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Thermodynamics of a trapped Bose-Fermi mixture
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By using the Hartree-Fock-Bogoliubov equations within the Popov approximation, we investigate the ther-
modynamic properties of a dilute binary Bose-Fermi mixture confined in an isotropic harmonic trap. For
mixtures with an attractive Bose-Fermi interaction, we find a sizable enhancement of the condensate fraction
and of the critical temperature of Bose-Einstein condensation with respect to the predictions for a pure
interacting Bose gas. Conversely, the influence of the repulsive Bose-Fermi interaction is less pronounced. The
possible relevance of our results in current experiments on trapped87Rb-40K mixtures is discussed.
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The recent experimental realization of ultracold trapp
Bose-Fermi~BF! mixtures of alkali-metal atoms introduce
an interesting new instance of a quantum many-body sys
@1–3#, and has also stimulated a number of theoretical inv
tigations that address, for example, the static property@4#,
the phase diagram and phase separation@5#, stability condi-
tions@6#, and collective excitations@7–9# of trapped BF mix-
tures. These investigations have mainly concentrated at
temperature using the standard Gross-Pitaevskii~GP! equa-
tion for the Bose gas, in which all the bosonic atoms
assumed to be in the Bose condensate. An extension of t
theories at finite temperatures where the condensat
strongly depleted is therefore of high interest, and will a
have practical applications. In the theory for a pure Bose g
the simplest generalization of the GP equation including
effect of the noncondensed atoms in a self-consistent ma
is the Popov version of the Hartree-Fock-Bogoliubov~HFB!
approximation@10#. As discussed in Ref.@10#, this approxi-
mation is expected to be good for both low and high te
peratures.

In this paper, we generalize the HFB-Popov approxim
tion to binary BF mixtures and address the question of h
the BF interaction affects the thermodynamic properties
mixtures. We calculateself-consistentlythe temperature-
dependent density profiles of mixtures, as well as the c
densate fraction and the critical temperature of Bose-Eins
condensation~BEC!, at various BF interaction strengths. O
present results provide the self-consistent calculation of th
thermodynamic quantities within the HFB-Popov theo
which goes beyond the semiclassical approximation u
previously for determining the critical temperature@11,12#
and density profiles of binary BF mixtures@13#. Our calcu-
lations also show a highlynonlinear dependence of thes
quantities on the BF interaction. In the presence of the
attraction, the thermal depletion of the condensate is rem
ably decreased and the critical temperature is shifted tow
high temperatures. Conversely, the repulsive BF interac
affects the condensate fraction and critical temperature in
opposite direction. However, its influence is less pronoun
compared to the attractive case.

The HFB-Popov mean-field theory for an inhomogeneo
interacting Bose gas has been derived in detail by Griffin
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Ref. @10#. The generalization of this theory to a dilute bina
BF mixture is straightforward. Here we merely give a su
mary of basic equations and emphasize the necessary m
fication in the presence of the BF interaction. The trapp
dilute mixture is portrayed as a thermodynamic equilibriu
system under the grand canonical ensemble whose the
dynamic variables areNb and Nf , respectively, the tota
number of trapped bosonic and fermionic atoms,T, the ab-
solute temperature, andmb andm f , the chemical potentials
The density Hamiltonian of the system is given by~in units
of \51)

H5Hb1Hf1Hb f ,

Hb5c†~r !F2
,2

2mb
1Vtrap

b ~r !2mbGc~r !1
gbb

2
c†c†cc,

Hf5f†~r !F2
,2

2mf
1Vtrap

f ~r !2m f Gf~r !,

Hb f5gb fc
†~r !c~r !f†~r !f~r !, ~1!

where c(r ) @f(r )# is the Bose~Fermi! field operator that
annihilates an atom at positionr . Here we consider a spher
cally symmetric system, with trap potentialsVtrap

b, f (r )
5mb, fvb, f

2 r 2/2, wheremb, f are the atomic masses andvb, f

are the trap frequencies. The interaction between bosons
between bosons and fermions are described by the con
potentials and are parametrized by the coupling const
gbb54p\2abb /mb and gb f52p\2ab f /mr in terms of the
s-wave scattering lengthsabb and ab f , with mr
5mbmf /(mb1mf) being the reduced mass. We neglect he
the fermion-fermion interactions, since we are considerin
spin-polarized Fermi gas wheres-wave collisions are forbid-
den by the Pauli principle. In the dilute regime, we may tre
the density Hamiltonian describing the BF coupling in a se
consistent mean-field manner, namely

Hb f.gb f@c†c^f†f&1^c†c&f†f2^c†c&^f†f&#.
©2003 The American Physical Society08-1
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This kind of decomposition has been used extensively
theoretical investigations of BF mixtures at zero temperat
@17#.

