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Antihydrogen formation by collisions of antiprotons with positronium in a magnetic field
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Using the classical trajectory Monte Carlo method, we calculated the charge-transfer cross section for
antiprotons colliding with Rydberg positronium, leading to antihydrogen formation. The results show a sig-
nificant influence of an externally applied magnetic field which causes a reduction of the cross section.
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The recent success of experiments to produce signifi
numbers of cold antihydrogen atoms has opened a new
to the test of fundamental symmetries in physics~cf. Refs.
@1–3# and references therein!. An accurate spectrometry o
photon transitions in hydrogen and its antimatter counter
could resolve the question if the Rydberg constants in b
systems are identical, as required by theCPT theorem. In
these experiments slow antiprotons interact with positr
stored in a ‘‘nested trap’’ and capture processes yield c
antihydrogen atoms; three-particlep̄-2e1 recombination as
well as radiativep̄-e1 recombination are discussed as po
sible causes for antihydrogen formation. However, as an
ternative routee1 capture from positronium,

p̄1~e1e2!→H̄1e2, ~1!

has recently received considerable attention~cf. Refs.@4–6#
and references therein!. Early work on process~1! has con-
centrated on capture from low-lying positronium~Ps! states,
while Charlton’s work@4# drew attention to the advantage
offered by high-lying states~in particular, large cross sec
tions, large Ps lifetime, and target density!. For all these pro-
cesses, a major problem in the quantitative interpretation
in the unknown effect of the strong ('5 T) magnetic field
present in the trap. Therefore, in an extension of our previ
classical trajectory Monte Carlo~CTMC! calculations@7,8#
on p-H collisional charge transfer and ionization in a ma
netic field, we present some preliminary results for the la
problem @Eq. ~1!#, namely, the effect of a strong magnet
field on p̄-Ps collisions. Since high-n states (n being the
principal quantum number! are of special interest, the P
target is assumed to be in a Rydberg state. This has the
ditional advantage that these states are particularly suited
a classical description, which is the basis of our CTMC tre
ment. Our study may also provide a first-step model to e
mate the influence of the external magnetic field on
p̄-2e1 system. Both situations deal with a three-body co
sion involving two weakly interacting light particles, trappe
at large distances from each other about their respec
magnetic-field lines.

*Electronic address: lutz@physik.uni-bielefeld.de
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The presence of a magnetic field in such calculations is
no means a trivial problem since in general the center
mass motion and the internal motion of the system canno
separated. The first rigorous treatment of a two-body sys
in a magnetic field was published by Avron, Herbst, a
Simon @9#. A new operator connected with the center-o
mass motion, the so-called pseudomomentumK , was intro-
duced in their work. It represents a conserved quantity
the system, making it possible for neutral systems to perfo
a pseudoseparation of the center-of-mass motion. Late
classical investigation of the highly excited hydrogen@10,11#
and positronium@12,13# atoms in a magnetic field has bee
performed by Schmelcher and co-workers. The Coulomb
tential is distorted by the magnetic field, and above a criti
valueKc of the pseudopotential an additional well forms o
the negativex axis, wherex is the particle distance perpen
dicular to the field direction; it will be referred to as the out
well ~OW!. The outer well moves away from the magne
cally distorted Coulomb potential and becomes broader
deeper with increasingK. Particles in this OW are trapped a
large distances from each other, leading to delocalized sta
Figure 1 shows examples of this potential for Ps, the cas
interest in this work.

As in our previous work onp-H collisions in a magnetic
field @7,8# we applied the CTMC method to calculate cro
sections for the reaction~1!. The target Ps atoms, embedd
in magnetic fields of 4 T and 5 T, are in Rydberg states w
binding energies corresponding to field-free principal qu
tum numbersn540 and 50. Unfortunately, in contrast to
Rydberg hydrogen atom with an ‘‘infinitely heavy’’ proto
nucleus, the center-of-mass of Ps in a magnetic field is
stable. This makes a direct application of our CTMC meth
to the system under study here more difficult.

