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Electron emission during combined attosecond pulses
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When a strong attosecond laser pulse acts simultaneously with a fast ionic projectile, the electronic response
of an atom changes and leads to a drastic change in the final momenta, which may be observed in recoil-ion
momentum experiments. The nonlinear response to the combined fields leads in certain cases to ionization
probabilities more than three times larger than the probabilities by either of the two fields individually. The
results are based on an algorithm for accurate solution of the time-dependent Schro¨dinger equation in three
dimensions, which has the property that it requires CPU time comparable with that of two-dimensional
methods.
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As attosecond laser pulses with full phase control are
coming reality @1#, a number of electronic processes a
likely to be studied in the time domain. For example, p
cesses such as Auger decay@2# and collision-induced charg
transfer@3# can in principle be monitored with assisting a
tosecond ‘‘cameras’’@4# to gain new insight into the detaile
electron dynamics. Along these lines it is also interesting
bear in mind that exposing any electronic system to sev
perturbations may lead to interference effects, testing
processes at the level of phases, and resulting in stro
altered dynamics.

In a recent work@5# it was suggested that the dynamics
a collision-induced continuum electron would be drastica
changed by the presence of an attosecond laser pulse.
final electron momenta would carry a signature of precis
how the laser pulse and the projectile Coulomb interact
worked with respect to each other, and it should be poss
to observe the effects by recoil-ion momentum measu
ments@6#. The conclusion in Ref.@5# was, however, based o
classical Monte Carlo calculations. To include possible
herent dynamics and interference the need forab initio
quantum-mechanical calculations is evident. Such calc
tions are complex since the lack of symmetry requires a
three-dimensional solution of the time-dependent Sch¨-
dinger equation~TDSE!. Standard numerical methods fo
laser-atom interactions rely on the conservation of, e.g.,
magnetic quantum numberm in linearly polarized fields
@7,8#, and such schemes then become inapplicable. Also
cent advanced three-dimensional methods are either spe
ized towards atomic collision processes@9–11# or laser-atom
interactions@12#, only. This motivated us to develop a flex
ible method applicable for a general time-dependent fie
Hence, the purpose of the present work is twofold. Firs
powerful and very general numerical method will be p
sented. Second, fully quantum-mechanical calculations, o
practical to carry out with the method, address the ques
of collisions in combined fields of attosecond duration an
is investigated to which extent the electron dynamics driv
by laser pulsesand fast ions is altered compared to ‘‘lase
only’’ or to ‘‘collision only’’ processes.
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The method we propose solves the TDSE on a grid c
sisting of a finite set of points representing three-dimensio
space. On the grid, the dynamical equations are propag
by a split operator@13#. In Cartesian coordinates the spectr
split-operator method is readily implemented and many
plications have been found, but these coordinates are o
inconvenient since they do not allow the introduction of a
underlying symmetry pertaining to the problem at hand.
contrast, the core of our method is to expand the wave fu
tion in orthogonal polynomials which diagonalize part of t
Hamiltonian effectively. For the processes we are interes
in here, we take advantage of the spherical symmetry of
atomic potentialV0(r ) and express the TDSE in spheric
coordinates for the scaled wave functionF5rC @atomic
units ~a.u.! are used throughout#:

S 2
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2
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2r 2
1V0~r !1W~r,t !2 i

]

]t D F50, ~1!

where W(r,t) is a general perturbation depending on tim
and space. In the present application we consider the hy
gen atom,V0(r )521/r , but the method will work for any
potential favoring a representation in spherical coordina
IntroducingA52 1

2 ]2/]r 2 andB5L2/2r 21V0(r ), the wave
function at timet1Dt, with Dt small, can be evaluated in
the split step form@13,14#

F~r,t1Dt !5e2 iDtA/2e2 iDtB/2e2 iDtW(r,t)e2 iDtB/2e2 iDtA/2F

3~r,t !1O~Dt3!. ~2!

The error term represents the splitting error and it disappe
when the operators commute. TheB operator combines more
commuting operators, thus evaluation ofB can be carried out
in individual steps without further splitting errors.

An efficient and accurate numerical scheme is obtained
expandingF(r,t) in spherical harmonicsYlm(V jk) defined
on a finite number of pointsV jk5(u j ,fk),

F~r i ,V jk ,t !5(
l ,m

l max

f l
m~r i ,t !Ylm~V jk!, ~3!
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where r i defines the radial grid points. For fixedm ~fixed
fk), the discrete versions of the spherical harmonics ma
tain their unitarity property if theu j ’s in V jk5(u j ,fk) are
chosen as the Gauss-Jacobi quadrature points@14#. However,
when the azimuthal symmetry is brokenm is not conserved,
and no known two-dimensional analog exists and in fact
Gauss-Jacobi points and weights depend onm, which again
makes the method unattractive. The way out of this dilem
from related mathematical physics of, e.g., methods of g
physical research@15# has been to reexpand the spheric
harmonics in a basis of associated Legendre polynomia
u and a Fourier basis inf on a regular grid. A consequenc
of this is a clustering of evaluation points near the pol
which implies several undesirable features. These can
eliminated by adding clever ‘‘filtering’’ technique, with th
unavoidable consequence of a rather complicated code.