To the Bose field operatorc(r ,t), we shall apply the
usual decomposition into ac-number part plus an operato
with vanishing expectation value:c(r ,t)5F(r )e2 i («02mb)t

1c̃(r ). F(r ) represents the condensate wave function w
eigenvalue«0 and the operatorc̃(r ) represents the excita
tions of the condensate. This ansatz is then inserted in
equation of motion forc(r ,t):

i
]c

]t
5F2

,2

2mb
1Vtrap

b 2mbGc1gbbc
†cc1gb f^f

†f&c.

~2!

The statistical average over Eq.~2! and the replacement o
the cubic termc̃†c̃c̃ by the average in the mean-field a
proximation 2̂ c̃†c̃&c̃ with neglecting the anomalous expe
tation valuê c̃c̃& and its complex conjugate lead to the ge
eralized GP equation,

LGPF~r !50, ~3!

where LGP[2,2/2mb1Vtrap
b 2«01gbb@nc(r )12ñ(r )#

1gb fnf(r ) with the local density of the condensatenc(r )
5uF(r )u2, of the depletionñ(r )5^c̃†(r ,t)c̃(r ,t)&, and of
the Fermi gasnf(r )5^f†(r ,t)f(r ,t)&. The condensate
wave function in Eq.~3! is normalized toNc51/(eb(«02mb)

21) with b5(kBT)21.
The subtraction of Eq.~3! from Eq. ~2! gives rise to two

coupled equations of motion forc̃(r ,t) and its adjoint, which
can be solved by the usual Bogoliubov transformati
c̃(r ,t)5( i@ui(r )â ie

2 i e i t1v i* (r )â i
†ei e i t#, to the new Bose

operatorsâ i andâ i
† . This gives the coupled Bogoliubov–d

Gennes~BdG! equations,

@LGP1gbbnc~r !#ui~r !1gbbnc~r !v i~r !5e iui~r !,

@LGP1gbbnc~r !#v i~r !1gbbnc~r !ui~r !52e iv i~r !. ~4!

These equations define the quasiparticle excitation ener
e i relative to the condensate eigenvalue«0, and the quasi-
particle amplitudesui and v i . Once these quantities hav
been determined, the density of the depletion is obtaine
terms of the thermal number of quasiparticles^â i

†â i&
5(zebe i21)21 by

ñ~r !5(
i

ñi~r !Q~Ec
b2e i !1E

Ec
b

`

deñ~e,r !, ~5!

ñi~r !5
uui~r !u21uv i~r !u2

zebe i21
1uv i~r !u2,

ñ~e,r !5
mb

3/2

A2p2 H 1

zebe21
1

1

2
2

e

2eHF
J @eHF2Vtrap

b 1«0

22gbbnb~r !2gb fnf~r !#1/2,
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where z5eb(«02mb)5111/Nc , eHF5@e21gbb
2 nc

2(r )#1/2,

andnb(r )5nc(r )1ñ(r ) is the total density of the Bose ga
In the above equations, to eliminate the numerical errors
to the necessary truncation of the numerical basis set,
adopt the strategy of Ref.@18# and introduce an energy cuto
Ec

b , above which the semiclassical local-density approxim
tion has been employed.

To solve the generalized GP and BdG equations, one
to find the local density of the Fermi gasnf(r ). To this end,
we insertf(r ,t)5( iw i(r ) ĉie

2 i e i t in Eq. ~1! to diagonalize
the quadratic Hamiltonian forf(r ,t) in terms of the new
Fermi operatorĉi that annihilates a fermion at statew i(r ).
This leads to a stationary Schro¨dinger equation forw i(r ),

F2
,2

2mf
1Vtrap

f 1gb f~nc1ñ!Gw i5e iw i . ~6!

The density of the Fermi gas is thus obtained by

nf~r !5(
i

nf i~r !Q~Ec
f 2e i !1E

Ec
f

`

denf~e,r !, ~7!

nf i~r !5uw i~r !u2^ ĉi
†ĉi&,

nf~e,r !5
mf

3/2

A2p2

1

eb(e2m f )11
~e2Vtrap

f 2gb fnb~r !!1/2,

where ^ĉi
†ĉi&5(eb(e i2m f )11)21 is the Fermi distribution.

