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Shrinking of a condensed fermionic cloud in a trap approaching
the Bose-Einstein condensation limit

A. Perali, P. Pieri, and G. C. Strinati
Dipartimento di Fisica, UdR INFM, Universita` di Camerino, I-62032 Camerino, Italy

~Received 28 November 2002; published 5 September 2003!

We determine the zero-temperature density profile of a cloud of fermionic atoms in a trap subject to a mutual
attractive interaction, as the strength of the interaction is progressively increased. We find a significant decrease
of the size of the atomic cloud as it evolves from the weak-coupling regime of overlapping Cooper pairs to the
strong-coupling~Bose-Einstein! regime of nonoverlapping bound-fermion pairs. Most significantly, we find a
pronounced increase of the value of the density at the center of the trap~even by an order of magnitude! when
evolving between the two regimes. Our results are based on a generalized Thomas-Fermi approximation for the
superfluid state, which covers continuously all coupling regimes.
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The impressive experimental realization of Bose-Einst
condensation~BEC! of ultracold bosonic atoms in a trap ove
the past few years@1# has prompted the expectation that al
the properties of ultracold fermionic atoms in a trap could
revealed in a regime of quantum degeneracy@2#. In addition,
the possibility that the study of Fermi gases may lead t
superfluid phase analogous to the BCS state has adde
citement to the field. In particular, experimental propos
are under investigation for realizing Cooper pairs with ult
cold dilute fermionic atoms in a trap, either via the enhanc
interaction between fermionic atoms with a tunable scat
ing ~Feshbach! resonance@3# or via sympathetic cooling with
a mixture of fermions and bosons@4#.

Given these rapid experimental advances, it seems tim
to explore theoretically the even more intriguing question
the crossoverbetween the weak-coupling~BCS! regime of
overlapping Cooper pairs and the strong-coupling~Bose-
Einstein! regime of nonoverlapping bound-fermion pairs f
a gas of ultracold Fermi atoms in a trap, thus dealing sim
taneously with two basic quantum phenomena that share
same spontaneous broken-symmetry~superfluid! behavior. In
particular, novel and interesting physics may result in
intermediate-coupling regime where neither one of the t
limits is fully realized.

Detection of density profiles of ultracold trapped atoms
routinely used to explore their degeneracy properties. T
feature could also be explored to detect the continuous e
lution from Cooper pairs to bound-fermion pairs as t
strength of the attractive interaction between fermions is
creased, with the expectation that the density profile shri
upon approaching the strong-coupling regime owing to
diminished Fermi pressure. In this respect, partial res
have already been obtained as a function of temperatur
the broken-symmetry phase for a single coupling toward
weak-coupling side of the BCS-BEC crossover@5#, as well
as a function of coupling in the normal phase above
critical temperature@6#.

In this paper, we calculate the density profile of a cloud
fermionic atoms in a trap subject to a mutual attractive int
action, as its strength is progressively increased from wea
strong coupling. To this end, we extend the coupled me
field equations determining the gap function and the che
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cal potential for the BCS-BEC crossover problem of a h
mogeneous system to the case of aspatially varying gap
function in the presence of a harmonic trap, and study in
systematic way the evolution of the density profile at ze
temperature where the mean-field equations are expecte
be reliable. Our approach generalizes the fermionic Thom
Fermi ~TF! approximation to the superfluid state at zero te
perature for any coupling, and recovers the TF approxim
tion for the composite bosons@7# in the strong-coupling
limit. We find a significant decrease of the size of the atom
cloud as the strong-coupling limit is approached; even m
significantly, we find a pronounced increase of the value
the density at the center of the trap when evolving betw
the two regimes. This increase can thus be regarded
signature of the achieved BCS-BEC crossover. Numer
calculations for the density profile, gap function, and chem
cal potential, as well as analytic results for the radius of
cloud and related quantities are presented.

A central issue of the BCS-BEC crossover problem@8# is
to obtain for all coupling regimesa single theoryexpressed
in terms of fermionic variables, which recovers known r
sults for weakly interacting fermions~on the weak-coupling
side! and for weakly interacting bosons~on the strong-
coupling side!, thus providing an interpolation scheme ov
the intermediate-coupling regime. The treatment of
intermediate-coupling regime is necessarily an approxim
one, because in this regime a small parameter to control
approximations is lacking. For these reasons, the interp
tion via a single fermionic theory represents at present
only manageable approach to the BCS-BEC crossover.~Ef-
fects going beyond the BCS theory in weak coupling ha
been included for the homogeneous case in Ref.@9#. In the
present treatment of the inhomogeneous case, we shall
to consider the crossover from BCS theory to the BEC lim
thus leaving out these additional effects.!

