
PHYSICAL REVIEW A 68, 023805 ~2003!
Quantum image control through polarization entanglement in parametric down-conversion
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We demonstrate both theoretically and experimentally the manipulation of quantum entangled images, using
the coupling between polarization entanglement and the entanglement for the transverse degrees of freedom.
Starting from a two-crystal bright source of polarization-entangled photons, we arrive at a configuration in
which we are able to prepare superposition states for the down-converted angular spectrum while the polar-
ization superposition state is preserved. This scheme allows us to select the detected quantum image by
performing projections onto polarization subspaces. We also demonstrate the potential of the system for
applications to quantum cryptography of images.
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I. INTRODUCTION

The increasing interest in quantum information process
and communication has given rise to the need for effici
sources of entangled states of a quantum system. In the
tical domain, the production of polarization-entangled ph
ton pairs in type-II parametric down-conversion@1# has al-
lowed much progress in this matter. Among seve
applications, we may quote the demonstration of dense c
ing @2#, teleportation@3#, and entangled states of three ph
tons@4#. More recently, a two-crystal geometry has been e
ployed, yielding a bright source of polarization-entangl
photons@5#. This source is composed of two adjacent dow
conversion crystals cut for type-I phase matching. The p
ton pairs created by pumping these crystals are well
scribed by a polarization-entangled quantum state of the k
uHH&1eifuVV&. The whole family of ‘‘Bell states’’ can be
obtained by introducing wave plates in the signal and id
beams. The entangled state phasef and the degree of polar
ization entanglement of the down-converted photon pairs
be varied by proper control of the pump beam polarizati
As described in Ref.@5#, the polarization entanglement
measured through polarization analysis of the dow
converted photon pair. The coincidence counts exhibit in
ference fringes as a function of the analyzer angles, while
individual single counts on signal and idler beams are ins
sitive to polarization analysis. Fringe visibility depends
the degree of entanglement and on the detector’s apertu

The potential applications of such a source of entang
photons are unlimited and a different aspect of this setup
exploited in Ref.@6#. There, polarization entanglement w
measured through position interference in a setup simila
the one used by Kwiatet al @5#. In Ref.@6#, however, the two
down-conversion crystals were placed about 1 cm apart f
each other, giving rise to interference fringes in t
coincidence-counting rate as one of the detectors was tr
versally scanned. A heuristic description was given for t
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problem, based on a monomode theory. In this work,
present a multimode theory which describes how to con
quantum images through polarization entanglement. O
treatment is based on the theory developed in Refs.@7,8#,
where it was shown that the spatial properties of the pu
beam are transferred to the coincidence profile as a co
quence of the phase-matching conditions in the crystal.

II. MULTIMODE QUANTUM STATE

We now derive the multimode quantum state generated
the two-crystal configuration taking into account the angu
spectrum of the pump beam. See Fig. 1 as a reference.
crystals will be considered as a box with dimensionsLx , Ly ,
and Lz . The crystals are labeled 1 and 2. Crystal 1 is c
tered at the origin of the coordinate system while crystal 2
centered atd5dẑ. We shall use first-order pertubation theo
for parametric interaction assuming sufficiently weak pum
power. The time evolution operator@7# is then of the form
U(t1t,t)511U1

(1)(t1t,t,r1)1U2
(1)(t81t,t8,r2), where

t is the interaction time,r is the position of the crystal’s
center, andt85t1d/c. A pump beam provided by a colli
mated continuous-wave monochromatic laser can be tre
under the paraxial aproximation, being described by a m
timode coherent stateuvep

(qp)&, wherevep
(qp) is the angu-

lar spectrum,qp is the transverse wave vector, andep is the
pump polarization vector. Furthermore, for a short@(ks1k i
2kp)zLz!1)] and wide@(ks1k i2kp) jL j@1, for j 5x,y]
crystal the phase-matching condition is very restrictive o

FIG. 1. Reference setup for theory.
©2003 The American Physical Society05-1
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for the transverse components of the pump, signal, and i
wave vectors, imposingqs1qi5qp . Under these approxi
mations, the first-order correction to the time evolution o
erator can be written@8# as

U (1)~ t1t,t,r !5CE dqsE dqie
2 if(qs ,qi ,z) vep

~qs1qi !

3aes

† ~qs! aei

† ~qi !1H.c., ~1!

whereC is a constant, anda†(q,e) anda(q,e) are, respec-
tively, the creation and annihilation operator of photons w
transverse wave vectorq and polarizatione.