First we have to create the proper initiale1e2 target
states. To this end, we follow the treatment proposed
Schmelcher and co-workers@12–14#. The nonrelativistic
Hamiltonian of two particles with equal masses and oppo
charges in a homogeneous static magnetic field is given

H5
1

2
~p11A1!21

1

2
~p22A2!22

1

ur12r2u
, ~2!

wherep1 ,p2 and r1 ,r2 are the momenta and coordinates
the electron and positron, respectively.A15 1

2 B3r1 andA2
5 1

2 B3r2 are the symmetric gauge vector potentials of t
©2003 The American Physical Society02-1
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two particles. All quantities are given in atomic units. As h
been discussed in Ref.@12#, the Hamiltonian of Eq.~2! is not
translationally invariant and the total momentum is not co
served. However, the pseudomomentum

K5p11p22
1

2
B3r11 1

2 B3r2 ~3!

is a conserved quantity. For the special case of Ps, an e
tive Hamiltonian is given in Cartesian coordinates@cf. Eq.
~6! in Ref. @13## by

HPs5
1

2m
p21

g

4
~x21y2!1

gKx

2
1

K2

4
2

1

ur u
, ~4!

wherer5r12r2 andp5p12p2 are the interparticle distanc
and momentum vectors.m is the reduced mass. Th
magnetic-field vector isB5(0,0,g), the pseudomomentum
vectorK5(0,K,0) is assumed to point along they axis, and
g5B in ~T!/(2.353105). For the field strengthsB54 T and
5 T of interest here, the critical values of the pseudomom
tum can be calculated to be 0.061 and 0.066, respectivel

FIG. 1. Top:V(x,0,0) for Ps in a magnetic field.~a! B54 T,
K50.09; ~b! B55 T, K50.12; ~c! B55 T, K50.09; ~d! B
55 T, K50.085; and ~e! B55 T, K50.01. Solid curve:K
,Kc ; for all other curvesK.Kc . x is the particle distance perpen
dicular to the field direction. Bottom: an example ofe2 and e1

particle trajectories in the external magnetic field which poi
along thez direction. Note that the Ps center-of-mass moves al
the y direction.
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this work, we concentrate onK values around 0.1, which ar
above the critical values. Thus, an outer well is forme
which we approximate by an anisotropic harmonic oscilla
@14# and expand around the minimum. The resulting lon
lived delocalized OW states are the required initial tar
states. Figure 2 shows some internal coordinate distribut
of the Ps ensemble, having randomly distributed start
conditions in coordinate/momentum space for different v
ues of field strength and pseudomomentum. At the sa
magnetic-field strengthB, the internal distancer of Ps in-
creases with increasingK ~cf. also Fig. 1!, while a stronger
field and a higher internal binding energy~i.e., smallern)
compress the internal distance, in agreement with Sher
Ackermann, and Schmelcher’s work@13#. For comparison, a
field-free situation is also shown.

For the incoming ensemble of projectile ions, we use
standard distribution@15#. The projectile velocityv, its im-
pact parameterb, and the initial distancez0 from the target
determine the initial condition of the projectile. The initia
distancez0 of the projectile (*53104 a.u.) is such that a
this distance the projectile-Ps interaction is negligibly sm
compared to the electron-positron interaction. We assu
that the projectile moves with a constant velocity along thz
axis, parallel to the magnetic-field direction. The impact p
rameter of the projectile is chosen randomly by selectingb2

in the interval@0,bmax
2 #. Note that the center-of-mass motio

of the Ps in the magnetic field depends on the target st
Therefore, the origin of the impact parameterb50 is esti-
mated by calculating the meeting point of the Ps and
projectile, taking into account the projectile velocity and t
center-of-mass motion of the Ps. The maximum impact

s
g

FIG. 2. Initial coordinate distribution of the positronium en
semble. Top: field-free condition (B50 T), n550, l5n215m.
Bottom: external magnetic fieldsB54 T and 5 T,n540 and 50;
K50.085, 0.09, and 0.12.
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rameterbmax is chosen sufficiently large to ensure a vanis
ingly small capture probability outside thisb value.

