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Coherent x radiation induced by relativistic electrons in crystals
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We present the results of a theoretical study of coherent x radiation induced by relativistic electrons in
crystals for observation angles exceedingg21, whereg is the projectile Lorentz factor. The assumption for the
process includes both elastic and inelastic radiation mechanisms. The results were compared with available
experimental data.
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Up to now, several theoretical approaches for the cohe
x-radiation description, based on classical electrodynam
@1–3# and quantum theory@4,5#, have appeared. In these a
proaches, the emission of coherent photons was reduce
the process of elastic scattering of virtual photons associ
with the projectile, on bound crystal electrons. Such
proaches correspond to the form-factor approximation u
in the theory of Rayleigh scattering of real photons by
isolated atom@9# and therefore, it cannot give a full descrip
tion of the process, which is achieved by taking into acco
the inelastic channel.

In our recent works@6,7#, we studied differential and in
tegral properties of incoherent x radiation, using the radiat
amplitude of Amus’yaet al. @8# for the case of interaction
between a relativistic projectile and an isolated nonrelativ
tic atom, and considered two channels leading to the ra
tion by crystal electrons: elastic channel when states of
crystal target before and after radiation process are ident
and inelastic channel when in the final state the target e
one of its electrons.

It was shown that at observation anglesug.10g21 (g is
the projectile Lorentz factor!, the crystal electrons provide
dominant contribution to the total radiation yield.

In the present work, we used the same approach as in
@6,7# to obtain, for photon energiesv!m, wherem is the
electron mass, the total coherent cross section, taking
account both the elastic and the inelastic radiation chann
and then compared our results with available experime
results.

Let us consider a photon with energyv and wave vector

kW , which lies within a solid angledVg aroundug , resulting
from the passage of an electron with initial energyE1, mo-

mentumpW 1, and velocityvW 1 through a set of crystallographi

planes with a reciprocal lattice vectorgW . After interaction,

the outgoing electron with energyE2 and momentumpW 2

moves within a solid angledVp2
aroundpW 2. During the ra-

diation, the medium acquires momentumqW 5pW 12pW 22kW and
the momentum-energy relationshipp25E22m2 is always
valid.

As in the theory of high-energy coherent bremsstrahlu
@10,11#, the coherent cross section can be presented
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product of a radiation cross section for an isolated atomdsat
and the coherent diffraction factorf coh , in the form

dscoh5 f cohdsat5
~2p!3

VN
DTuD~gW !u2d~qW 2gW !dsat , ~1!

whereds[d5s/dvdVgdVp2
, and it is assumed that ther

is no overlap of terms with differentgW in the radiation pat-
tern. In Eq.~1!, V is the volume of the unit crystal cell;N is
the number of atoms per unit cell; anduD(gW )u2 is the crystal
structure factor,D(gW )5( iexp(igW•rWi), whererW i describes the
position of thei th atom within the cell. For the diamond-typ
structure (N58) considered here, the structure factor is

uD~gW !u25F11expS i
p

2
~h1k1 l ! D G

3@11~21!h1k1~21!h1 l1~21!k1 l #, ~2!

where h,k, and l are the Miller indices of the planes an
therefore,uD(gW )u2 is ~a! equal to 64 for all planes with eve
indexes and their sum is a multiple of 4;~b! equal to 32 if all
the indexes are odd; and~c! otherwise equal to zero . Thed
function in Eq. ~1! reflects the fact that the coherent cro
section can be essential only when the momentum tra
ferred is very close to that of a reciprocal lattice vector. T
incoherent factorDT takes into account disorder in the reci
rocal location of different crystal atoms.

From the conditionqW 5gW , one can get the energy depe
dence of coherent photons onug and the reciprocal orienta
tion of vW 1 andgW :

vcoh5

gv1sinw2
g2

2E1

12v1cosug1
g

E1
sinu1

, ~3!

wherew is the angle between the crystal planes andvW 1 and
u15ug1w. In the case ofE1@g, Eq. ~3! coincides with an
accuracy of terms of orderg/E1 with the high-energy limit
result@12,13#. In this limit and forug.g21, the dependence
of vcoh on g is negligible.
©2003 The American Physical Society01-1
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As in the case of incoherent radiation~ @6,7#!, the coher-
ent cross section in Eq.~1! consists of elastic and inelast
parts. The elastic cross section describes the interactio
the projectile with an atom as a whole and it is a sum of
static ~Bethe-Heitler! cross sectiondsst , the polarization
cross sectiondspol , and the interference termds int . For the
elastic channel,DT @Eq. ~1!# is caused by the thermal diso
der in a crystal and therefore, it has to be replaced by
Debye-Waller factorDT

el5exp(2g2u2) @11,14#, whereu2 is
the mean-square temperature displacement of the atoms
their equilibrium positions.