As already mentioned, a short crystal does not impos
strict phase matching condition for propagation alongz. This
longitudinal phase-mismatch is accounted for through
function

f~qs ,qi ,z!5@Aks
22qs

21Aki
22qi

22Akp
22uqs1qi u2# z,

~2!

wherez is the longitudinal coordinate of the crystal cent
Therefore,z150 andz25d.

Now, let us consider the experimental situation found
Refs. @1# and @6#. The two crystals employed were cut fo
type-I phase matching with the optical axis rotated 90° w
respect to each other. We shall suppose that the first crys
oriented so that it is pumped by the vertical~V! polarization
component, generating horizontally~H! polarized signal and
idler photons. The second crystal is therefore pumped by
H polarization component, generatingV polarized signal and
idler photons. The down-converted modes are initially in
vacuum state, so that the quantum state generated by
parametric interaction up to first order is given by

uc&5uvac&1CE dqsE dqi vV~qs1qi !u1qs ,H1qi ,H&

1e2 if(qs ,qi ,d) vH~qs1qi !u1qs ,V1qi ,V&. ~3!

This quantum state will be used to obtain the transverse
file of the coincidence counts, giving rise to quantum imag
imprinted on the nonlocal two-photon correlations. Imag
polarization entanglement arises from the polarization
pendence of the pump angular spectrum in the quantum
above.

III. POLARIZATION-DEPENDENT QUANTUM IMAGES

We now turn to the coincidence profile at the detect
planes, given by the normally ordered correlation functio

C~r s ,r i !}^cuE2~r s!E
2~r i !E

1~r i !E
1~r s!uc&, ~4!

whereE1(2)(r ) is the positive~negative! frequency part of
the electric-field operator at the detectors. When polariza
analysis is performed before detection, through polariz
beam splitters~BSP!, as in Refs.@1,6#, for example, the de-
tected field is decomposed as

E~r l !5EH~r l !sinu l1EV~r l !cosu l , l 5s,i , ~5!
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whereu l is the angle between the vertical axis and the tra
mission axis of the BSP placed in front of detectorl. Contri-
butions from modes entering the aparatus from the other
of each BSP will be disregarded. These modes are in
vacuum state and do not contribute to normally ordered c
relation functions.

Coincidence detection is usually performed with interfe
ence filters that select the desired signal and idler wa
lengths. For the degenerate case,vs5v i5vp/2. These fre-
quencies determine the detector positions according to
phase-matching conditions. For a monochromatic field, e
polarization component (e5H,V) of the electric-field opera-
tor can be expanded as

Ee
1~r l !}E dql8 ae~ql8! ei (ql8•rl1Akl

2
2ql8

2 r j l ), ~6!

whererl is the transverse position of detectorl ( l 5s,i ) and
r j l is the distance between the center of crystalj ( j 51,2) and
the origin of detection planel. We recall thatH polarized
photons are created in crystal 1, whileV polarized photons
are created in crystal 2. These arguments lead to the foll
ing decomposition of the detected field operator:

E1~r l !}sinu lE dql8 aH~ql8! ei (ql8•rl1Akl
2
2ql8

2 r 1l )

1cosu lE dql8 aV~ql8! ei (ql8•rl1Akl
2
2ql8

2 r 2l ), ~7!

to be used in Eq.~4!. From the whole family of 16 terms
there are only four nonvanishing contributions to the coin
dence counting rate, namely,CHH , CVV , CHV , and CVH ,
where

Cem~r s ,r i !}^cuEe
2~r s!Ee

2~r i !Em
1~r i !Em

1~r s!uc&. ~8!

The total coincidence counting rate is therefore

C~r s ,r i !}CHHsin4uA1CVVcos4uA

1~CHV1CVH!sin2uAcos2uA , ~9!

where we setu i5us5uA for simplicity. The contributions
Cme are more simply obtained by defining the ketsuce&
5Ee

1(r i)Ee
1(r s)uc& so thatCme5^cmuce&.

Let us assume for simplicity the degenerate casesks5ki
5k and kp52k, with a symmetric configuration such tha
the crystals are equidistant from signal and idler detec
r 1i5r 1s5z and r 2i5r 2s5z8. For paraxial propagation (q
!k) we have Ak22q2.k2q2/2k. The action of the
electric-field operators on the quantum stateuc& is readily
performed by using

am~ql8!u1ql ,e&5dmed~ql2ql8!uvac&. ~10!