Alternatively one may take any interpolatory quadratu
rule over the sphere which integrates exactly all polynom
of degree<2l max. Recently abscissas and weights for su
rules were computed@16,17# and made available over th
Internet @18#. The points are distributed almost equidista
thus no ‘‘pole problem’’ exists and for a specificl max, the
number of angular points is (2l max11)2. In the calculations
we have usedl max57 and on the radial grid with radiusR0
5100 we have used 2048 points, and in the propagation
have usedDt50.01. We have integrated untilvt560, with
v52 the velocity of the proton projectile. Tests for conve
gence were performed with 4096 radial points andl max
515.

Taking V jk ,wjk as the set of abscissas and weights
sures that the standard orthogonality property is fulfilled,

d l ,l 8dm,m85(
jk

wjkYl 8m8
* ~V jk!Ylm~V jk!. ~4!

The radial basis functions can at any time be constructed

f l
m~r i ,t !5(

jk
wjkYl 8m8

* ~V jk!F~r i ,V jk ,t !, ~5!

which is a discrete version of textbook projection theory
quantum mechanics. The application of the time propag
~2! involves first that each radial functionf l

m(r i ,t) is repre-
sented in momentum space,

f l
m~r i ,t !5(

k
gk,l

m ei (p/R0)kri. ~6!

The kinetic-energy operator results in a multiplicative fac
onto each Fourier coefficient, i.e.,gk,l

m →ei (p/R0)2k2/2gk,l
m . The

inverse Fourier transform is applied, and the effect of
angular-momentum operator is a multiplicative fact

e2 iDtBf l
m(r i ,t)→e2 iDt[ l ( l 11)/2r i

2
1V0(r i )] f l

m(r i ,t). Finally, the
total wave function is reconstructed as in Eq.~3! and the
effect of the external potential is evaluated byF(r i ,V jk ,t
1Dt)5e2 iDtW(r,t)F(r i ,V jk ,t). These steps are repeated
appropriate order to propagate the wave function. The in
state may be found by propagation in imaginary time.
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With the central role of spherical harmonics in many are
of quantum dynamics, the practical implementation of E
~2!–~6! in computer codes cannot be overestimated. The
vantage of the present method is foremost that relatively
points V jk make the method quasi-two-dimensional wh
high values ofl max are not generated by the external potent
W(r,t). Keeping the total number of numerical mesh poin
constant, the present method thus allows for a much la
radial mesh compared to, e.g., Cartesian grid points. A la
spatial volume may thus be discretized at the same com
tational cost. The Fourier transform as well as the propag
ing potential can be performed in parallel@19# with a mini-
mum of communication time.

The method is therefore ideal for a range of tim
dependent phenomena such as vortex dynamics in B
Einstein condensates@20#, atoms and artificial atoms@21# in
time-dependent electromagnetic fields, as well as ion-a
collisions. For electron emission in particular, the outgoi
Coulomb wave is obtained by a direct radial on
dimensional integration and the differential cross section i
certain direction is given by

dP

dk
}U(

l ,m
~2 i ! leid lYlm~ k̂!E

0

R0
drrRk,l~r ! f l

m~r !U2

, ~7!

whered l is the phase shift of thel th partial wave andRk,l(r )
is a radial continuum function. The exact total ionizatio
probability can be evaluated by performing the radial proj
tion onto all positivek states which vanish atR0 or, when
capture can be neglected, by subtracting the sum of all po
lated excited states, 12(n,l*0

R0drrRnl(r ) f l
m(r ). The

continuum-electron analysis discussed here is more com
cated on a Cartesian grid where the angular behavior ca
be factored out.