The present calculations are based on a local-density
proximation, whereby the fermionic chemical potential e
tering the BCS gap and density equations are replaced
local chemical potentialthat adapts to the spatial position
the harmonic trap. We thus setm(r )5m2V(r ), wherem is
the equilibrium chemical potential andV(r )5mv2r 2/2 is the
harmonic potential for the Fermi atoms at positionr in the
©2003 The American Physical Society01-1
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trap (m being the fermionic mass andv the characteristic
trap frequency!. Correspondingly, the gap function takes t
local valueD(r ). With the replacement ofm by m(r ) and of
D by D(r ), the s-wave BCS gap equation at zero tempe
ture becomesr dependent and reads in dimensionless for

2
p

kFaF

5E
0

`

dẼAẼS 1

A@Ẽ2m̃~ r̃ !#21D̃~ r̃ !2
2

1

Ẽ
D .

~1!

We have here introduced the dimensionless variabler̃

5ur u/RF , D̃( r̃ )5D(ur u)/EF , andm̃( r̃ )5m(ur u)/EF5m̃2 r̃ 2

for a spherical trap, whereEF5(3N)1/3v (\51 throughout!
is the Fermi energy for noninteracting fermions in the tr
@7#, RF is identified by the conditionmv2RF

2/25EF , and

m̃5m/EF . We have further defined the Fermi wave vec
kF by EF5kF

2/(2m).
The above equation has been obtained by considerin

contact potential for the attractive fermionic interaction a
tive between two equally populated fermionic species w
different internal~‘‘spin’’ ! states, and then regularizing th
ensuing ultraviolet divergence of the gap equation in ter
of the scattering length aF of the associated fermionic two
body problem@10,11#. This regularization, in fact, conside
ably simplifies dealing with the BCS-BEC crossover and
rametrizes the interaction in terms of the measura
scattering lengthaF .

Dealing with the BCS-BEC crossover requires us
supplement the gap equation by the density equationN

5*drn(r )5*dr̃ ñ( r̃ ), yielding

p

24
5E

0

r̃ c
dr̃ r̃ 2E

0

`

dẼAẼS 12
Ẽ2m̃~ r̃ !

A@Ẽ2m̃~ r̃ !#21D̃~ r̃ !2
D .

~2!

Here, r̃ c is the radius of the atomic clouddefined by the
condition ñ( r̃ )50 for r̃> r̃ c ~which, in turn, requiresD( r̃ )
50 for r̃> r̃ c as a necessary condition!. It can be readily
verified thatr̃ c is determined by the equationm̃( r̃ c)50 for

aF,0, yielding r̃ c5Am̃, and by the equationm̃B( r̃ c)50 for

aF.0, yielding r̃ c5Am̃1(kFaF)22. In the above expres
sion, we have introduced the localbosonicchemical poten-
tial mB(r )5mB2VB(r ), wheremB52m1e0 is the equilib-
rium bosonic chemical potential,VB(r )52V(r )5mBv2r2/2
is the harmonic potential for the bosonic molecules of m
mB52m, ande05(maF

2)21 is the molecular binding energy
Contrary to Eq.~1!, Eq. ~2! couples different positions in th
trap, since obtaining a uniform chemical potentialm requires
knowledge ofD(r ) andm(r ) over the whole trap region.

The weak- and strong-coupling limits of Eqs.~1! and ~2!
are essentially determined by the behavior of the chem
potentialm, which almost coincides with the Fermi energ
EF in the weak-coupling limit and with~minus half! the
binding energye0 in the strong-coupling limit. These value
represent, in fact, the energy required to extract one ferm
03160
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from the system in the two limits, namely, from the Ferm
sea and from a bound molecule, respectively.