The vertical and horizontal components of the electric-fi
operator will have a relative phase due to the path differe
from the crystals to each detector. This path difference w
be taken into account by keeping only phase terms up to
order ink(d•r)/z, assumingd!z.
5-2
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Therefore, a straightforward calculation leads to

ucH&5
C

4
e2ikzE dq1vV~q1!ei (q1•r12q1

2 z/2k)

3E dq2ei (q2•r22q2
2 z/2k) uvac& ~11!

and

ucV&5
C

4
e2ik(z2d•r1 /z)E dq1vH~q1!ei (q1•r12q1

2 z/2k)

3E dq2ei (q2•r22q2
2 z/2k) uvac&, ~12!

where we define the relative variables

q65qi6qs and r65ri6rs . ~13!

In Eqs.~11! and~12! the integrals inq1 andq2 can be easily
performed. The integrals inq1 are just the Fresnel integra
giving the pump field distributionWe (r1 ,z) for polarization
e at a distancez from the origin. The integrals inq2 give rise
to phase factors which cancel out when coincidences are
culated. The resulting coindence profile is therefore

C~r1!}
uCu2

16
@sin4uA uWVu21cos4uA uWHu2

1sin2uAcos2uA~WV* WH e2 iw1WH* WV eiw!#

5
uCu2

16
usin2uA WV1cos2uA WHe2 iwu2, ~14!

wherew52kd•r1 /z. In the above expression the first tw
terms are the individual contributions of each crystal wh
the third term is the interference. The phase factorw is re-
sponsible for the position interference measured in Ref.@6#
and also has a direct effect on the fringe visibility for t
polarization analysis performed in Ref.@1#. Indeed, integra-
tion over the finite aperture of the detectors will diminish t
contribution of the interference term. In the experimentsk
;107 m21, d;1022 m, andz;1 m. Moreover, the angle
between the down-converted beams and the pump bea
a;0.12 rad which means thatw performs about three cycle
for each 1 mm variation ofr1 .

On the other hand, Eq.~14! shows that the spatial profil
of the coincidence counts is a mixture of the images car
by the two polarization components of the pump beam. T
is a consequence of the coupling between polarization
tanglement and angular spectrum in the quantum stateuc&.
An interesting application arises if the two orthogonal pol
izations of the pump are rotated by an angleuP with respect
to H andV. In this case the coincidence profile for two a
jacent crystals (w50) is

C~r1!}
uCu2

16
uWy ~cos2uAsinuP1sin2uAcosuP!

1Wx~cos2uAcosuP2sin2uAsinuP!u2, ~15!
02380
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where x and y are the two orthogonal polarizations of th
pump. Therefore, an interesting application can be envisa
from Eq.~15!. Let us suppose thatWy carries some informa-
tion while Wx carries an enconding noisy image. From t
result above, one can see that for a givenuP there is always
a suitable value ofuA , which filters the information leaving
the noisy contribution out of the coincidence profile. Th
suggests a scheme for cryptographic communication wh
the sender mixes the two images and sends the twin beam
a receiver who makes the polarization analysis. If the pu
polarization is modulated by the sender, with an electro-op
device for example, there will be a suitable modulation of t
analyzers for decoding the message.

IV. EXPERIMENT AND RESULTS

We have performed an experiment to demonstrate the
nipulation of the image entanglement, acting on the polari
tion. Due to the phase-matching conditions of our cryst
~two 1-cm-long LiIO3 crystals cut for type-I phase matching!
it was not possible to employ the two crystals in sequence
in Refs. @5# and @6#. We therefore built the experimenta
setup sketched in Fig. 2. The pump laser beam is divide
a 50/50 nonpolarizing beam splitter~BS1! and diffraction
masks are placed in the beams of each output, so that
carry the angular spectrum corresponding to images
masks 1 and 2.

The polarization of the beam carrying image 2 is rota
90° by a halfwave plate~HWP1! and the two images are
recombined on a polarizing beam splitter~BSP1!. Therefore,
the pump beam carries two images in orthogonal polariza
modes, a horizontal~H! and a vertical one (V). The vertical
image is a collimated Gaussian and the horizontal image
displaced focused Gaussian. Due to power limitations
were not able to employ more complicated profiles. In Fig

FIG. 2. Experimental setup. Collinear version.
5-3
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it is shown the coincidence counting rate when detectorD1
is fixed andD2 is displaced along the horizontal transver
axis. In Fig. 3~a! the pump beam is blocked before mask
~image 1 transferred! and in Fig. 3~b! the pump beam is
blocked before mask 1~image 2 transferred!. We shall call
images 1 and 2 noise and information, respectively.