Analogously to Eq. ~5! we have applied the finite
temperature Thomas-Fermi~TF! approximation only for
high-lying Fermi levels above an energy cutoffEc

f to avoid
the truncation errors.

Equations~3!–~7! form a closed system of equations th
we have referred to as the ‘‘HFB-Popov’’ equations for
dilute BF mixture. We have numerically solved these eq
tions by an iterative procedure as follows: The generaliz
GP and BdG equations are first solved self-consistently
F(r ), ui(r ), andv i(r ) as described in Ref.@10# to evaluate
nc(r ) andñ(r ), with nf(r ) set to the result for an ideal Ferm
gas. Oncenc(r ) and ñ(r ) are known, the eigenfunctions i
Eq. ~6! are obtained numerically and are used to updatenf(r )
in Eq. ~7!. This newly generatednf(r ) is then inserted in the
GP and BdG equations and the process is iterated to con
gence. At each step, the chemical potentials for the Bose
and the Fermi gas are fixed by the normalization conditio
*drnb(r )5Nb and*drnf(r )5Nf , respectively.

As an illustration of this procedure, we consider a mixtu
of 2000 87Rb ~boson! and 200040K ~fermion! atoms in an
isotropic harmonic trap, for which the order parameterF(r ),
the quasiparticle amplitudesui(r ) and v i(r ), and the orbits
w i(r ) can be labeled by (n,l ,m), according to the number o
nodes in the radial solutionn, the orbital angular momentum
l, and its projectionm. In addition, we use the following
parameters @3#: mb51.45310225 kg, vb52p3216 Hz,
mf /mb50.463, v f /vb51.47, abb599a0, and ab f5
2410a0, where a050.529 Å is the Bohr radius. Becaus
our calculations are especially delicate near the critical te
8-2
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perature, we have takennmax532, l max564 and high energy
cutoffs of Ec

b560\vb and Ec
f 590\vb to ensure the accu

racy. Throughout the paper, we also express the lengths
energies in terms of the characteristic oscillator lengthaho

b

5(\/mbvb)1/2 and characteristic trap energy\vb , respec-
tively.

In Fig. 1, we present our results for the density profiles
the condensate, of the noncondensate, and of the Ferm
at two temperatures. The cases with the BF interaction
without the BF interaction are shown by the dash-dot
lines and full lines, respectively. We have also considere
fictitious case of a positive BF interaction:ab f51410a0
~dashed lines!. The choice of the first temperatureT
580 nK corresponds to the situation in which the cond
sate and noncondensate have an approximately equal nu
of atoms, while the other temperatureT5110 nK is chosen
to be close to the critical temperature for a pure interact
Bose gas with the same number of bosons,Tc'112 nK. As
clearly emerges from the figure, the density profiles of
condensate and of the Fermi gas are strongly affected by
BF interaction at both temperatures. In particular, the de
ties around the center are significantly enhanced in the
of the BF attraction. The density profile of the noncondens
~shown in the insets!, on the other hand, is less influenced
the BF interaction due to its broad distribution and the stro
repulsion from the condensate.

In Fig. 2, we show our predictions for the temperatu
dependence of the condensate fractionNc(T)/Nb . The es-
sential feature of the figure is the importance of theattractive
BF interaction that results in a sizable quenching of the th
mal depletion compared to the prediction for a pure intera
ing Bose gas. Contrarily, the effects of the repulsive BF

FIG. 1. The density profiles of the condensatenc(r ) and of the
Fermi gasnF(r ) for a mixture of 200087Rb and 200040K atoms in
an isotropic harmonic trap at various BF interaction:ab f50 ~full
line!, ab f51410a0 ~dashed line!, and ab f52410a0 ~dash-dotted
line!, wherea050.529 Å is the Bohr radius. Insets show the de

sity profiles of the noncondensateñ(r ). We have takenabb599a0

andvb52p3216 Hz. The coordinater and densities are measure
in units of the harmonic-oscillator lengthsaho

b and (aho
b )3, respec-

tively.
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teraction are more subtle and are always very small. T
sizable enhancement of the condensate fraction predicte
our calculation follows from the fact that in the presence
the BF attraction the condensate effectively experience
more tightly confining potential. As a consequence, if w
neglect the corrections due to the interaction between bos
and the finite-size effect, the critical temperatureTc