In analogy to the homogeneous case@12#, analytic results
can be obtained from the coupled equations~1! and~2! both
in the weak- and strong-coupling limits, defined, in the ord
by the conditionsm̃( r̃ ).0 and D̃( r̃ )!m̃( r̃ ), and m̃( r̃ ),0
and D̃( r̃ )!um̃( r̃ )u ~for 0< r̃< r̃ c). In weak coupling, one

obtains D̃( r̃ )5@8m̃( r̃ )/e2#exp$2p/„2kFuaFuAm̃( r̃ )…% with
the typical essential singularity behavior askFuaFu→0, and
the associated density profileñ( r̃ )5(8N/p2)(12 r̃ 2)3/2

which is the standard result within the TF approximation
noninteracting fermions. For the radius of the atomic clo
one gets correspondinglyr c5RF . In strong coupling, one
obtains insteadD̃( r̃ )252(e0 /EF)m̃B( r̃ ) with the associated
bosonic densitynB(r )5n(r )/25(mB/4paB)mB(r ) in terms
of the original variables, whereaB52aF identifies the
bosonic scattering length. The TF result for bosons@7# is thus
properly recovered by our calculation in the strong-coupl
limit, with a residual bosonic interactionU054paB /mB . @A
more sophisticated theory for the homogeneous case@11# has
shown that the correct value for the bosonic scattering len
aB is smaller by about a factor of 3 than the value 2aF .
Owing to the very slow dependence of the size of t
Thomas-Fermi density profile onaB in strong coupling
~see below!, this difference makes practically no chang
in this quantity.# Using eventually the expression ofmB

for bosons in a trap@7#, one gets the valuer̃ c5Am̃B/2
50.69(kFaF)1/5, showing a nontrivial dependence ofr̃ c on
the coupling parameter in the strong-coupling limit.

Recovering from Eqs.~1! and ~2! the TF results for both
noninteracting fermions~in the weak-coupling limit! and for
weakly interacting bosons~in the strong-coupling limit!
should not be surprising, since these equations can als
obtained by generalizing the TF procedure for fermions
the superfluid state. To this end, one introduces an ene
functionalE@n(r ),D(r )# that depends on the local variable
n(r ) andD(r ), such that minimizingE@n(r ),D(r )# with re-
spect to variations ofD(r ) andn(r ) @subject to the constrain
N5*drn(r )] leads to Eqs.~1! and ~2!, respectively. Within
the present approach, this functional is given by the exp
sion

E@n~r !,D~r !#5E dr H n~r !V~r !2
m

4paF
D~r !21E dk

~2p!3

3F ek2
ek~ek2l!1D~r !2

A~ek2l!21D~r !2
1

D~r !2

2ek
G J , ~3!

where ek5k2/(2m) and l is here an implicit function of
n(r ) andD(r ) via the equation

n~r !5E dk

~2p!3 F12
ek2l

A~ek2l!21D~r !2G . ~4!

In particular, in the strong-coupling limit@whereby n(r )
}D(r )2] functional ~3! reduces to
1-2
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E@n~r !#5E dr FU0

8
n~r !21S V~r !2

e0

2 Dn~r !G , ~5!

from which the bosonic TF expression fornB(r ) can be ob-
tained by minimizing with respect ton(r ) and taking the
constraint into account.@The absence of the kinetic-energ
term in the bosonic TF approximation results in the pres
approach by the neglecting of the center-of-mass motion
the pairs in expression~3! for the energy.# This result imple-
ments at the level of the TF approximation the density fu
tional theory for superconductors described in Ref.@13#.

Rescaled equations~1! and~2! dependonly on the dimen-
sionless coupling parameter (kFaF)21 and not on the tota
number of particles,N. This is due to the fact that, as ex
pected, the kinetic energy is not properly taken into acco
in the present local-density treatment that reduces to the
approximation for fermions in weak coupling and for boso
in strong coupling. What is missing in our equations is t
presence of the length scale of the harmonic trap, which
a bosonic molecule equalsaosc

B 5(mBv)21/2 and to which
there would be associated theN-dependent dimensionless r
tio RF /aosc

B 52.402N1/6. The physical lower boundr c

5aosc
B , however, can never be reached in practice, sinc

would correspond to the condition (kFaF)21512.5N5/6,
yielding the totally unrealistic valueaF;1023a0 (a0 being
the Bohr radius! in the case of a fermionic atom such as40K
for N;106 and a typical trap valuev;103 s21.

Similarly, it can be shown that the local-density appro
mation for the trapped Fermi gas holds, providedkFRF@1
~such that the energy quantization in the trap is irrelev
with respect toEF) andD(r50)/v@1 ~such that the pairs
are well contained within the trap! @14#. When N;106,
kFRF;102 while D(r50)/v;10 already for the weak
coupling value (kFaF)21522.

