pulses compared to the ones for Ref.@33#,
indicates a net improvement of coherent control. We belie
these techniques can be applied for a wide variety of qu
tum devices where precise coherent control is required.
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