0

50.94\ve f fNb
1/3/kB is effectively increased and the conde

sate fraction is, therefore, enhanced according to the id
gas resultNc /Nb512(T/Tc

0)3.
Closely related to the condensate fraction, another imp

tant parameter characterizing the effect of the BF interac
is the shift of the critical temperature from the pure intera
ing Bose gas case. In Fig. 3, we report the HFB-Popov
sults for the relative shift of the critical temperaturedTc /Tc
as a function ofab f in solid circles. HereTc is determined as
the maximum of the functiond2Nc /dT2 @19#. The semiclas-
sical predictions fordTc /Tc , calculated as in Ref.@11# in the
first order ofab f , are also shown by the dashed line. T
agreement of these two approaches is reasonably good
weak BF interaction (uab fu&100a0). However, asuab fu in-
creases, our HFB-Popov results diverge from the semicla
cal predictions. In particular, for the realistic BFs-wave scat-
tering length for 87Rb-40K mixtures, ab f52410a0, the
deviation becomes remarkable.

We now turn to consider the experimental relevance
our results. In current experiments, the realistic number
87Rb and 40K atoms in mixtures is about ten times larg
than what we assumed here@3#. For such large number o
atoms, our calculation is very time consuming and we th
resort to the semiclassical version of the HFB-Popov the
by settingEc

b to an energy of a few\vb and applying the TF
approximation for the whole Fermi spectra. The accuracy
this semiclassical treatment has been checked by the c
parison with the full quantum-mechanical calculations fo

-

FIG. 2. Temperature dependence of the condensate fraction.
dashed and dash-dotted lines correspond toab f51410a0 and
2410a0, respectively. The solid lines show the result for a pu
interacting Bose gas. The empty circles show ideal Bose gas re
with the finite-size correction, Nc

0/Nb512(T/Tc
0)3

22.1825(T/Tc
0)2Nb

21/3, where kBTc
050.94\vbNb

1/3. The inset
highlights the condensate fraction near the critical temperature.
other parameters are the same as in Fig. 1.
8-3
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small mixture. The condensate fraction obtained by th
two methods coincides within 1% errors.

In Fig. 4, we present the results forNc(T)/Nb of a mix-
ture of 23104 87Rb and 53104 40K atoms confined in an
isotropic trap withvb52p391.7 Hz. This choice corre
sponds to the typical experimental situations at LENS@20#.
Although the trap becomes more shallow, the enhancem
of the condensate fraction shown in Fig. 4 is quantitativ
similar to the one of Fig. 2, due to the much larger values
Nb andNf contained in the trap. Finally, in this case we al
roughly estimate the relative shift of the critical temperatu
due to the BF attraction, (dTc /Tc)b f.14%, which is com-
parable to the shift due to the boson-boson interact
(dTc /Tc)bb.21.33(abb /aho

b )Nb
1/6523.2%, and the finite-

size correction, (dTc /Tc) f s.20.73Nb
21/3522.7% @21#.

In conclusion, we have generalized the HFB-Pop

FIG. 3. The relative shift of the critical temperature as a fun
tion of the BFs-wave scattering lengthab f ~in units of a0). The
solid circles show the result calculated using the HFB-Popov eq
tions and the full line is a parabolic fit to guide eye. The dashed
is the result calculated by Eq.~18! in Ref. @11#. The inset shows the
functionsdNc /dT andd2Nc /dT2 for the case ofab f52410a0 . Tc

is extracted from the maximum ofd2Nc /dT2. The other parameter
are the same as in Fig. 1.
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theory to binary BF mixtures and have presented a deta
study of the thermodynamic properties of mixtures at fin
temperature, including the density profiles, the condens
fraction, as well as the critical temperature of BEC. The
quantities are found to depend on the BF interaction in
nonlinear way. Moreover, under conditions appropriate to
87Rb-40K mixture in the LENS experiments, the condensa
fraction and the critical temperature of BEC are significan
enhanced with respect to the prediction for a pure interac
Bose gas. This enhancement might be observable in cur
experiments.
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FIG. 4. Temperature dependence of the condensate fraction
mixture of 23104 87Rb and 53104 40 K atoms confined in an
isotropic trap withvb52p391.7 Hz, calculated in the semiclass
cal version of the HFB-Popov theory as mentioned in the text.
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