Figure 1 shows the density profileñ( r̃ ) along the radial
coordinate~in units ofRF) for several values of the couplin
parameter (kFaF)21. The TF profiles for noninteracting fer
mions as well as for interacting pointlike bosons@with
(kFaF)2155] are also shown for comparison. Note from t
figure that the noninteracting fermion density profile is
covered in weak coupling and the interacting pointlike bos

FIG. 1. Density profile~divided byN) vs the radial coordinate
for several values of the coupling parameter (kFaF)21.
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density profile is recovered in strong coupling, respective
Note also the shrinking of the size of the atomic cloud a
evolves from the weak-coupling to the strong-coupling
gime, the critical radiusr̃ c being reduced by about a factor o
2 across the crossover region. Correspondingly, the den
at the center of the trap increases significantly~by about a
factor of 6 for the coupling values shown in the figure!.

Figure 2 shows the radiusr̃ c of the atomic cloud~full
line! vs the coupling parameter, as determined by enter
the numerical values of the chemical potential~obtained
from the solution of Eqs.~1! and ~2!! into the analytic ex-
pressions ofr̃ c reported previously. Three distinct regions
the coupling parameter are identified from this plot:~i! A
weak-coupling region for (kFaF)21&21 wherer̃ c is almost
coupling independent and equal to 1;~ii ! an intermediate-
coupling region for21&(kFaF)21&1 wherer̃ c rapidly de-

FIG. 2. Radius of the atomic cloud~full line! and its strong-
coupling approximation~dashed line! vs the coupling paramete
(kFaF)21. Inset: corresponding values of the dimensionless den
at the center of the trap.

FIG. 3. Chemical potential in units ofEF when m.0 and of
e0/2 whenm,0 ~full line! and its strong-coupling approximatio
~dashed line! vs the coupling parameter (kFaF)21. Inset: gap pa-
rameter at the center of the trap~full line! and its strong-coupling
approximation~dashed line! vs the coupling parameter@the value
for three-dimensional homogeneous case~dash-dotted line! is also
shown for comparison#.
1-3
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creases for increasing coupling, being reduced by about 3
when (kFaF)2151; ~iii ! a strong-coupling region for 1
&(kFaF)21 wherer̃ c coincides with the analytic expressio
of the bosonic TF theory~dashed line!. For completeness, w
also show in the inset the value of the densityñ( r̃ 50) at the
center of the trap vs the coupling parameter~full line!. Fol-
lowing a flat behavior in the weak-coupling regime, a qu
rapid increase ofñ( r̃ 50) occurs in the intermediate
coupling regime, approaching eventually the power-law
pendenceñ( r̃ 50)}(kFaF)23/5 obtained analytically in the
strong-coupling regime~dashed line!.

The chemical potential is finally shown in Fig. 3~full
line! vs the coupling parameter. The behavior of the chem
potential obtained from the expressionm5(mB2e0)/2 in
strong coupling~with the value ofmB for bosons in a trap
@7#! is also shown for comparison~dashed line!. In the inset,
the gap parameterD̃( r̃ 50) at the center of the trap~full line!
is shown vs the coupling parameter and compared with
strong-coupling approximation~dashed line! @the value for
the three-dimensional homogeneous case@12# ~dashed-dotted
line! is also shown#. Note the marked difference between t
trapped and homogeneous cases, with the value for
trapped case increasing much faster than for the hom
od
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neous case as the coupling increases. Specifically, in st
coupling the analytical arguments discussed above y

D̃( r̃ )5(2A2/kFaF)A0.476(kFaF)2/52 r̃ 2, producing the

value D̃(0)51.951(kFaF)24/5 at the center of the trap; fo
the homogeneous case, on the other hand,D/EF

51.303(kFaF)21/2.
As the data of Figs. 1–3 for the various physical quan

ties n(r ), D(r ), r c , and m show, the BCS-BEC crossove
takes place in practice over the rather narrow range21
&(kFaF)21&1 of the coupling parameter. This remark su
gests that it would be especially interesting to explore exp
mentally this intermediate-coupling region, where deviatio
from the purely fermionic and bosonic behaviors occur.

In conclusion, we have shown that the density profile
superfluid fermionic atoms in a trap exhibits an interest
shrinking of the size of the atomic cloud as the strength
the attraction increases. This behavior should permit on
decide whether the superfluid behavior is either of the B
type with strongly overlapping Cooper pairs or of the BE
type with nonoverlapping bound-fermion pairs.

We are indebted to M. Inguscio and G. Modugno for d
cussions.
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