During the collision, thep̄ projectile evolves with the ap
proximation of a straight-line trajectory under the full thre
body Hamiltonian,

H5
1

2
~p11A1!21

1

2
~p22A2!22

1

ur12r2u

1
1

ur12r3u
2

1

ur22r3u
, ~5!

wherer3 is the coordinate of the projectile. For a given set
initial positions, the integration of Hamilton’s equations
motion is performed according to Eq.~5! by a standard
Runge-Kutta method.

After the collision, the projectile proceeds to a
asymptotic distance (zf523105 a.u.), sufficiently large to
allow a clear energetic separation of the three particles
two-particle pairs. The resulting two-bodye1-e2 ande1-p̄
energies classify the outcome of the collision: excitation
ionization of the target Ps, or capture by the projectile i
The required two-body Hamiltonians for the electro
positron and the positron-antiproton pair,He1-e2 andHe1-p̄ ,
are, respectively, defined by

He1-e25
1

2
~p11A1!21

1

2
~p22A2!22

1

ur12r2u
, ~6!

He1-p̄5
1

2
~p22v!22

1

ur22r3u
1

1

2
g l z1

1

8
g2~x2

21y2
2!,

~7!

where l z is the z component of thee1 angular momentum
@7#. With Eqs.~6! and~7!, the ionization thresholds of Ps a
well as of H̄ in the presence of a magnetic field are ze
Therefore, ifHe1-e2 is constant and less than zero, the po
itron remains bound to thee2. If He1-p̄ is constant and les
than zero, the positron is captured by the projectile. All ot
situations lead to ionization.

We now calculate the charge-exchange cross section
initial Ry statesn540 and 50 of the target Ps for magneti
field strengths of 4 T and 5 T. The relative impact project
velocitiesv r are between 0.5 and 2.8 (v r5v/ve , with ve the
classical electron velocity in a circular Ps Bohr orbit!. They
correspond to collision energies between 0.62 and 19.6
(n550) and between 0.98 and 30.6 eV (n540).

The results of the charge-exchange cross section are
played in Fig. 3. To further illuminate the influence of th
rry
,
,

rry
,
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magnetic field, two field-free cases are also includ
namely, having angular momental 5n215m and l 5n
21,m50 ~i.e., for circular Ry motion in planes perpendicu
lar and parallel to thez direction, respectively! @16#. The
influence of the magnetic field is quite substantial: it resu
in a cross section reduction of a magnitude similar to the
found for p-H collisions @7#, the reduction being larger fo
increasingB. In addition, a smaller Ps binding energy~in-
creasingn) and a larger geometrical extension of the targ
Ps atom~increasingK) yields a larger capture cross sectio
Due to the irregular motion of the Ps~cf. Fig. 1, bottom! the
velocity matching effect is not expected to play an importa
role. Thomas capture@17,18#, which happens in the collision
plane in the field-free case@19#, is foiled due to the magnetic
field.

The observed behavior may be of interest for futu
experiments of the typep̄-e1e2 or p̄-2e1. Evidently, the
magnetic field reduces the cross section, but this reduc
remains within reasonable limits. Further explorations in
parameter space of cross section changes withK and binding
energy would be worthwhile.

We gratefully acknowledge valuable discussions with
Zhuravlev and N. Kabachnik. This work has been suppor
by the Deutsche Forschungsgemeinschaft~DFG! and by the
Ministry for Research and Technology~MZT! Croatia.

FIG. 3. Charge-exchange cross section as a function of the

tive velocity v r for collisions of p̄ projectiles with Ps targets in the
external magnetic fieldsB54 T, 5 T for n540, 50, andK
50.085, 0.09, 0.12 initial states, respectively. For comparison,
field-freen550, l 5n215m and l 5n21, m50 initial states are
also included. The curves are drawn to guide the eye. Statis
uncertainty is 5%.
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