The inelastic channel results from the interaction of
projectile with atomic electrons as individual particles. T
inelastic cross section is a sum ofdscom, the cross section
describing Compton scattering of virtual photons associa
with the projectile by the bound electrons, andds rel , the
cross section due to the radiation of the projectile in the fi
of the atomic electrons. While the elastic cross sections
sume statical distributions of the electron clouds surround
the nuclei of the crystal atoms, for the inelastic contributio
an instantaneous straggling in positions of electrons belo
ing to different crystal atoms plays an essential role. Assu
ing that the average value of this straggling is equal t
screening~Thomas-Fermi! radius a50.885a0Z21/3, where
a0 is the Bohr radius andZ is the atomic number of the
crystal, factorDT for the inelastic channel should be replac
by DT

inel5exp@2g2(u21a2)#.
Thus, the coherent cross section can be recast in the

dscoh5DT
eldscoh

el 1DT
ineldscoh

inel , ~4!

where the elastic contributiondscoh
el is

dscoh
el 5dsst1dspol1ds int ~5!

and the inelastic contribution is

dscoh
inel5dscom1ds rel . ~6!

By assuming that~1! v!E1 ,E2 , v!m; ~2! q!p1 ,p2;
and ~3! all radiation energies are large compared to those
electronic binding, and using thed function in Eq. ~1! to
integrate overdv anddVp2

, one can find that in the labora

tory coordinate system and in the case when vectorskW ,pW 1,
andgW lie in the same plane, the components of the total cr
section have the form (ds[d2s/dVg)

dsst5s0Z2@12F~g!#2T1 ,

dspol5s0Z2F2~g!T2 , ~7!

ds int52s0Z2F~g!@12F~g!#T3 ,

where

T15F1

g

cosu2

12v1cosug
G2

,
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T25Fv1cosug~cosu22v1cosw!2g22cosu2

12v1cos~u22w! G2

, ~8!

T35
1

g

cosu2

12v1cosug

3
v1cosug~cosu22v1cosw!2g22cosu2

12v1cos~u22w!
.

In Eqs. ~8!, u25ug2w, s05(8p2/VN)(ar e
2/

vcohg
2)uD(gW )u2, a51/137, andr e is the classical electron

radius. The components of the inelastic part of the total cr
section are

dscom5s0Z2S~g!T2 , ~9!

ds rel5s0Z2S~g!T1 . ~10!

In Eqs.~7! and~9!, F(g) is the atomic form factor andS(g)
is the incoherent-scattering function@15,16#.

The angular dependence of the elastic cross section c
ponents onw is shown in Fig. 1 forug57°, E1525 MeV,
and for the case when the radiation is generated on the~111!
planes of a silicon crystal. It is seen from this figure that t
main contributions to the total cross section come fro
dspol and ds int . dspol has two maxima atw (6)5ug/2
61/2g and a minimum at w05(ug/2)1(cothug/
2/4g2cosug) @13,17#. The interference contribution change
its sign atw5w0. For the case of relativistic positrons,ds int
has the opposite sign. For the chosen crystal and planes
ratio betweendspol and dscom is 30.3 and fordsst and
ds rel , the ratio is 2.77.

The comparison between the available experimental d
and our calculations is presented in Figs. 2–4. In the ca
lations, we assumed crystal targets were kept at room t
perature. It should be noted that the data presented in
literature, on experimental investigations of coherent x rad

FIG. 1. The elastic cross sections as a function ofw for the~111!
planes of a silicon crystal atug57° andE1525 MeV. Thedscom

contributes to the total cross section as 3.3% ofdspol and the
contribution ofds rel is 36.1% ofdsst .
1-2
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tion, are reported in the form of photon fluxes~per incident
particle or per one incident particle and one steradian! and
not as radiation cross sections. Because of this, we sho
Figs. 3 and 4 the ratios for calculated and measured val

In Fig. 2 the maximal values of the coherent cross s
tions at fixedug are presented as functions ofug for a silicon
crystal. The radiation is generated in the~111! planes by
electrons withE1525 MeV ~solid line! and E1515 MeV

FIG. 2. The coherent cross section as a function ofug at E1

525 ~solid line! and 15~dashed line! MeV for the ~111! planes of a
silicon crystal. The data are taken from Ref.@18#.