Consider now the physical situation shown in Fig. 1.
collision plane is identified by the projectile trajectoryR(t)
5vt1b with v the velocity andb the impact parameter
which can be detected by coincidence measurements@22#.
The laser propagates perpendicular to the collision plane
has an in-plane linear polarization vectore5(cosQ,sinQ)
whereQ is the angle with respect to thex axis. The corre-

FIG. 1. Collision geometry. The collision plane (xy) is defined
by the projectile trajectoryR(t). The laser is propagating perpen
dicular to the scattering plane with an in-plane linear polarizat
vector e5(cosQ,sinQ). In the calculations we considerp-H(1s)

collisions with impact parameterb53êy and velocityv52êx . The
laser is modeled by a sinusoidal pulse with a sin2 envelope of du-
ration t516. See text for details.
1-2
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sponding interaction part of the Hamiltonian readsW(r,t)
52Zp /uR(t)2ru2E(t)@x cosQ1ysinQ#, with E(t)
5 f L(t)E0cos(vt2d) the laser field,E0 the field strength,
f L(t) the pulse shape,v the laser frequency, andd the phase
of the field, adjusted to secure a zero dc field compon
after the end of the pulse@23#. In the calculations, we use
finite sin2 pulse, f L(t)5sin2p(t/t21/2) for 2t/2<t<t/2,
t516 andf L(t)50 otherwise,E050.1 andv50.375 corre-
sponding to two-photon ionization. The Keldysh parame
of g53.75 places the study in the multiphoton ionizati
regime~tunneling ionization corresponds tog!1) @24#.

We focus at an impact velocity of the proton which
sufficiently high to minimize capture,v52êx . The impact
parameterb53êy was chosen because our previous study@5#
indicated pronounced interference effects between excita
induced by the projectile and excitation induced by the la
for impact parameters between 1 and 7 a.u.

Figure 2 displays the ionization probability as a functi
of the angleQ. A strong dependence on the polarizati
direction is observed. When the laser polarization is para
with the projectile velocity (Q50°), the probability for
electron emission in a combined process is seen to be c
to a factor of 3 larger than if any of the ionization process
acts isolated. Furthermore, there is a backward-forw
asymmetry of the probability which is intimately linked t
the phase of the laser pulse. In the backward direction
effect of the two fields adds up to an emission probabi
only slightly larger than the single-field probability. In bo
directions, only a strong interference effect between the
perturbations can cause this result.

We now address the suggestion that the present atto
ond interference phenomena might be measured in re
measurements@5#. The impact parameter is assumed fix
and detected by the ‘‘ion’’ detector. The question is th
whether the electron signal~momenta! carries information on
which type of process took place, i.e., laser only, collisi

FIG. 2. Ionization probability inp-H(1s) collisions as a func-
tion of the direction of the in-plane laser polarization vector ab
53êy and v52êx . The collision only probability~dashed-dotted
line! and the laser only ionization probability~dashed line! are
marked as straight lines. See text for the parameters of the
pulse.
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only, or a mixed type. In Fig. 3 the final electron momenta
the collision plane are plotted in the target frame. It is se
that the laser only and collision only processes remain se
rated: the laser pulse~at Q590°, corresponding to a polar
ization vector perpendicular to the impact parameter! ionizes
predominantly along the positivey axis. Asymmetric photo-
electron emission is well known in few-cycle fields@25,26#
and was recently measured and related to the car
envelope phase difference@27,28#.

The collision only process drags the electron towards

er

FIG. 3. Differential cross section of the ejected electron m

menta in the collision plane for ionization inp-H(1s) for b53êy

andv52êx and polarization vector withQ590°. See text for the
parameters of the laser pulse. The origin is highlighted by a bu
1-3
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projectile, and the electrons tend to have a large positivx
component peaked at longitudinal momenta (px) of half the
projectile momentum, and with a peak at negative transve
momenta. This confirms previous experimental@29–31# and
theoretical@9,31# studies. What is important in Fig. 3~b! is
the detailed diffractionlike pattern at the backside of the sc
terer.

The fact that the two processes in the emission spect
are rather isolated opens the possibility for electron emiss
in combined fields to take place with its own characteris
final momenta. In Fig. 3~c! this is precisely what happens
the strongy component of the momentum of the laser em
sion is combined with a strong positivex component from
the collision resulting in electrons arriving with both positiv
x and y components. Thus under certain ideal experimen
conditions the electron momenta in combination with co
trolled impact parameters allow for a trace back and m
l-
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surement of sophisticated interference effects on the atto
ond time scale.

In summary, we have shown the results of a spectral
gorithm which allow for full advantage of parallel compu
ers, to the solution of the TDSE in three dimensions. T
general idea of the method is to use coordinates accoun
for part of the symmetry in the problem in combination wi
advanced quadrature rules. Based on its generality we f
see implementations in many branches of physics, and h
as an example of current interest, we have used the com
tational algorithm to show that electron emission momenta
strong combined attosecond fields carry information
which type of attosecond process was working.

The present research was supported by Notur and No
L.B.M. was supported by the Danish Natural Science R
search Council~Grant No. 51-00-0569!.
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