At the output of BSP1, we have placed a second h
wave plate~HWP2! to produce a pair of orthogonal polariza
tions rotated byuP with respect toH and V. The second
polarizing beam splitter~BSP2! then projects the modes ca
rying images 1 and 2 ontoH and V polarizations, and dis-
tributes them between the two crystals. Instead of employ
two crystals with orthogonal optical axis, we have orient
the optical axis of the two crystals parallel to each other a
introduced a half wave plate~HWP3! before one of them. In
order to achieve polarization entanglement, another
wave plate~HWP4! was introduced after the other crystal,
that signal and idler polarizations are rotated by 90°. The
fore, theV output of BSP2 pumps one crystal and genera
a pair of H-polarized twin photons that are converted toV
polarization by HWP4. TheH output of BSP2 is converted t
V by HWP3 and pumps the other crystal, generating a pa
H-polarized twin photons.

Under these conditions, the quantum state generate
the setup is

uc&5uvac&1CE dqsE dqi vH~qs1qi !u1qs ,H1qi ,H&

1e2 if(qs ,qi ,d) vV~qs1qi !u1qs ,V1qi ,V&. ~16!

Notice that this state is slightly different from the one giv
by Eq. ~3!, with respect to the polarization index. Howeve

FIG. 3. ~a! Image 1 transferred to both crystals~noise!; ~b! im-
age 2 transferred to both crystals~information!. uA545°. Solid
lines correspond to a Gaussian fit.
02380
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this difference is not important since the entanglement
tween polarization and transverse momentum degrees
freedom is still present.

Finally, theH-polarized and theV-polarized twin photons
are mixed in a 50/50 nonpolarizing beam splitter~BS2!.
Each output of BS2 is filtered in order to block the transm
ted pump beam and sent to a detector for coincidence de
tion. A polarizer is placed before each detector, both orien
at an angleuA with respect toV. A straightforward calcula-
tion on the same lines as the one leading to Eq.~15! gives the
coincidence profile as

FIG. 4. ~a! Information in the presence of noise (uP50° and
uA545°); ~b! Recovered information (uP5245° anduA545°).
Solid lines correspond to a Gaussian fit.

FIG. 5. ~a! Information in the presence of noise (uP5230° and
uA545°); ~b! recovered information.uP5230° and uA537°.
Solid lines correspond to a Gaussian fit.
5-4
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QUANTUM IMAGE CONTROL THROUGH POLARIZATION . . . PHYSICAL REVIEW A68, 023805 ~2003!
C~r1!}
uCu2

16
uWy~sin2uAsinuP1cos2uAcosuP!

1Wx~sin2uAcosuP2cos2uAsinuP!u2, ~17!

whereWx(r) andWy(r) are the two images carried by th
pump beam, with polarizationsx and y rotated byuP with
respect toH andV. As before, for a given orientation of th
pump (uP), there is an orientation of the analyzers (uA),
which filters the noise and provides the cleaned informati

This principle is experimentally demonstrated in Figs
and 5. In Fig. 4 the orientation of the analyzers is set touA
545°. Figure 4~a! shows the noisy information obtaine
when the pump is oriented atuP50°, while the cleaned
information is recovered foruP5245°, as shown in Fig.
4~b!.

In Fig. 5,uP is set to230° while the analyzers are varie
to provide the noiseless information. In Fig. 5~a! the analyz-
ers are oriented at 45° giving noisy information, while
Fig. 5~b! the noiseless information is recovered when
analyzers are set touA537°. All the above results are in
agreement with the theoretical prediction given by Eq.~17!.
02380
.

e

V. CONCLUSION

We have applied a multimode theory for paramet
down-conversion with two crystals. We have derived o
expression for the coincidence-counting rate that takes
account the transfer of the angular spectrum of the pu
beam in each crystal, the entanglement in polarization,
the effect of the coupling between these two degrees of f
dom in the detection through polarization analyzers.

We have also adapted theory and experimental se
starting from the two-crystal scheme, in order to demonstr
the manipulation of two quantum images performing proje
tions onto polarization subspaces. Our results suggest
quantum cryptography can be further exploited with this s
tem, as it is shown that the twin photons can be projec
onto a subspace that mixes up or separates the two qua
images, depending on the polarization analyzing angles.
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