FIG. 3. The ratio between coherent cross sections at diffe
projectile energies and for thosew where these cross sections a
maximal@Eq. ~11!#. The solid curve corresponds toR1 for the ~111!
planes of a silicon crystal atE1525 MeV andE18515 MeV. The
dotted curve shows~111! planes of a diamond crystal atE1

58.3 MeV andE1853.5 MeV. The dash-dotted curve showsR1

near ug590° for the ~800! planes of a diamond crystal atE1

5900 MeV andE185600 MeV. The datum~circle! is taken from
Ref. @19# (ug590°). The dashed lines correspond to the dep
dence of radiation intensity versus projectile energy asg2, pre-
dicted in Ref.@12#, for two ratios of energies~25/15 and 8.3/3.5!.
Angles refer to the experimental observation angles.
02490
in
s.
-

~dashed line!. The experimental data are taken from our p
vious work@18#, where the observation angle was 17.52°.
is seen thatdscoh has a minimum atug590° and, as for the
incoherent cross section@6#, achieves its maximal value
nearug5180°.

In Fig. 3, we show the ratio of the cross sections for tw
projectile energies:

R15
dscoh~E1!

dscoh~E18!
~11!

as a function ofug . As in Fig. 2, we consider here th
maximal values ofdscoh at eachug . The solid line presents
R1 for the case when the radiation is generated by the~111!
planes of a silicon crystal atE1525 MeV and E18
515 MeV; the experimental datum~triangle up! is taken
from Ref. @18#. The dotted line shows the ratio for the~111!
planes of a diamond crystal atE158.3 MeV and E18
53.5 MeV; the experimental data~triangle down! are from
Ref. @12# (ug544°). The dash dotted line showsR1 near
ug590° for the ~800! planes of a diamond crystal atE1

5900 MeV andE185600 MeV. The datum~circle! is taken
from Ref. @19# (ug590°). The dashed lines correspond
the dependence of radiation intensity versus projectile ene
asg2, predicted in Ref.@12# for two ratios of projectile en-
ergies~25/15 and 8.3/3.5!. As shown in the figure, ourR1 has
a minimum atug590° and reaches the predicted value on
near the forward and backward observation directions.

A contribution of the inelastic radiation channel todscoh
is small and more appreciable for low-Z crystals, and for
those planes having low Miller indices. Indeed, for t
middle- and high-Z crystals and low plane indices,S(g) can
be neglected in comparison withF2(g), and for higher plane
indices the inelastic contribution is strongly reduced by
factor D2.

In Fig. 4, we compare another calculated ratio, namel

nt

-

FIG. 4. Comparison of the present calculations forR2 @Eq.
~12!#, andR28 @Eq. ~13!# for g corresponding to~111! crystal planes,
with experimentally defined ratios between the intensities of
coherent radiation generated on different crystal planes. Inserte
the upper-right corner are the plane indexes, type of the crys
and thicknesses.
1-3
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R25
f ~vcoh!

f ~vcoh8 !

dscoh~g!

dscoh~g8!
, ~12!

with the ratio from the experimental data. In Eq.~12!, the
cross sections are taken at the maximum of their ang
distributions;g corresponds to~111! crystal planes and the
attenuation factor isf (v)5La

21@12exp(2La
21t)#, whereLa

is the absorption length at a given photon energy, andt is the
target thickness. In Fig. 4,R2 is represented by thick hori
zontal lines and the thin horizontal lines show the ratio
elastic contribution:

R285
f ~vcoh!

f ~vcoh8 !

dscoh
el ~g!

dscoh
el ~g8!

. ~13!

For g8 corresponding to the~220! plane, the ration is shown
for a diamond crystal. The experimental ratio~triangle up!
was defined by using the data from Ref.@12# for the ~111!
plane and from@20# for the ~220! plane. For the~333! and
es

L

02490
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~444! plane indexes the calculated ratios are shown fo
silicon crystal. The experimental ratios were defined fro
the data presented in Ref.@21# ~triangle down! and in Ref.
@22# ~circle and star!; experimental errors in Ref.@22# are not
reported. In the calculations, we take into account the atte
ation of the photon flux inside the targets by using the d
from Ref. @23#. Note that while for the~220! case the differ-
ence betweenR2 andR28 is about 7.5%, for the~333! planes
it is less than 1.5%.

As follows from above, the coherent cross section Eq.~4!
is in satisfactory agreement with the experimental d
known up to now. The delineation of relative contributio
from elastic and inelastic mechanisms to the total radiat
yield requires more precise experiments. The results obta
in this work, together with the results of Refs.@6,7#, can be
used in the planning of more detailed experimental inve
gations of the process by using coincidence techniques
well as for investigations of the radiation processes indu
by relativistic particles where the considered radiation
pears as a background effect.
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